CONFORMAL PROJECTIONS OF THE ELLIPSOID.
by
INGENIEUR HYDROGRAPHE GENERAL P. DE VaNssay pE BLavous, DIRECTOR.

In order to establish a conformal projection of the terrestrial ellipsoid
on the plane, we may employ the method indicated by Gauss, which
consists in establishing first the conformal projection of the ellipsoid upon
an intermediary sphere, and then the conformal projection of this sphere
upon the plane.

If Z is the complex co-ordinate of the plane projection thus obtained,
the scale (linear modulus) M, of this projection will be equal to the scale
My of the projection of the sphere on the plane, multiplied by a coefficient
K, the expression for which, using the same notation as that in the Notes
on Stereographic Projections (Hydrographic Review, vol. XVI, N° 1, page
33) is :

K__aR cos ¢
~ NecosL'

and the development of which in the vicinity of the point of origin of
latitude L, adopting for R the value(/No fo and for a2 the value 14-¢* cost L,,
will be, up to terms of the 4th order inclusive :
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On the other hand, the first two terms of the development of every
conformal co-ordinate with respect to the powers of another conformal

co-ordinate being the same, we may write :
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from which :
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and consequently, by neglecting only the terms of the 5th order and above,
we may write for every conformal projection of the ellipsoid, obtained
by double projection :
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I
GAUSS'S PROJECTIONS.

I. Jung has given a formula which allows the complex co-ordinate
Z to be obtained for an entire series of conformal projections (called
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projections of separate variables) as a function of the complex co-ordinate
z of the stereographic projection (I) having the same origin

2 Re'0
—. —— arc tang
(2) Z Vo 2Rei0

This formula is established for a sphere of radius R ; n is a real
parameter and 6 the angle which the axis of X makes with the major axis
of the indicatrix. We may agree to apply this to the plane projections of
the ellipsoid by .replacing z with a value which we have given to this
complex co-ordinate (see formula (1), Hydrographic Review, vol. XVI, N° 1,
page 34) and which has been established by double projection. We shall
thus have a projection Z of the ellipsoid obtained by the Gauss method
of double projection, to which the name of the corresponding projection
of the sphere is generally given. Its scale possesses the property which
we have just indicated.

In the formula (2) the quantity Z changes sign at the same time as
z. The symmetry shows that the scale of the Jung projections of the
sphere does not change when z changes sign and that, consequently, its
development according to the powers of the co-ordinates, contains only
unity and the terms of an even degree.

In order to obtain the scale of the projection of the ellipsoid, it is
necessary to multiply this development by K. From this it follows that
the term of the third order of the scale for every Jung projection of the
ellipsoid, is :

— %Nio%: sin 2 L,

This is of a particular advantage; because, in view of the smallness of
¢'?, we may consider this term as being of the same order as the follow-
ing, namely the 4th order, and as a consequence, the projection may be
employed at some distance from the origin, without the necessity, in
practice, of taking into consideration the terms of the scale beyond those
of the second order. If we develop as a series the second member of
formula (2), the development will only contain the uneven powers of the
variable z. All the terms of the development will still be of the uneven
degree, if we replace z by any other projection of Jung. For the rest,
we may stop the development at any desired term, and such a projection
can always be rigorously termed a conformal projection. But its scale

cannot bé the same as though we had retained the entire series. If we
suppress all the terms of the development of a higher degree than 2n + 1,

there will be no change in the development of the modulus except beyond

the terms of the order of 2n+2 inclusive. If, for instance. we retain
for Z simply the terms of the first and 3rd order, the modification of the

scale will not be produced except from and after the 4th order inclusive,

(1) See Hydrographic Review, vol. X, N° }, pages 83 to 87.
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and the term of the 3rd order of the scale will still be that which we have
just shown and which has ¢ as a factor.

But this will not hold true if we replace z by the development which
is givén us by formula (3) in the Note cited above (Hydrographic Review,
vol. XVI, N° 1, page 37), as a function of the complex co-ordinate of the
Mercator projection. This last projection has its origin on the equator
and not (in general) at the origin of the projection Z. The development
of Z as a function of the powers of this co-ordinate, which we have called

¢, will contain the terms of all degrees in ¢. Consequently, it is
necessary to retain the terms of this development at least up to the 4th
order inclusive, if we desire that the term of the 3rd order of the scale
shall remain unchanged. Therefore, we shall express Z by a series of four
terms, in place of two ; but the tables of meridional parts eliminate the
necessity of making the calculations for the co-ordinate z. If we retain
but three terms, the term of the 3rd order of the scale will be different and

will no longer have ¢'2 as a factor.

‘We shall make an application of this method to the projection of Gauss,
for which we have :

a) The equation (2) becomes :
z .
(3) Z = 2R arclang ;=
To calculate the scale, we obtain :

dxz4+dy:_ X +iY cosX_iY-
dx? 4+ dy? 2 R 2R

For the rest, the scale of the projection z of the ellipsoid is equal to :

2 2
K (1 + X[jl"zy ):
but we deduce from the equation (3) :
We have therefore :
_ X4iY X—iy , . X+iY . X—iY\_, _iY_ K ( Y _X)
M, = K(cos 2R cos 3R —}-smTR—sm 2R )_k SR= 3 eR 4 eR.,

By taking for K the development up to the 4th order inclusive in
formula (1), and developing similarly the parenthesis, we obtain
Y? Y*
(4) Me=K (14 57 + 5
b) If we develop the formula (3) in accordance with ascending powers

of z, we shall have

73 75 21
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This formula appewrs advantageous because it contains only the uneven
powers of z ; but it presupposes a rather long calculation of z. Let us
substitue here for z a development which is given us by formula (3) in the
above cited note (Hydrographic Review, vol. XVI, N° 1, page 37), and
limit ourselves to the 5th order inclusive.

We then obtain :
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i N, >
“ L, — 18 =2 sin? 2, ¢ .
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In this equation the coefficients of the successive powers of { depend
only on the position of the origin and remain the same for the whole
projection ; for the rest, the powers of { may be calculated very rapidly
by means of the tables of meridional parts (Special Publication N° 21 of
the International Hydrographic Bureau). For the rest, no matter what
the number of terms retained in the development of the formula (5), the
projection will always be rigorously conformal. [f we retain five terms,
the expression for the scale will be exactly that of formula (4). If we
limit ourselves to four terms, the scale will still have for the first terms

12 3
1—1—2“2 fﬁ(ﬁ;sinQLu.

By putting therefore :

3

v2 4 G2=d2, = tang ¢ ,

v
we shall be able to calculate the Gauss co-ordinates by the following
formulae :

X d - N
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(6) Y deins 3% sin25ein L as (sint b — N0 oot L
N, cos L, SIn 6 — 5= sin2 8 sin L, 4 —6-51113 (sm ,,———E-cos O)
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24‘ 0 o po (]

If we had retained the first three terms of formula (5), the scale
would then have been

ND XatELo No N02
-—1—{-@‘{-2\{ stg L,,(S E—tg2L0> -+ 6N.T <tg2L°—P—o—4 P02) .

The terms of the 3rd order would not have been multiplied by ¢’

c) In paragraph a), we have projected the ellipsoid on to a sphere ;
by this projection the element ds of the prime meridian has become Kds
and the length of the arc of the meridian has become s, ; the projection
of this sphere in the Gauss system has retained the prime meridian of the
sphere in its true length. We have then :

X, = 81
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The value of s, or _/(; Kds is, in accordance with the value of K given
in the Hydrographic Review, vol. XVI, N’ I, page 43 :

S, =X, =8— = 2:; :?;oLo — 62335“020;2021.0 [1 -+ €' 2(1 — 7sin? Lo):l + ---.

The formula (5) furnishes the same result as the formula (3) to the
nearest approximation resulting from the number of terms employed.
The representation of the prime meridian, therefore, depends upon the
latitude of the point of origin which is chosen for it. One might wish
that it were otherwise, especially since, as is generally the case, we
employ this projection to represent a long strip of terrain parallel to the
meridian. By taking the origin in the middle of this strip, we shall be able
e2X3sin 2L,

3N, R?

of the scale can no longer be considered negligible. We shall show two

methods for maintaining the prime meridian in the original size which it
has on the ellipsoid ; that is, so that it shall be « automecoic ».

In order that the projection shall be conformal, the complex co-ordinate
Z must be a continuous function of Z :

to have values of X which are rather large and for which the term

Z=f(v+i6)
When G is zero, we should have :
Xe=5s .
Therefore :
f(v)y=s.

The Taylor development then gives us : (2)

s (), S () S

No matter what the number of terms retained in this series, the
projection will be rigorously conformal, because Z will always be a func-

tion of ¢ . The axis of X will represent exactly the meridian of the
ellipsoid if we retain the entire series ; this condition will be approached
more and more closely, the more the terms which are retained.

Let us calculate the successive derivatives of s with respect to the
meridional part :

ds _ ’s . dss __ (.2 N )
a—l__NcosL,aﬁ_—NsmLcosL,dla_NcosL sin? L Pcos L),

4 N2

%l—%—: Nsin L COSL(4?2COS2L+IZ—C052L—Sin2L) ,
d’s

o

3 . N2 .
T = N cos L[4 % cos? L (1 —7 sin?L) + ? cosL (1 +7sin%L)

— 2 gsin2 L cos? I 4 sin® L] .

(2) This procedure might have been employed in place of the quasi-stereographic projection
(See Hyd. Rev., vol. XVI, N° 1, p. 42). If we desire that the representation of the prime

meridian shall be : X,= 2R lgﬁ it would be necessary to take:
s d No
f(v)_2Rtg2—R, <d{)O—ECOSL°’ etc...

But in this case, the method has not the same interest as for the Gauss projection.
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We have therefore:

; 2
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0

; N,* .
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0

(?)

This expression for Z does not differ from that in formula (5) except
from the terms of the 4th order onward.

The scale, limited to the 3rd order, will be therefore :

Y2 62XY2sin 2L,

M:1+:2_B—2- R2p,

We see that within this limit, it is equal to unity if Y is zero.

The expression (7) for Z, limited to 4 terms, is almost as easy to
calculate as the expression (5) and appears to be more suitable ‘when the
strip to be represented is very long. Moreover, it is not entirely inde-
pendent of the latitude of origin selected.

d) In order to obtain a representation entirely independent of the
latitude of origin, we shall develop the function :
. L=1(+i6)
according to the Taylor theorem, with respect to iG :
df G2 d2f 1 G2 d3 f G d+ f i G3d3f

Z—f(")’HG'——?HxT‘?— 6 dv? | 2% dvt ' 120 dv®

+'_‘7

in which f (v) is equal to s. Therefore, noting that GN cos L is the
length of the arc of the parallel which we shall call u, we shall have :

N’ N
__s+ t L—}—%thL( —+—;—tg L)
116

+ g WL (61— 38 12 L+ gk L) +---, (3)

. 3 (N s N3 ‘ N
Y:u+6—11—l\r<——tg L)+E:)1—EE[4P—3(1—61«53L)+—~2(1+8tg-L)

— fg g2 L 4 tg* L]—{—-——
The projection thus defined does not depend any longer upon the
latitude of origin, no matter at which term the progression is stopped,
and for it the definition of the prime meridian will always be : X, =s.
But only the complete series will yield a projection which is rigorously
conformal ; limited, it is no longer a function of ¢ . It would

therefore be necessary to take a rather large number of terms in order to

(3) We have replaced in the factor of the term in n6,1§ by unity.

1
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be certain that the conformality of the projection might be assured within
the limits of accuracy desired. This object will be attained if the terms
neglected are without appreciable value. The « Landesaufnahme of
Prussia » has adopted the number of terms of the above formula.

Over the entire prime meridian, the projection is rigorously conformal
and its scale equal to unity. If one grants that the conformality is sufti-
ciently realised, we may then calculate the scale for the variation du.
We shall have

N*5 456 1g? L

u? u N N8

This expression does not contain terms of the 3rd order.

e) Commandant P. Tardi, at the Sixth General Assembly of the
Association of Geodesy, held at Edinburgh in September 1936, proposed
that all triangulations of the countries comprised between latitudes
— 36° and + 36°, and particularly of the continent of Africa, should be
calculated on the Gauss system, by spindles of 6° of longitude. (See Pro-
ceedings of the Association of Geodesy, Volume 14).

The origin should be, therefore, situated at the equator, which will

result in bringing about considerable simplification to the greater part of
the formulae.

In the method of double projection, the expression for the linear
distortion produced by the projection of the ellipsoid on the sphere (see
formula (1)) becomes reduced to the 4th order:

. 2 X4 )
K=1 —e—ﬁ—a‘—(1+e2)2;
which, for X = 4000 km., will give :

R N )
=155

Formula (5) then becomes :

VA 3 5
—:C—%(l+e’2)+-§-z(1+e’2)2+—--

a
It no longer contains the even terms and is very easy to calculate.

We might also employ the formula (7) which becomes

Z _ {3
_.__c.*_6_

a

(1+e’2)+§(1+e'2)2(1 +§e’2)+---.

With these two formulae, the scale contains only terms of the 2nd order.

of the 4th and above,

The same will be true of the scale if we establish this projection by
the method employed by M. Roussilhe for the quasi-stereographic projec-
tion (see Hydrographic Review, vol. XVI, N° 1, page 42), by defining

{4) and not 1/1,800 as the author states.
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the representation of the prime meridian by X_ = s, and writing that the
projection is conformal. We have then the formula :

-—s-ml-2 2( +8’2)+——(1+e’2) (1“"28’2)+%:—i(i+e’2)2(ii+8e’2)

2 qb
tEm (e et gt ) r ey (it For—zer)
+"“7
(s) 3
O vout Bt en—S8 0 penrsey
u? st ub
e (1 4+e?)2 (114 12e2 —2¢'%) + To0 3 (4 + e2)2(11 4 8e'?)
u® s?
+omom A e G Fser—beh) 4 - -
with :
u? ) ) , 2 u? s? , ,
M= 1+m(1+e2)+723‘(£+e2) (4867 + 5 (1 eyz—e?) +--;

modulus which is equal to unity throughout the entire length of the prime
meridian. The term of the 4th degree which depends upon s never
exceeds 1/3150,

These rather complicated formulae have the advantage of having
constant coefficients which are all calculated once and for all. Commandant
Tardi has preferred to employ formulae (8) which give the same accuracy
with a few less terms, but in which the coefficients are functions of the
latitude. Profiting by the fact that the quantities vary little with this,
he has been able to construct very condensed tables which greatly facilitate
the calculation of the co-ordinates. But formula (8) and formula (9) give,
within the same limits of approximation, the same result, because the
fact of fixing the representation of the prime meridian completely defines
the conformal projection.

f) Historical: The so-called Gauss projection, or the transverse Mer-
cator, or the orthomorphic cylindrical projection of Lambert, was discovered
by J. H. Lambert (Beytrige zum Gebrauche der Mathematik und deren
Anwendung — Berlin, 1772). C. F. Gauss mentioned it in 1822 in a Note
which he presented to the Academy of Sciences at Copenhagen and which
was awarded the prize by this Academy. This note was published by
Schumacher in 1825. Gauss treated the question again in 1843 in his
« Untersuchungen iiber Gegenstinde der hoheren Geodisie ».

General Oscar Schreiber again took up the study in his work « Theo-
rie der Projektionsmethode der hannoverschen Landesvermessung - 1866 »
and completed it in 1878.

Professor Dr. L. Kriiger brought a new contribution to the study of
this projection in the publication of the Geodetic Institute of Potsdam
« Konforme Abbildung des Erdellipsoids in der Ebene (1912) ». He had
abandoned the double projection of Schreiber in order to adopt the
« automecoic » representation of the prime meridian, that is, in which all
the parts retain their exact length on the projection.
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Il
JUNG PROJECTIONS.

The development of the formula (2) up to the third order gives us :
- %ib
—y_ Be
L=i—pm®-

If, in this formula, we take n = 1 and 6 = o, it will give the first terms
of the development of the Gauss coordinate
Ig— 17 — ——1— 3.
12 R?

From which, to the same approximation
R ,I o3
7= Zg+ E-IT) l.g .

And, consequently, for Z the following expression, as a function of the
Gauss co-ordinate, may be calculated for the ellipsoid.

. -2i0
Z:zg—’,—m—ﬂé(1—ne )ZZ.

This is the formula which Col. Laborde employed for the triangula-
tion of Madagascar (5). Tissot haq already proposed (6) an analogous
formula in which the variables were the distances of the parallel from the
origin, reckoned along the prime meridian, and the distance of the meri-
dian, from the origin reckoned on the parallel of origin. Tissot performed
a great service by showing that for thiz type of projections the linear
distortions were only of the second order, and from this he deduced the
projections called projections of minimum deformation.

M. Courtier, Ingénieur Hydrographe Général (7), has made a study
of the Tissot developments by making use of other variables ; the co-ordi-
nates of Cassini-Soldner, also called orthogonal or geodetic (8).

But the formulae of Tissot and Courtier do not provide projections
which are rigorously conformal, the angular distortions in them being of
the third order, while the formulae of Col. Laborde, and all those which
may be deduced from formula (2) are rigorously conformal regardless of
the number of terms used in the development.

Let us replace z, in this last formula by the value (5), obtained for
this co-ordinate as a function of the Mercator co-ordinate. We shall obtain,
to the same approximation :

: - 2ig
_—Z . s : 1\Yo N
(10) Nocos L. — 4 —% sin L, + f—z (2 sin? L, _‘E_ cos? L, —ne No cos Lo)

0 Po

- 2i0
+ h . N
—}-g—sin Lo (21E cos2L, —sin?L, + 3ne —o-"cos2 Lo)+---.

2% o Vo

(5) Traité des projections des Cartes géographiques, by MM. L. Driencourt and ).
Laborde. — Hermann & C°, Paris 1932, 4th part, pages 234 & subs.

(6) Mémoire sur la représeniation des surfaces et des projections des cartes géographiques,
Parns, 1881.

(7) Annales Hydrographiques, Paris 1912, pages 40 and subs.

(8) Hydrographic Review, vol. VII, N° I, pages 13 and subs.
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This expression is somewhat complicated, but it is not less rigorously
conformal ; and it presents the advantage of avoiding the necessity for
passing through the double projection or through the calculation of the
Gauss co-ordinate ; it suffices to make use of a reasonab]y accurate table
of meridional parts for the ellipsoid.

The scale therefore becomes, when not exceeding the third order :

X2 Y2 XY
(i—nc0529)+4N0 Po(1+ncos29)——2No :

e2X3sin 2 L,
—Nen ot

nsin 286

M=1 +

4N, 0o

The expressions for X and Y are easier to calculate and comprise
only 6 terms, if we put :
v 4 GE=4d? , g:tg'o‘.

We then have {=dei® ; and the formula becomes

YA ; dz ; ds . . N
—— 16____ 218 ___ o gint 1, s 2
N cos L. =de 7 sin L, e + 8318( sin? L, 5 cos Lo>
d4 No nd3 N,
S e4id “Cecos® L. — % cos? i(38—26
+24e sin L, 2‘°cos Lo sin?® L) 3 Pocos L,ei(3 )
+%? sin L, cos? L, el (40 — 286).

We then deduce :

X _ . dz d? . No
lW)S—L—O_dcos<>~551nLocos28-}—r‘?‘cos38(2sm Lo———P:cos Lo>
d# No 9 L ain® ) nd3 N 9
+2—/cos“>smL (2_5;008 L, sin2 L, _E—F; cos? L, cos (38 — 26)
+-r—]ilsmLocos2Locos(48——26),

hy 0

Y dz 2 No
N oos L. =d sin 6 — EsmLo sin 28+ —sm 338 (2 sin? L, E cos L,,)

d+ . N . nd3 N, ;
& =2 2 L, — 2 — .= 2 5
+ = % sin 4 ¢ sin L, (2 % cos? L sin Lo) 3 Pocos L, sin (36 — %6)
+ r_n_éd_g_ sin L, cos? L, sin (46 —298).

The terms of the 2nd order of M show us that the isometre curve of
1

this projection is an ellipse of which the major -axis, proportional to Vr-—
—n

makes an angles 6 with the axis of X, and of which the minor axis is pro-
1
portional to ‘/: If a and b are the axes of this ellipse, we
n

have :
a? — b2
“®F 5’

By choosing for the representation of the given terrain, the ellipse
which encloses the totality of the terrain and in which the diameters
bissecting the axis have the minimum length, we shall obtain a projection
of minimum distortion according to the ideas of Tissot. By giving in

n
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formula (10), the value 0 to n, we re-discover the stereographic projection
for which the isometer is a circle ; by giving to n the value 1 and to 6
the value zero, we shall obtain the formula (5) of the Gauss projection,
for which the isometer curve is formed by two straight lines parallel to the
axis of X,

In the case of hydrographic surveys, the region which is to be represented
as perfectly as possible, is usually a strip parallel to the coast. If, on the
other hand, the coast is approximately rectilinear, the isometers should be
two straight lines nearly parallel to the coast. We give therefore to n a
value I, and we take for 0 the angle of inclination of the direction of
the coastline to the prime meridian.

If the coastline has a direction sensibly North-South, we shall adopt
the projection of Gauss : n = 1, @ = 0. If it lies East-West, we shall

usen = | and 6 = g , and the co-ordinate will be then :
dz | ds d¢ .
X=dcosd— 5 sin Lo, cos 2¢ —{—Fsill? L, cos38 —gzsin Locos4d (1 4 e cos* L,) +--,

2 13 4
Y =4dsiné — dEsin Losin 2 ¢ +:6—sm4 Lo siu38—;1—4sin Losin &8 (1 +e'2cost L,) +--.

We give below an example of the calculation, by applying the
formula (10) at the same point at which we have already calculated the
co-ordinates by passing through the double projection and the Gauss
co-ordinates. (See Hydrographic Review, vol. VII, N° 1, pages 26 and
subs.). The results do not differ by more than a few decimeters. This
difference is due to the terms of the order higher than the 4th, which we
have not employed in the formula (10). The suppression is further without
detrimental effect because the projection furnished by formula (10) is always
rigorously conformal, no matter what the number of terms retained. The
two projections employed for this new calculation and for the old are
slightly different : but both are rigorously conformal and the scale is the
same up to the third order inclusive.

We have diminished the values found for the co-ordinates by 1/20,000
of their value, in order to take into account the factor called K. in the
example cited, and which has the purpose of reducing to about half the
linear distortion at the calculated point.

Note. — We may rediscover the formula (10) by another way ; the
complex co-ordinate Z of any conformal projection of the ellipsoid around
the point of origin may be expressed, a priori, in an absolutely general
manner, by a sum of four terms arranged according to the ascending

powers of { :

7 e AP BsinL,
—_— — 2 L — i A—.
N oo, o bt +—5

The first two terms are common to all conformal projections : A and
B are the functions of the latitude L, which may contain imaginary

quantities,
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Let
A=a+yi , B=20+3i.
The calculation of the scale for such a projection, as a function of the
co-ordinates gives us

X‘Z
£ No2cos? L,

TXY

11
) w= g NI cos L,

(2%3 cos? L, — 2 sin? L, :z) —
a
Y2
+ £Ny%cos? L, (
X3 sin i, » No 9 N,? 2 b o g 5
+mo <.)-;;COS Lo “475?005 I, —5sin?2L, 4+ 3a4 2
XY? sin L,
2 N3 cosd L,

X2 Y sin 1, (By+8) +

2 N3 cos? L

2 sin? L, — a)

. No

5 sin? I,D—?cos2 Lo —3a—5§
0

Y? sin L,

6 Ny3 cos? L,

(By+8)+---.

The terms of the 2nd degree furnish the equation of the conic indi-
catrix (9), which characterizes the projection. To reduce the value of M,
it is essential to reduce that of the terms of the third degree. We arrive
at this by means of the conditions

3a+@:Ssin2llo———1\5ﬁcos2ha+p<y—‘3—1),
o Vo
3y+é=0,

in which p is a real arbitrary coefficient, and consequently

:;A+B:zzsin21,o-‘\:—“cosﬂLo'-}-p(%“-—1).

The expression of the terms of the third degree of the scale becomes

e'2X3sin21l,  e*Xsin2 L, P %

X2 —37Y?);
3 N2 o, 3 No? g0 4 Nocos? L, (X )

and the general expression of the projection will be

AR A, 1
C—-gsmLo+i—2C (1*?sm[;u>

N, cos L, :
4

S in 5 sin? | N, 2 1 No
—1—3)—45111 Ao[asm ,o—Ecos 6w+ p ?—'1 ]

& Po

If we adopt for p the value zero, we shall rediscover the formulae
provided by the method of the double projection, and only a term with
2 o subsists as term of the third degree of the scale. If we adopt for p
the value # AT I, » it is the term in e 2XY*  which exists alone,

0
as was found in the case of the quasi-stereographic projection and for the
projection of Gauss when one requires that the prime meridian should he
« automecoic » (c). | does not seem to be of interest to give to p another
value than this ; the latter is interesting when X may become appreciably
greater than Y.

The coefficient A may be considered as characterizing really the pro-
jection. It does not contain imaginary parts unless the axis of the conic

(9) Also called the isometer curve or conic of equal linear distortion.
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indicatrix is not in the direction of the meridian. For the stereographic
projection, we shall have :

. N
A =2sin2 L, — — cos? L, .
(1]

For the Gauss projection

A=2sin?L, —2 N—”cos2Lo.
Po

For the Jung projections :

N -2i6
A =2sin? L, — D—" cos? L, (1 4- ne .
o

I

CONFORMAL CONIC PROJECTIONS ON THE TERRESTRIAL
ELLIPSOID.

a) We have examined in the Hydrographic Review, vol. XIV, N° 1,
pages 39 and following, the conformal conic projections of the sphere
J comprised in the formula

(12) Z=a(z+2colg )P,

in which z is the complex co-ordinate of
a stereographic projection of the centre i ;
and Z that of a conic projection of origin

jsjix being the direction of the axis of

x for the two projection, and O being the
point of the sphere which corresponc]s to

a minimum deformation (See fig. 1).

Fig. 1

The arc MJ being equal to C and the arc NO to p ; if, for the rest,
at the point corresponding to O, the scale is equal to unity, the length
corresponding to j o, which we can call r, , may be expressed for the
sphere of radius R by

_ ncosu4-cosC

sin
r,.=R - il
Sin |

, et p= el

The quantities @ and C, which have a geometrical signification on the
sphere, will no longer retain these when we pass to the ellipsoid, ard
consequently it would be better to replace them by the two parameters r,

and p . From the two above equations. we deduce
p+C_p+ 1R p—C_p—1R o — 2pRr,
B =3 % 2 T 3 o BT oe
2p2Rr,
tg p = P

p*ro® — (p* — 1) R’
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For the rest, in place of considering the stereographic projection of
the sphere with the centre i, let us call z. that which will have O for
centre. z and z, are related by the expression :

7z, — 2 Rig EQLL-

7= .
p—c

14518

Substituting in formula (12) the above value, and replacing » and C
by their values in P and r. , it follows

. z, p
Z=r, ) :
< pr"+p2 Zi)

If we take, in place of the axis ox; , the axis ox» , tangent on the
meridian OP and directed towards the pole, this meridian making an
angle o with the great circle M ] O N, we will have : (See fig. 2).

Fig. 2 .

-6i
1—=—1I3¢€ .

and consequently the equation (12) becomes :

3 % :
(13) = 7 )
2

Z, — Pry €

This expression is valid for the sphere ; we will have a rigorously
conformal projection of the ellipsoid, and we may then call this the
conic projection of the ellipsoid, if we substitue in equation (I3), for the
value 7, the expression (1) which we have given in Hydrographic
Review of May 1939, page 30, for the stereographic projection of the
ellipsoid.

In order to calculate the scale, we deduce from equation (13) :

A
z,:Zproeie /P
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from which

AN
dz, i0 (I'_o) P
Z = ke 1

[e—n(G)p—6+1]

By multiplying this expression by the conjugate expression and taking

the square root of this product, we will have the ratio % of the scales

of the projections z_ and Z (10);

n, W(2) 5

M=

- )
(1 —p)? ( )p+21—P2)(,%)5005§+(1+P)2
For the rest :

2 2

(&)= o + 5]+ 2(2)5] -
= (2)5 +2—p (");cosg o
Dividing these two equations, the one by the other, we then obtain .
MG (R -3 RO e o AR
(B

b) The conical projection is particularly interesting when the scale
does not depend on w , but simply on , ; that is to say if the isometers are
circles. This condition, which may be realised for the sphere (it suffices

]cos + e+ B

=K

to give to C the value % , see Hydrographic Review, vol. XIV, N°1

page 41) cannot be obtained in all rigorousness for the ellipsoid, except when
the origin is at the pole, for the same reason which has been given for
the stereographic projection (vol. XVI, N° I, page 27). But if, in the

w . .
above expression, we eliminate the term in cos — , there will remain

P
only K which depends upon » , and in terms having ¢'? as factor. This
leads us to consider as specially interesting the conical projections for
which p and r, are related by the equation

(15) Rt (1 — pt) = prt.

The expression for M then becomes :
M =I%(r%)p_ i[(i—p)(;";)%+i +p].

(10) In the following formulae, p and w, designate the polar co.ordinates which have

been employed in Hyd. Rev., vol. XIV, N° 1, page 40
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By limiting ourselves to the first two terms of the equation (l), we
may write
K:1+e’2£%[£cos(ﬁ+w)—cos 0]3.
c) It is only in the value of K that the angle 3 occurs in equation
(14). If this angle is zero, we have the great advantage of having the
meridian as axis of x.

If the shape of the terrain, which should then be symmetrical with
respect to the meridian, compels us to adopt the value r° for the radius of
curvature of the isometers, the equation (15) will supply us with the value
of p . -

But if this value of r° is not imposed, a considerable simplification
may be obtained by choosing 1o in such a manner that the origin
of the co-ordinates Z shall be at the pole, for the meridians will then
be strictly concurrent straight lines and the parallels will be concentric
circles.

At the origin of coordinates, we have, according to equation (13) :

2 pr

We have seen in studying stereographic projections, (formula 1), that

at the pole
, — 2 N, cos L,
2 a + sin L,
We have, therefore, between p and r, , the relation

(a =1 -+ e’2 cos* Lo)

pro _ NocosL,
1 +p  asinl,’
By adding to this, the relation (15), we shall have for p and r.,
the values

__sin L,
- a
The equation (13) then becomes, by substituting in it these values of
and r, , and z, by its value as a function of { : :
P 2

, r, = N, cotg L,

-{sin L,
Z=N,cotglL,e ,
-vsin L,

p=N,cotgL, e R w = — G sin L,

Lgp = Lg N, cotg L, — vsin L, .

With :
2av
M _Ea—sinLn—l—(a-}—sinLu)e
2 (2 4 sin Ly) v
ae

K L f—
“m[(a_ sin L) (I\%tg L) S0 Lo 4 (a4 sin Lo)(N'—° L) S0 Lo |

2
vt cost L, (7Tsinz L, —4) 4 ---.

2
a

Z

e’ ?
6

|
-0
e
el
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In this case, K no longer depends upon G, that is .

d) It is perhaps not without interest to compare the conical projection
of the ellipsoid with the Jung projections which have their origin at the
point O. Let Z, te a projection of Jung of which the axis x; is directed
along the meridian. It is characterised by the parameter b , related to
the axes a and b of the conic indicatrix, by the relation

a? — b'.’.

n—-—m—
a2z 4 h2’

and by the angle ¢ which the meridian makes with the major axis of
this conic. -
If 22 is the stereographic co-ordinate of the same origin :

f:‘Rei(’t Z,VH

7o — — .
Vn 2R e 16

In order to simplify, let us put

Vn . 1
)\:z—lﬁi—o, dou:12:itgkzl .

Let us replace in equation (13), the coordinate z2 by this value :
z_ <1 + sin X Z, g )p
Ig i .
p2 sin hZy —Apr,ecos A7

We then have the expression of the co-ordinate Z of the conic pro-
jection as a function of any Jung projection whatever. Let us develop
this expression in accordance with the ascending powers of Z

0i 1— o2
(16) C—ZDe ' =L + el( LA +n +214"“'P3’F
12 1,2 2 pirde 1

Iy 1t
Z153(p‘—1)+5np2(1—»p2) ﬁ—z--{—2n2p*m

240 o e,,t)l

This formula shows that the generalised conic projection does not differ
except in the third order from a Jung projection, having the same centre
(the point where the scale is a minimum) and of which the major axis of
the indicatrix is directed towards the origin of the conic projection. This
difference will be lowered to the 4th order, if we have, between p
and r, the relation

(17) R? (p2 — 1) = np?r,?

This expresses the fact that the two projections have indicatrix ellipses
of the same form. Only in this case may we compare them.

We have seen (Hydrographic Review, vol XIV, N° 1, page 47) that
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a2 —

. . . 2 .
if u is (11) greater than C, the ratio a‘l-{—g‘l between the axes of the conic

indicatrix of the generalised conic projection, is equal to

cosC——cosg~tp-c p+C _ pt—1R?
cosC—}—cosp_g 2 8 2 T pr e’

This relation is, in effect, equal to n if the above condition is realised.

Formula (16) then becomes :

1 nZi4 n 78 R2
(o =Byt =7 — —m + 14()1(?'-2_n)+""
2 R2r, e’ 40 R* e °

In order to have a’ development in ¢, it will suffice to replace Z by
its value given in formula (10). We then obtain :

(18) e —7nel AL
Noos o ¢ zsinle+ 55

. : —36i Bi
+%‘l sin L, [2 % cos® L, — sin® L, + nl:—%-os'L0 e ('3 e — ?—"cotg Lo>]—}—-—- .
o o o

The term of the 4th order of equation (I8) differs from that of
equation (I0) and no longer satisfies the condition which we have
found necessary for the term of the 3rd order of the scale having e
as a factor. The generalised conic projection is therefore less advanta-
geous, from this point of view, than the corresponding Jung projection.
But this will not remain true, however, if the scale can be expressed as a
function of o only (except terms which have e'2 as a factor) ; that is to
say if the isometer is a double circle having its centre at the origin of

the Z.

The projection of Jung with which the comparison will be made,
will then be a projection in which n will be equal to —1 and of which
the part of the 2nd order of the isometer will represent two parallel
straight lines. Condition (17) then becomes identical with condition (15).

The quantities cited above : «, 8, v, 8, will then have for values :

. . N, .
a=2(sm2Lo——l:—“cos2Losm26), y:——P—cosﬂLnsm26,
o

o
2
=2 N, cos? L, — sin2 L, — 3 gh cos? I, cos 20 1;1_0_ cos? L, cotg L, cos 30,

o o o Po

0

= Ny cos? L, (3 sin 20 ——I:—° cotg L, sin 30) )
0

2
3a+ﬁ=55in2'm—§‘o cos? Ly + —°
1] o

[

cos? L, cotg L, cos 36,

2
3y+3=— rN° cos? L, cotg L,;sin 36 .
o

‘The scale will therefore be, in accordance with formula (I1), and
replacing X by r, cos 6 —p cos (8 +-w) and Y by r,sin 8 - psin (8 + v):

(r,—pcosw)? 1 —pCOSW

M=1+ > TiE + BT, [(r,,—pcosw)2—-3pzsin2m]+---.

(1) If p» is smaller than C, the conic projection may be compared to a Jung projection
in which the minor axis of the conic indicatrix makes an angle © with the prime meridian.
This is the same as changing the sign of n.
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This may be written by neglecting, as in the above expression, the
terms of the 4th order, and by considering r,-y and « as infinitely
small of the same order

—e)? | (ro—p)?
TR T eReT,

M=1 4 o

quantity which is independent of © and of ¢ .

It appears interesting to employ formula (18) for the calculation of
an oblique conic projection, in the case where the coast to be represented
has the form of an arc of circle, for which one takes for the radius its
value of r, . Further, it will be necessary to retain the first four terms.



