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CALCULATION OF THE GEOGRAPHICAL COORDINATES
ON THE INTERNATIONAL ELLIPSOID OF REFERENCE.
by

INGENIEUR HYDROGRAPHE GENERAL P. DE VANSSAY DE BILAVOUS,
DIRECTOR.

The fundamental problem of the calculation of the geographical coordinates
of the angles of geodetic triangles has been treated by numerous authors and
solved by means of various formulae which cannot all be mentioned in this
article. The greatest geodesists have attacked this problem but it will suffice
to cite only such names as A. M. LEGENDRE, Puissant, C. F. Gauss, F. W. BESSEL,
HossarDp, A. R. CLARKE, W. JorDAN, F. R. HELMERT, G. C. ANDRAE, L. KRUGER.
Each Hydrographic Office usually favours the formulae it customarily employs
and finds no reason to change, provided that it is satisfied that these formulae
give the required degree of approximation.

I. — ACCURACY.

Attention is directed to a remarkable study of this question published
by M. E. FicHor, Hydrographe Général and present Director of the French
Hydrographic Service, in the “Amnnales Hydrographiques” of 1907, pp. 47 - 136.

M. E. FicHor has just supplemented this study with a note which
appears in the “Comptes Rendus des Séances de U Académie des Sciences”,
Vol, 188, p. 122.

The following notation will be employed :—

a Major axis of the ellipsoid of reference ;
b Minor axis of the ellipsoid of reference ;
\, T 1
?/:—o"-tk— primary excentricity ;
¢= a-5 .~ secondary excentricity ;
b \‘1 -et ’

@ Latitude of origin of the geodetic line ;
L Longitude of origin of the geodetic line ;
Z Azimuth at origin of the geodetic line counted clockwise from

North ;
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@, L', Z2 Latitude, longitude and azimuth at the extremity of the geo-

detic line ;

s Length of a geodetic arc ,

N The major normal:— radius of curvature in normal section ;
perpendicular to plane of the meridian ;

) Radius of curvature of the normal meridian section ;

7 Modulus of the common logarithms.

The angles are expressed in radians and must be multiplied by
sin 17

in order to convert them into seconds of arc.
The principal points which M. FicHOT establishes or cites are the following :—

a) The quantity is taken as infinitely small, of the 1st order; ¢ is

67
10
lometres (approximately), which is the average dimension of one side of a
geodetic triangle.

The sides would have to be longer than roo0 kilometres in order that e

of the same order. In fact & =

and _Zf\;is equal to it for s = 43 ki-

and not ¢® could be assumed to be of the same order as -;7—

¢’? is of the same order as é?: (e:z; e}~ 0 L55 )

b) The formulae are based on the application of the LEGENDRE theorem
which was extended by Gauss to spheroidal triangles provided that they be
considered as composed of geodetic lines. This theorem may then be stated
as follows :—

If, with the lengths a, b, ¢, of the geodetic lines comprising a spheroidal
triangle A B C, a plane triangle 4, B, C, be constructed then :—

A-Ap2B-B -C-Cp - 8 o £

the angular quantity neglected being of the fourth order ot magnitude. (S is
equally the area of the spheroidal triangle and that of the plane triangle, and

I
N the total curvature at any point in the interior of the spheroidal triangle).
)4
Conversely, if, starting with the side @ assumed to be known, the length
b of a side of the geodetic triangle be calculated by means of the LEGENDRE

theorem, ¢. e. by the formula ;

b= q sin(B-3)
sn (A~ il
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Thus a value of _NL will be obtained in which the terms of the order

as

N5

are neglected, i. e. the terms of the 5th order.

¢) The difference in length between the geodetic line and the corres-
ponding normal section are always negligible in problems dealing with geodetic
triangles (infinitely small quantities of the 4#th degree).

d) The initial angles of divergence between the geodetic line and the
corresponding normal section, are quantities of the 3rd order, the equation of
which, neglecting terms of the 4th order, is:—

L

1 e . ]
7%04@22 Cos t{)

-k

In order to use the LEGENDRE theorem to the limit of its applicability
it is necessary to correct the observed angles by this amount. But this does
not exceed 0”.014 for a side of 50 kilometres; it is smaller than the errors
of observation and usually is not taken into consideration.

II. — FORMULAE.

The methods of calculation which are based on the LEGENDRE theorem
could not be expected to give an accuracy greater than that of the 4th order
for lengths and of the 3rd order for angles. This is the accuracy obtained
with the formulae of CrLARKE and of AnDrRAE. M. Ficeor has shown that
the same accuracy can be obtained by the method called that of the “Ingé-
nieurs Géographes ” which is mentioned by Puissant in the “ Mémorial du
Dépot Général de la Guerre”, Vol. VII, Paris - Picquet, 1832, and was employed
for the calculation of the triangulation of France undertaken in 1817. It is
based on the examination of a sphere tangent to the ellipsoid throughout the
entire length of the parallel of origin. The formulae which have been deduced
therefrom for the calculation of latitude, longitude, and convergence of meri-
dians were carried at first to the second degree only. HOSSARD prepared
tables of correction to take the terms of the 3rd degree into consideration :
(“Mémorial du Dépot Général de la Guerre”, Vol. IX. pp. 519-531). M. FicHOT
continues the development of the formulae to include the terms of the 4th
degree. These terms were not unknown and are to be found particularly in
the “Handbuch der Vermessungskunde” by JORDAN-EGGERT, 31d Vol. p. 442.
It is interesting however to see them deduced directly by such a simple
method as that of the Ingénieurs Hydrographes. For the rest, to increase,

the accuracy M. FicHor employs only the infinitely small gquantities

and ¢?, and refers them to the data at the point of origin of the geodeti arc.

Below ¢’ - ¢ are given in a somewhat different form which lends citself
more easily to calculation; for this, the secondary excentricity ¢ and the
radius of curvature p are used.

4. —
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All of the elements necessary for the calculation of these expressions on
the system of the “Imfernational Ellipsoid of Reference” are to be found in
the tables in “Special Publication N°2” of the International Geodetic and
Geophysic Union. These tables give the values of log N, log p and log

I .
—————— for each minute.
2N psin1

(See “Hydrographic Review” of May, 1927, pp. 226-228).

Table IV of “Special Publication No 21" of the International Hydro-
graphic Bureau gives the values of log N sin I” and of log p sin I”” on the
same ellipsoid for each 10°.

But, calculation by these formulae is very long and complicated and such
great accuracy is unnecessary for the sides of geodetic triangles of ordinary
dimensions. The “Bulletin Géodésique N© 12” of 1926 (J. HERMANN, 6, rue de
la Sorbonne, Paris), gives the formulae of Lieutenant Colonel E. BENorr
which have been adopted in France by the Geographic Service of the Army,
as well as Tables which are calculated for every 10’ for the *Infernational
Ellipsoid of Reference”, and permit the formulae to be used with great
rapidity (*). The formulae of Lieutenant Colonel BENOIT are accurate to the
3rd order inclusive and are therefore adequate for the calculation of the
convergence of the meridians. If, in these calculations, it is desired to take
the terms of the 4th order into consideration in computing the latitudes and
the longitudes, it is necessary to add a term which will be indicated later.
The notations previously employed will be retained indicating by an index m
where a quantity is to be taken as the latitude equal to the mean of the
latitudes of the two extremities of the geodetic line under consideration, and
indicating by the prime when a quantity is to be taken as the latitude of
the extremity of the geodetic line.

The introduction of these values greatly simplifies the equations; it

(*) It should be noted that in the formulae and in the Benorr Tables the Latitude is
indicated by the letter L, the Longitude by the letter M, length of geodetic arc by K.
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rarely leads to the necessity of making successive approximations and the
calculation may always be done rapidly.

Table I, which is included in the “Bulletin Géodésiqgue N° 12” of 1926,
gives the values of log P to eight decimals, log Q to five decimals and log R
to eight decimals for each 10’ of latitude.

The equations of P, Q, R are the following :— (¥*)

P A

Tl rrmet———
?oim. 4%

Qs toms ¥

LNpam 4"
R=_4__
Nom 4"
III. — LATITUDE.
The latitude is first calculated by the approximate formula :—

() 9= = 2 = S 2 famg fio

TN P

which might be written with the notations given above.
(4Qb) Y- 9= 8 P 02 - 8% Q, 3?2

After having calculated the logarithm of the second term
st Q,, sin? Z,

a correction po expressed in units of the 5th decimal of the logarithm is
added to the logarithm. The logarithm of (Lo is obtained by adding the
logarithm or A, obtained from Table II with 4 decimals, to the logarithm
of (@’ -¢); then the number is taken in order to obtain the correction . «
which has the opposite sign to ¢’-¢ when ¢ is included between — 320
and + 309, otherwise it has the same sign as ¢’ - .

The equation for A is:—

bt e ik
Ty ¥

(*) The quantities P and R are the inverses of the quantities called B and A in Table IV
of Special Publication N° 21 of the I. H. B.
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Example :—
€=01°% SPT2L 3= (4.203)15 2= 206° 0 53}
fm one. 469y

&35 4,803 556 3¢ 2 &;34 9, 615 11
bg?,,‘ 2,500 310 52 &,QM 9,431 45
by 2 7 950302 ¥ ! byan? 9,29y 3
log bwe 3 230 229 £) - o 3&?“‘9
g A, 17,8991 oy Vom0, 339 54
lo“u 2,1469)

f 4° 457 m

tame. . 31" 3", 0p2

3 fown - 4,185

! o ! ”
' 46 33 51" 955
In order to take the terms of the 4th order into consideration, it is
necessary to add to this value the following quantity, for which the equation

has been calculated. It has a value of several hundred thousandths of a
second only for the ordinary lengths of s in latitude 45°.

[emlm?mf,. 8¢ ey 2 (2 dimt Y- m‘l)-___. sin’2 tang P(1+3lamg'f )
(H-jml -_..cooZ cofg ‘f}]

LONGI TUDE .
This is calculated by the formula

) [
[§]U.L-gRanZ
ey q’
and a correction p 3 is added to the logarithm of this term

[P=-pf +pf



CALCULATION OF THE GEOGRAPHICAI, COORDINATES. 45

The term p B, and w B, are given in units of the eighth decimal of
the logarithms of Table III which is entered, for the former, with the argu-
ment Jog s R’ and, for the second, with the argument log (L’ - L).

The equation for pf3 is:—

[Pt PR 1))

Y' oppas.  46° 339
bys 4, foy 556 3y
&51(' 2,500 M3 o} T IS
byaf 3,36 499w
&741~.2 9 44} M2 A

Example :—

calog ca Y 0,462 7e3 03 + 1A +ioy
&,L‘-L 346 wis 1) [n/} _m
ll/i -4
3, 126 410 92 L.L 274" g64
A T 12

U2 2°¢4)

If the terms of the 4th degree are to be taken into consideration, it is
necessary to deduct from the value of L’-L thus obtained, the following
quantity which, in latitude 45° and for the usual lengths of s, does not

exceed one ten thousandth of a second.

4} Zz[“‘”zm 4 lfo st oot Z . Jil2
oy v P+ (um‘f° wZ)]
AZIMUTH.
This is calculated from the formula :
(6)2'-2=% 1804 (L-L) sm ¥,
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The correction . 3’ for which the equation is

4P A LY ) e o

must be added to the logarithm of (L’- L) sin ¢, It is computed by
means of the same table as u.f3. The first part is none other than ‘1’_2‘3'——;

therefore, in order to obtain its value it is but necessary to take half of the
value of the correction w3, which was obtained when calculating the longi-
tude. To compute the second part, the value of p {33 is found in Table III in
units of the eighth decimal of the logarithm opposite the argument log (¢’ - @).
It suffices to take one-fourth of this value.

Since the calculation involves nothing out of the ordinary, no example
is given, |

IV. — CASE OF EXTREME LATITUDES. — POLAR REGIONS.
The various expressions which are given above are valid ouly if the
quantities fan ¢ or —%— do not attain great magnitudes; in other words,

if not used for high latitudes. It is evident that if the quantities ¢’ ¢

J— (P’

spheroidal triangle which has one angle at the pole and the others at the two
extremities of the side of the geodetic triangle, cannot be solved by the
development of the equation as a series. It will be necessary therefore to
employ the ordinary formulae of spherical trigonometry on a sphere of radius
N, then to add to the values thus obtained for ¢’-¢, L'-L, Z’-Z, the
correction factors of ¢? which are included in the formulae given by M. FicHOT
or, if the expression given at the beginning for ¢’-¢ be taken, the terms

and L’ - L are of the same order of magnitude as the quantity

2

I
in ¢, after having substituted —— (1 + e'’? cos? @) to

The corrections due to compression always retain the same degree of
I

cos @ °

importance ; they do not comprise the factors fan @ or

The BENoIT formulae cannot be used in this case; but it should be noted
that this condition rarely occurs. In latitude 70° the error due to the employ-
ment of these formulae does not exceed a thousandth of a second for geodetic
triangles of ordinary dimensions.

EQUATORIAL REGIONS.

At a distance of less than 5° from the Equator, calculation of latitude
cannot be done by the Beworr formula, since the correction w « then beco-
mes infinity and consequently cannot be given in Table II. However, another



expression may be obtained which is valid for the infinitely small factors of
the 3rd degree by omitting all corrections to the formula (4a) for latitude,

provided that the coefficient Q be taken for the latitude _ 9 + 29 instead

of for .y + T ,
2

In order that the formula may be complete for the terms of the 4th
degree inclusive, it is necessary to substract the expression

+ *L c Wil (u»lZ-iim1fj f W'z Uj 2 t-Jl f-55 7t

In the average latitudes the 1st term is of the 3rd degree.

76
But if ¢ = -J 50 tan2 @ is equal to ----~ ---- and it may be considered

as infinitely small of the 1st degree. Consequently, the first term of the
above expression becomes of the 4th degree and the terms of the 4th degree
which are omitted are limited to the following :

_ + U maB2 + —i  MMZ to*3f (Iool}jioMZ)
SNIf ?

V. — CONCLUSION.

The Benoit formulae and Tables have the accuracy desirable in practice
for the calculation of geographical positions in all normal cases. The Tables
are computed for the International Ellipsoid of Reference and make the
calculation extremely simple and rapid. (**)

Note. — Tables Il and IllI, by means of which the corrections [jla
and [X[3 are calculated, are independent of the ellipsoid employed. There-
fore, the Benoit tables may be used with any ellipsoid, provided that Table |
is replaced by a table giving the same elements corresponding to the ellipsoid
actually employed.

VI. — INVERSE PROBLEMS.

The Benoit formulae lend themselves readily to the solution of the
inverse of the preceding problems within the limits of their applicability, as
shown above.

i° Given the latitude of two points and, on the horizon of the first

(*) In the terms of the 4th degree of all formulae mentioned in this article, the following
terms may be used interchangeably N for p and e'2 for e2.

(**) An interesting study on this question may be found in the “ Geographical Journal” of
April, 1929, page 376.



48

HYDROGRAPHIC REVIEW.

point, the azimuth Z of the geodetic line joining them, to find the length

of this geodetic line.

Equation (4) supplemented by the correction terms obtained from Table II

may then be expressed :

P-4=of el L 82, (1#4] 4m’2

Develop to the third degree inclusive, then

3= ‘f ‘9 [1+ ‘p &p ontthHM(] "(‘P “f gmgg(um)l

or, taking

‘I.t‘;

- ¢ : wr
=1{_‘_“.i. PRty oinZ 2 sin 17 (14+4)

then

is obtained.

Example :
s 46° 33" 517958
P2 ¥ 45 u
L5 SR TR W )
by @-f 3. 200 BT ES

<

bfowmZ 84616132}

log 4, y, 808 ofSu1

{aglu%‘-';"\—;l} 9.399 49089

by 4 y, g0} 55630
d, by 0™ 1§

e,
I= d,[ff ﬁL;t;l’]

pARY 206. lo' 53-,?'

foa %, 8 510 30 5o ‘03 R.

toy o 2 9.952 362 }? “’3‘3'?‘“

e —————————

QusLEN 1} bgom2
P - 0002386} byt
p*9 = + 0,000 005 S1 bgazn"
pepe = - 0002 315
.L‘:ﬂ":_‘i - 0.0t 131 55 [
1+ﬂi-L: D.99% 82§ 425
by
fogo,
Loy pe.

s

B. 508 9y
0,02 46
9,647 20
9 694 85
b 633 5t
2,564 25
-~ 14§

256235

4, 508 o}

] 3p0 82
y Ju1 &4
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Once s is calculated, it will be a very simple matter to obtain the diffe-
rence of longitude between the points by formula (5) completed by means
of wp.

This method of longitude determination is not recommended however,
when (as in the example above) the geodetic arc intersects the parallels of
latitude at a small angle. Thanks to the facilities now available for the
determination of longitude by means of W/T, it would appear to be more
advantageous in certain cases to compute the difference in latitude between
two points of known longitude, as well as the latitude of one of them and
the azimuth on its horizon of the geodetic line joining them.

The formulae (7) and (8) given below, furnish another simple solution of
the problem, but in this case it is necessary to make use of successive appro-
ximations, as it is not possible to determine the exact values of P, Q,
and R’ accurately except in those cases in which the latitudes of the two
points are known.

20 XKnowing the latitudes and the longitudes of two points, find the
azimuth and the length of the geodetic line joining the two points (in the
case in which the data permit the application of the LEGENDRE theorem).

Formulae (4) and (5) completed may be written :
[} $-9 =8 P2 - a4 Q,, (14 ) 2int 2
) L-L = o BalnZ (143

eliminating s from these two equations,

2 - R’ : L.-L R : »
“t? * L L ?...m~f'“+/s}+‘z “ﬁ"‘mw%f“‘ dom 1 ‘:_:7“'

is obtained.

T%n's equation permits the calculation of Z up to the 3rd order inclusive.
First an approximate value Z,, is calcvlated by the formula

oy 2, -i' y — mf (1+4)

or rather, log. cofan Z, is calculated without taking the factor I + 8 into
consideration. The value Z, thus obtained then permits an approximate
value s R’ to be computed by the formulae

Py GNUSTIRTIN A 1oL A, Y

In zl WZ& P

Having thus obtained an approximate value of log s R’, Table ITI then
gives ufB;, uf, and consequently pf expressed in units of the eighth
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decimal of the logarithm ; adding these to the logarithm obtained for cotan Z,
gives log cotan Z,.

Assume :—

2ot R s 0k ¥ dim 1" A+
A M RORGE TR

The logarithm of ¢ is calculated to 5 decimals without taking the factor
I+ o
1+B

into consideration, then the quantity poa which is expressed in

a HB

I000

units of the fifth decimal of the logarithm is added to it an is then

deducted which is thus expressed in units of the same decimal (~Ip(‘)—0(i gene-
rally becomes negligible).
Then :
o:m.tz' M - .
2:2,. 3..&.;_17. [1-1 mZ, 002 +q dvn."Z,[L_;l_ dw"Z,}]
is obtained.

Instead of developing the expression of Z,it will ordinarily be quicker to
make the calculation by changing the expression of cofan Z to the following
form

ot Z:‘PL" R'[1+ 8] 4 lL'-L)lomuo"V'(HoU
M’ r-L ?MM?' +“Pl_’)wz(4+ﬁ)z }

which may be expressed :—
ing 2 = cotamy 2, (1+E )

Compute the log. of cotan Z,, to 8 decimals, and that of € to 5 decimals,
then € and 1 + ¢ are deduced and finally log. (1 + €) to 8 decimals.

i the case where cotan Z, is too large in absolute magnitude, compute

fojbmgz :%7%52,-&7(4+£)
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Example :
. 46033 510955 L'.: 026" 27, (13
.4 ¥ M L= 0" Y & 52
A00 BETRRS [ W £ 5. NSRS 3 } M 1§
{., .9 3.0 13868 Log L-L 3,906 vir 0o by n 2, 5.9525 by dw?, 9. 6uéd
by R 1,508 9+3 99 g B 8,510 Mo 50 by B 15103 gyt 2969
Lried) e B b,mtﬁ' 9.3} 2969} lyRet, 33008 g o R 3,069
1,03y 01} s}' t.,u'.z)z,c..f' 1,9}y 018 43 l-,i‘.f‘-ﬂ L)_)_s_)_ rﬁ, a N
L,u!‘zl 0,305 €63 Jo byaR'  3,316) [P - _32_
~ v MR- -wf
L‘ u'g.z‘ 0,305 €35 0y b,(LIL)‘ (.15232 log(9-) 3,20 Y }.0p0 23
bg14&)  9.999 v90 13 bgen® §' 2,674 59 l.?f(" FAL T LEERLL
by utg 2 0.305 149 92 loy Q. 193145 oup8¢y ~IPA_ r 4
#3508 1ASEE6 Ly € pedspé
2= 26°20 532 ;,-;;_&-3 E:mv0011p16

1+E = 0990028y

Remarks. — If cotan Z, is greater than I,it is better to calculate fan Z|
by the formula :(—

g 2, = Lok Tu 2P
AT O

Then deduct w3 from log fan Z, to obtain log tan Z; and thenZ .

Knowing Z,s may be computed by one of the formulae (4) or (8). TFor-
mula (8) determines s immediately and should be preferred when tan Z is
smaller than I in absolute magnitude, otherwise the value of s obtained by
formula (8) can only be considered as an approximation for computing s?
and for substituting s? in formula (7) from which s is obtained.



