COMPENSATION OF A POLYGON WITH A CENTRAL STATION
by

INGENIEUR HYDROGRAPHE GENLRAIL
P. DE VANSSAY DE BLAVOUS, DIRECTOR.

This problem was dealt with in Hydrographic Review, Vol. VIII, N° 2, November
1931, on pages 2II et seq., by the introduction of simplifications in the
general solution which reduces the sum of the squares of the errors to a
minimum. In order to allow a comparison of the various methods which may
be employed to be made, the general expression of the solution by the method
of least squares will be given. This expression is fairly simple in form; it
will be given without taking the weights of the observations into considera-
tion and assuming that all the angles, and not the directions, have been
observed, but there would be no difficulty in giving it if the case were other-
wise.

An

Ay

Fig. 1

Let 4,0 be the departure base and A, A4, the side reached, the length
and direction of which is assumed to be known. Anyway 4,4, may even
coincide with 4, 0.

First, the method set out on page 212 of Hydrographic Review, Vol. VIII, No 2,
will be applied, 7. e. the angles of each triangle are corrected by a third of
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the difference of their sum from 360°, then the central angles are each correc-

e
ted by an equal quantity o in order to ensure closure about the point 4,

e .
and lastly to each of the peripheral angles a correction — o is applied to
maintain the closure of each triangle.

The angles thus provisionally adjusted in-triangle n° p will be referred to
as: a, b, and ¢, ; and o, f3, and vy, will be taken to represent the
corrections yet to be applied to them in order that the sum of the squares

e e € . .
of the errors: «+— B—— and vy, —— should be the minimum.
n 27 2%

We then have the equations for condition :

(1) ap+pp+Yp=o'

(2) 2o, =0,
1
then the equation for the sides:
A, A, sin (cy + Y1) $iB (Cy F Y2)eeenereee sin (¢, + Y. -
A, 0 sin (by+ B1) sin (bg + Po)eeeeneoe sin (b, + B,
Let £ represent the quantity :
£ — A, A, sin ¢y SIB Coennnnn sin C, .
T A, 0 sinby SiB byeeeenn sin b,

The equation for the sides then becomes, neglecting the 2nd order :
(3) E + ? (y, cot c, — B, cot b)) =0

The condition that the sum of the squares of the errors be reduced to the
minimum must be added to the equations (1), (2), and (3). This condition
will obtain if the function :

n e € 4 i
§ [(a v (8- )+ 27)] — 2%, (5,46, +1,)
__zy.iocp—zv[ﬁ + %(Yﬁcotc‘,—ppcot bp)]
1

be derived.

If the derivatives, with reference to a, Bp and Y, be annulled we
get the equations :

e

«, + n =ANtTR v
[

B,— P = A —v cot b,
e

N— on = A + v cote,
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Introduce these values of a,, (3, and vy, into equations (1), (2) and (3)
and let @, represent the quantity cof ¢, —cot b,, then :

I I . Z I I &
(4) )\,+§y.+—3—~vd, = o0 & (4 bis) ?)\p+€ng+?v§d,=o

(s) c=%n+nw

e
2n

(6) £+ ) d, + ) nd,+v ) (cof? ¢, + cot? b)) = o.
1 1 1

Multiplying the first term of equation (4) by 4, and summing from I

to n, we get:

Sad=—2uSda—LyXae
17\ 3”1” 3\,1p

Introducing this value into equation (6), and replacing 42 by its value,
this becomes :

(6bis) & + (;2 — %) ZZ] a, + .g-v E:] (cot?c, + cof? b, + cot ¢, cot b)) =0

Taking s, to represent the quantity co? c,-cof? b,+-cot c,cot b, and elimi-
nating the quantity X A, in the equations (4 bis) and (5), we get the two
1

equations :

3e=z2np — v Xd
£ 322%0 —puSa—aw3
3—I—2%1,—-p-1,—zvlsp

for determining p and v.

From these we get that:

3] 1 Eé]dp
" A I [& 0\
Fo -5 (F2)
—6E
v o= - . zn:d s
4§S"__7(1 ")

and thence, by equation (4):
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Then we get the following values for o, B, andv, :
@) ocp=2<dp——_%2d> 21 .
423—;(2@

(8) B, = —oif!—l- 3| cotec, + cot bp\ 3 -
2 < /4Zs—i<2d>
%
g

R

(9) Y, = — -ZL — 3 (cot ¢, + cot bp> - 2
423_;<2@

These expressions give the angles in parts of a radius. They may be

obtained in seconds of arc by putting ~ instead of & in the three expressions.

Sin I
On the other hand, £ being but a very small quantity, it can be replaced
by the Napierian logarithm of 1 + &, or by the difference between the sums
of the ordinary logarithms of the factors of the numerator and of the denominator.
Besides if, as was done in Hydrographic Review, Vol. VIII, No 2, the
difference for 1” in the log. sime be called dabla, then :

dabla, = M cot ¢ sin 1,

M being the factor for transforming Napierian logarithms into ordinary logarithms.

In expressions (7), (8) and (9) & may be replaced by the difference
between the sums of the logarithms of the factors of the numerator and of the
denominator of x -+ £ and the cotangents by the corresponding dablas; the M
and sin 1” factors will be the same in both numerator and denominator and
are thus eliminated.

Hence the calculation of these expressions becomes very simple and rapid,
and it is easy to ascertain the error introduced by using a simplified method.

The first method, on page 212 of Hydrographic Review, Vol. VIII, No° 2,
assumes that :

g — &

% =0 B= 2 (cot ¢ + cot b) Yo = 2 (cot ¢ + cot b)

The second method, called the “semi-rigorous” (page 227), assumes that:
@ =0 B — E cot b, _ — &cot c,

p T X (cot?c + cot® b) o 2. (cot® ¢ - cot? b)

and has the disadvantage that it does away with the closure of the triangles,
which has to be reintroduced by a second approximation.

Note. — It should be noted that the quantity 2.4 in formulae (7), (8) and (9) is
nearly always very small and thus, frequently, the very close approximations :

. Ed, , %, 3 € (cot c, + cot b,)
% T 23 B, = 2 4 Xs

’ ¢ ¢t b
Y, = — X 3 § (cotc, + cotb,) may be used.

2 4 2 s



52 HYDROGRAPHIC REVIEW.

COMPENSATION OF A QUADRILATERAL

It is fairly simple, likewise, to indicate the general formula for the
corrections to be applied to the angles of a quadrilateral (all of which will be
assumed to have been observed and to be of equal weight) by reducing the
sum of the squares of the corrections to the minimum.

The quadrilateral might have hbeen considered as a polygon with a central
station as set out in Hydrographic Review, Vol. VIII, No 2, page 219, and then for-
mulae for such polygon might have been applied. But this no longer leads
to the consideration of the various distinct angles only, but also of the sum
of some of them and, hence, the squares of the sums of the corrections of
these angles. The results, therefore, would not be those given below and
besides they would have the serious disadvantage of varying according to the
angle of the quadrilateral which is taken as the central point.

D

Fig52

First take the sum of the eight angles; let e, be the quantity to be
added to bring the sum to 360°; then % ¢, is added to each angle.

If e, be the difference between the sum of angles 4 and 5 and the sum
of angles 1 and 8, then :I} ey is added to angles I and 8 and ‘_I} e, is subtracted

from angles 4 and 5.
In the same way, if e¢; be the difference between the sums of angles 7

and 6 and of angles 2 and 3, z e; is added to each of the latter angles and

subtracted from each of the former angles.

This is that which is done on page 218 of Hydrographic Review, Vol. VIII, No 2,
For the angles thus corrected, the names 1, 2, 3, 4, 5, 6, 7, and 8 will be
used hereafter.

The equation for sides may be expressed :
_ SmI sin3 Sin5 Siny .
sinz sing sinb sin8
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Taking A;, Ap As and . as the parameters and &;, 85 83 voeeee. ds as
the corrections yet to be applied to the angles, the quantity to be reduced to
the minimum will be:

2] 2 \* 2] es \? ( €1 €3 ( -
(81+73‘+T +(82+?+—4— H O+ gt “r 84+—— .
€1 € 2 IERAY & e €y
(8 p—2 +(8e+ F—2 ) (b g2 +(’88+?+T

—2)\128—"27\3<84+85—81_88)—'27\3 (86+87—'82"—'83)
—2p(g—l—81cot1+83cot3+85c0t5+8,00t7—82cot2—-84cot4—8600t6—3800t8)

The derivatives give the & quantities which, introduced into the 3 equations :
2820, 84+85=81+88 and 86+87=82+83,
allow the parameters :
2]

N = < —%((:OZI + cot3 + cot5 + cot7—cotz—cot4—cot6—cot8)

Ap = — 6_2-[- _p'_<cot1 +cot4—cot5—cot8)
4 4
s = .—% + i:_ (cot 3 -+ cot 6 —cot 2 — cot 7) to be obtained.

Then, introducing the values of the § into the differential equation for sides we get :

_ZE

w= (cot T + cot 8)*

+ (cot 4 + cot 5)* i (cotI + cotz -+ cots + cot 6 —cot 3 — cot4 — cotyy — cot 8\ ?

+ (cot 2 + cot 3)? 2

+ (cot 7 + cot 6)?

—2§
P

The & corrections may be calculated, their expressions being, taking D as
cotT |- cot2 + cot5 4 cotb ——cot3 — cot4 — cot’7 —cot8 .

representing the quantity

AN

82=+§ (cotz—l—cot3—|—%D) 83_-% (cotz—x- cot3— D) S +0;=-+ 5D
84=+% (cot4+cot5—%D) 85=—7§_ (cot4+cot5+%—D> S4+05=—

Se=+ _155- (cot6+cot7+%D) == —g- cot6+ cot7——%D> d¢+3,=+

& T T LU

38=+—§3 (cot8+cot1—%D) O,=- —é cot8+cot1—{-%D) Os+d;=—

As in the case of the polygon, § must be replaced by singx - if the cal-
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culation be made with the sines and cotangents of the angles, but dablas and
ordinary logarithmic sines may be used.

The first method set out on page 217 of Hydrographic Review, Vol. VIII,
No 2 assumes that :

81=83=35=87=‘|‘ Egcot 82=84=88=88=— Eacot'
The semi-rigorous method, on page 224, assumes that : .
8__Ecotx __Eeot3 8__Ecotg; 8___500157
t > cot? 5 > cot? 5.7 > cot? T > cot?
E cot 2 ., Ecoty _, o6 E cot 8
0 =+ 2 cot? % = 2 cot? o= 2 cot? %=+ 2 cot?

Remark I. — The quantity D is usually small ; it may frequently be
neglected, which would greatly simplify the expressions for the 8 and would
be the same as if it were assumed that :

82+83=84+85=86+87=88+81=0

Remark II. — The method of rigorous calculation set out here is identical,
as to results, with that set out recently by Segundo Tenente Pires DE MATOS
in an article entitled: “Compensacio de un quadrilatero pelo método MAURY”,
which appeared in the Aunais do Club Militar Naval, October, November,
December 1931.

COMPENSATION OF A QUADRILATERAL IN THE CASE WHERE ONE
OF ITS TRIANGLES HAS ALREADY BEEN DEFINITIVELY
COMPENSATED.

(ANGLES OF EQUAL WEIGHT).

This case may happen when a secondary triangulation is connected with
a triangle of a main triangulation, or when a new triangulation is connected
to a triangle of an earlier triangulation, which has been definitively compen-
sated.

D
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Let A BCD be the quadrilateral, the angles of which are numbered.

Triangle BCD has been definitively compensated, i. e. the angles 3,
6 + 7 and 8 may not be altered.

The following preliminary corrections are made:
(1) Angles 6 and 7 are each increased by %, so that
6 +%+ o =180—35—8.
(2) Each of the angles, 1, 2, 3 and 4 is increased by s , S0 that
I-+4+2-+3+4+ e =180 ¢
(3) To each of the angles 1,2 and 7 thus corrected the quantity _%?-
is added, this quantity being such that
I+2+7+4+8+4¢ = 180,
and this same quantity is subtracted from angles 3 4 and E

After these three preliminary corrections, the sums of the angles of every
triangle of the quadrilateral are 180°. This result could have been attained
otherwise, but, as shown by the calculation below, this method simplifies the
ensuing operations more than any other.

The same steps will then be followed as in the calculation of the general
compensation of a quadrilateral by the method of least squares, and further it
will be assumed that all the angles are of equal weight and the same notation
will be adopted. The angles to which the preliminary corrections have been
applied will henceforth be referred to as 1, 2, 3, 4, 5, 6, 7 and 8.

In consequence of the previous definitive compensation of one of the
triangles, 8, will be = — & and there will be but two equations for the angles.

If the parameters be called };, A;, and W@, the quantity to be reduced
to a minimum is:

2 2 2 2
(81+3+fi> + <82+31—+6i> + <83+fi— —e"’—> + (84+i— 3“—)
4 3 4 3 4 3 4
2 2
+(8,+Z——%) +<8,— =- 83—) —zh<81+82+83+84>—zxz(81+83—83)

-2 (E + 8, cot1 + B4 c0t 3~ 8 coty— 8y cot 2 — 84 cot4 — Bgcot 6)
The derivatives with reference to the five unknowns J give these quantities
which, if introduced into the two equations:
3+ 8+ 8+ 3, =0 and 3+ 88— =o

allow the parameters A; and A, to be found. The expression for these may
be simplified by taking :

D =cot T —cot 2 —cot3 + cot 4 —2cot6 —2coty.
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We thus get :

}\1=£—_‘;_2-——_g'—<% +cot3———cot4)

Ay = % 6y — W <-?——|— cot6+cot7)

By introducing these values into the equations which give the & s, these
quantities are obtained as functions of the single parameter w.
The differential equation for sides then becomes :

%2_ + (cot T 4 cot2)? -+ (cot3 - cof 4)?

The values of the &’s then take the forms :

: DY 4.k D _&D
31=—F<cot1+cot2—l—? 82*‘!'? 00t1+00t2——6— O+ 3,= 3P
: D R D _ED
83_—?<cot3+cot4——6—> 84—+—F<cot3+cot4+ 6 ) 33+84——+3P
_, &D __¢&¢ D _
87-—- —-TD—'—3- 86'— -—p--—- 87"{‘86—0.

As has already been indicated, the difference between the sums of the vulgar
logarithms of the sines of the even numbered angles and of the odd numbered
angles is taken as & and the dablas replace the cotangents.

Remark I in the general case of quadrilaterals is not applicable here for
quantity D no longer contains as many positive as negative terms and thus
its value is generally not negligeable. It should be noted that the sum of the
squares of the total errors is in very simple form :

252 +el"’ +2522 ot
4 3 2

The first method of compensation set out on page 212 of Hydrographic Review,
Vol. VIII, N° 2, allows for the same preliminary corrections being made to angles

6

6 and 7, but instead of correcting each of the angles 1, 2, 3 and 4 by , as is done

here, the angles 1 and 4 are each corrected by 63—1 and 2 and 3 by %- each.

Then, instead of correcting each of the angles 1, 2 and 7 by + —?— and

2

each of the angles 3, 4 and 6 by — , the angles 2 and # are each corrected

€

2 (2
2

by + and 3 and 6 each by —

(*) The fact that the expressions for p and for the &’s are independent of ¢; and
ey is due to the selection of the three preliminary corrections introduced. Methods which
use arbitrarily simplified values for 8 independent of ¢; and e, will benefit greatly by
applying these three corrections beforehand.
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These angles thus corrected are used for calculating the final correction,
for which the following quantity.is arbitrarily adopted and which, with our
notation, becomes for angles 2z and 3:

2 &

€0t I + cot 4 +-cot 6 4 cot 7 4 2 cot 2 + 2 cot 3

and, for angles 1, 4, 6 and 4, half of this value.

These last corrections differ from those which we deduced above by the
rule of the least squares and called 3, not only in a considerable difference
in the formulae but also in the values of the angles to which exactly the
same preliminary corrections have not been applied.

The number &, particularly, which is a factor in the two expressions of
the final corrections, is different and, taking &’ as that which corresponds to
the method in Hydrographic Review, Vol. VIII, No 2, we get :

E-t= i_lz (cot1+cot2—cot3—co't4) - %2 (zcotr +2cot4 - cot2 +cot3 —|—cot7—cot6)

The above method of least squares will now be applied to the example
given by Admiral NARES, after he had applied the corrections for weight. The
numbers are those of our notation. (See table on previous page.)

COMPENSATION OF A QUADRILATERAL IN THE CASE WHERE ONE OF
ITS TRIANGLES HAS ALREADY BEEN DEFINITIVELY COMPENSATED.
(ANGLES OF UNEQUAI, WEIGHT).

The same problem will now be examined for the case where the values of
the angles are of unequal weight ; the weight being referred to as p (see Fig. 3).
Let s be the sum:

S = p1 D2 Ps + P2 s Pa + Ps s b1 + Pu D1 Pa
and g the quantity :
g =5+ (br + b)) (bs + 24) (bs + 2)

The following preliminary corrections are made («, ¢, and e, being the
same quantities as before) :

.. Vi s
1) Angle 6 is increased by o and angle # by o.
) Aue bot pr Bot pr
(2) Angles 1, 2, 3 and 4 are increased by:
P2 f;s P4 &, ?s ?sa ?1 e P4 il Pa e, ?1 ?;z Ps e

respectively.
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(3) The quantities :

pa (Ps + P2) (Bs + Pa) ¢ p1 (Ps + P7) (bs+ Pd) e S ¢
q 2 q 2 — "2
are added to the angles 1, 2 and # corrected as above, respectively, and the
quantities : -
pa (P + P1) (P1 + Do) e ps (Pe + D7) (b1 + Po) ¢ S ¢
23 2 — ‘2

q q q
are subtracted from angles 3, 4 and 6, respectively.

The angles, thus correct—e_d,—will be referred to as 1, 2,3 4,5, 6, 7 and 8
in future.

Working as before, the values A, and 2, are found, taking :

D =pycot1~ pycot2z— f%iz (mcot?, — P cot4) - (1>1+p2) (cot6+cot7)

3

M= pupepite - pita (2 +22) (Pt 2r) 2 —yt(gbsp,,_ 2 00;33 +P;4wt )

Do = (¢6+ ;>7) Ca—p [(;bs+ m) (i’s+ ;bv) ;3 + oot 6 + cot7]

Then the value of p will be:

Qe e FEE Tt B
The values of & thus become :
81=—,%[cot1+cotz+1>2 (p+2.) FD] Si=t = [con tootz=p, (patt) %]
3y—- %;’:ﬁi [cot3—|—cot4—7b4 (bot02) 7”] Se=+ 1% bt [cot3+cot4+¢a(¢s+m)§]
S=t 5 (b)) (patte) - do= - (tr+8:) (bot0) 7

__& D - D _
Setbim—b (hithn) (pet00) 2 Berbimt S (tur ) ()2 Betdi=o

As before, £ is replaced by the difference of the sums of the vulgar
logarithms of the sines of the even numbered angles and of the uneven
numbered angles, and the cotangents by the dablas.

The calculation can be done more rapidly by using these formulae than
by solving the equations of condition again for each particular case.

The calculation of the example given by Admiral NARES in this ‘Review
is set out in the table on following page.

m [§] [a]
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