
METHOD 
OF COMPUTATION OF THE HOMOFOCAL GRID 

FOR HYPERBOLIC NAVIGATION CHARTS.

In Volume XXIV  of the International Hydrographic Review, Monaco, 1947, 
pages 176 and 177, some information was given on the method of com
puting the hyperbolic lattice grid to be plotted on charts for the use of 
the “ D e c c a  Navigator” .

The International Hydrographic Bureau recently received a photolitho
graphic reproduction of a preliminary paper entitled “The Computation of 
D e c c a  Lattices” compiled in 1947 by H. M. Nautical Almanac Office and 
giving a description of the methods used by that Office for the computation 
of the D e c c a  lattice.

The same methods and technique are naturally applicable, to within a 
few limitations, to all other systems of hyperbolic navigation such as Loran 
and Gee. The sole purpose of the calculation is to provide the numerical 
data required by the cartographer and draughtsman to plot the curves on 
the fair proof of the chart, by means of splines, and previous to subsequent 
reproduction for publication, by joining a series of points the co-ordinates of 
which are provided by the computer. It would be possible to represent those 
lattices by plane hyperbolae for considerable ranges (up to 1 0 0  miles on small 
scales) if they could be drawn on charts of constant scale. The general use 
of the Mercator projection, the scale variations resulting therefrom and the 
variation of their boundaries to fit the irregularities of the coast line imply, 
however, a few necessary precautions.

The pamphlet is divided into several Sections. The Introductory Section 
gives a general account of the problem in all its aspects.

Geometrically, the accuracy of the determination of position is conditioned 
by the “sensitivity” (i. e. the reciprocal of the lane width) of the lattices and 
upon the angle of cut. On the base-line the width of a lane is half the 
wave-length and it increases outwards ; the sensitivity is zero on the base-line 
extensions. The angle of cut between two lattices at a point some distance 
from the stations can be estimated from the angle subtended by the lines joining 
the point to the mid-points of the two base-lines concerned.

Other uncertainties arise from :
(i) Instrumental limitations.
(ii) The variability of the speed of transmission of radio waves according

to the terrain over which they pass.
(iii) Errors in the determination of the positions of the stations, and in

the geodetic connection between different triangulation systems.
The fundamental geodetic data for any survey are :
(i) The latitude and longitude of a point of origin.
(ii) The orientation of the co-ordinate system used.
(iii) The constants for an accepted figure of the Earth.
(iv) The standard of linear measurement.
In respect of these data the Ordnance Survey differs from the surveys 

of the countries on the continent of Europe. Therefore, in order to plot cor



rectly, on charts of the French, Belgian, Netherlands, etc., coasts, the computed 
latitudes and longitudes which determine the lattice lines, it is essential to 
bi’ing the geographical positions of points on those coasts into accord with 
the Ordnance Survey system. The data of the national surveys, and of the 
connections between them, will determine corrections to the graticules of the 
foreign charts. These corrections must be applied before plotting the com
puted values defining the lattice lines.

The correction to be applied depends mainly on the error in the position 
of origin : this error is a constant one for all the charts under consideration, 
and corresponds to a translation of all positions in the direction of the error 
in position of the origin. The second factor, the error in orientation of the 
co-ordinate system, gives rise to a rotational correction which is superimposed 
on the main (constant) effect already mentioned. The remaining errors are 
comparatively small, and the resultant corrections can again be superimposed : 
thus correction curves can be drawn across the charts under consideration, 
in order to facilitate the amendment of the points which determine the lattice 
lines.

Even in the British Isles, the charts on which the latticing is to be 
performed rarely correspond to the figure of the Earth adopted for the survey 
of the appropriate area. Here, however, the point of origin is not in error, 
so that any correction which is to be applied must necessarily be small.

For the numerical calculations it is necessary to retain a precision higher 
than that attainable in the physical system concerned, but not so much higher 
that unnecessary work is involved. In this case, there are two alternative 
standards of accuracy which we can use depending on :

(i) the overall accuracy of the system, expressed in distance on the
Earth’s surface,

(ii) the accuracy to which the lattices can actually be plotted on the
chart.

The greatest difficulty occurs relatively close to the stations, where the 
system might justly be expected to attain its highest accuracy. It is doubtful 
if a nominal accuracy of 2 0  feet can be achieved with the present equipment, 
but allowance must be made for technical advances, and a convenient working 
unit would appear to be 0 .0 0 1  lanes which, with the present frequencies, 
corresponds to about 2  feet on the base-line, increasing outwards. If the lane 
numbers are required with an error of less than 0 .0 0 1 , the working unit in 
distance must be one foot, and this is the unit used in the Nautical 
Almanac Office. It probably represents too great an accuracy and a yard 
or metre would probably be more realistic.

It is generally agreed that the lattices cannot be impressed upon charts 
more accurately than to 0.01 inches. The following table shows the linear 
distances corresponding to this quantity on various scales of chart:

Reciprocal of scale..................  10,000 50,000 100,000 250,000
Distance in feet (approx.)........ 8  40 80 200

The draughtsman must be provided with the co-ordinates of points on the 
lattices, preferably with the longitudes on parallels or the latitudes on meridians. 
There is (except in the neighbourhood of the stations) no practicable direct 
method of calculating one geographical co-ordinate as a function of lane number 
and the other co-ordinate. Although a method is described for obtaining 
the geographical position corresponding to the “ D e c c a  co-ordinates” (or a 
pair of lane numbers) at a point, this method is not suitable for systematic 
computation and is only used to a relatively low degree of accuracy. It is



therefore necessary, in general, to calculate the lane numbers (which are simply 
linear functions of the difference in distance from the master station and from 
the slave station) at a series of points with known geographical co-ordinates, 
and by the arithmetical process known as “ inverse interpolation” to deduce 
the geographical co-ordinates in the form required.

At moderate distances from the stations, lane numbers can be calculated 
at wide intervals of longitude or latitude (at least 5’) and the inverse inter
polation done without appreciable error. The lane number, however, has 
singularities at each of the stations and it can only be interpolated at an 
interval which rapidly diminishes as the station is approached. If this method 
is employed, it therefore requires the use of a disproportionately large number 
of points near to the stations.

The areas in the vicinity of the stations can, however, be catered for 
by the “ polar method” ; the general plan is therefore to calculate lane 
numbers for a longitude and latitude lattice on the Mercator projection at 
a spacing of 5’ , and to use other methods near the stations.

The errors in applying the standard method increase as the station is 
approached, while the errors due to the Polar method roughly increase 
with distance from the station. The two methods of computation are thus 
complementary, and all areas can be latticed to a satisfactory degree of 
accuracy.

The polar method is unsatisfactory near the base-line extension, since adjacent 
radii from the station will not intersect a given lattice line at sufficiently close 
intervals. However, normally it is not required to lattice such an area — 
the cut-out area. If coverage is desired for special requirements (e. g. 
survey work or a two-slave system), another method, mentioned below, 
the “ Rectangular Method” can be utilized.

Conventions and Enumeration of Lanes.
Strictly speaking, a lane is the space between two successive lattice lines, 

along each of which the phase difference between the harmonics of the two 
transmission frequencies, equal to the comparison frequency, vanishes. The 
term “ lane-number” is, however, used to denote the bounding lattice line 
itself, in the sense that the lane numbers increase from zero at the Master 
Station at intervals of one unit for every lane. To avoid confusion, the 
numbering of each set of lattice lines is modified by the constant addition 
of some convenient multiple of 1 0 0 , so that one lane number corresponds to 
a lattice line unique in the whole chain. Lanes are grouped into zones, each 
of which is denoted by a letter. The number of lanes in a zone is equal to 
the comparison frequency divided by the basic frequency. Within each zone 
the lanes are numbered consecutively, so that any lane is identified by a letter 
and a number. The computational work, however, is always done directly 
in terms of lane number, which will be used throughout this account.

For calculating the co-ordinates of points on the D e c c a  hyperbolic lattice, 
the Nautical Almanac Office makes use of a special equipment which is described 
in Section III of the pamphlet.

It consists of calculating machines, a printing adding-machine, mathe
matical and auxiliary tables and a punched-card outfit.

Calculating machines.
Any modem calculating machine — hand or electric — will suffice for 

most of the computations. For certain stages (inverse interpolation and the 
direct calculation of position from D e c c a  co-ordinates) a minimum capacity 
of 1 0  figures on the keyboard (or levers) is essential. If possible, both hand



and fast automatic electric machines should be used — the former for the 
difficult calculations where judgment is required, and the latter for the routine 
work where speed, without fatigue, is desirable.

For one special operation, a twin machine is recommended — but it is 
not essential. A twin machine consists of two identical machines so connected 
that all operations of multiplication performed on one machine can, at the 
will of the operator, be performed positively, negatively or not at all on the 
second machine. Such machines are the Brunsviga Twin and the Twin 
Marchant hand-machines.

The machines recommended are the Brunsviga 20 of capacity 12x11=20 
for the hand machine and the Marchant ACT-IOM of capacity 10 X 10 =  20 for 
the fast electric machine ; the automatic Marchant cannot easily be used for 
inverse interpolation, and if only one machine is adopted, it should not be 
this one.

The printing-adding machine is the National Accounting Machine (x) with 
six adding mechanisms or registers each with 1 2 -figure capacity; two of these 
registers (Nos 1 and 3) can subtract directly as well as add, but subtraction 
in the other four must be performed by the addition of complements. 
A number set on the 1 2 -bank keyboard can be added (including subtraction 
in registers 1 and 3) to any combination of the six registers ; the contents of 
any selected register can be transferred, with (a total or “T ” operation) or 
without (a sub-total or “ST” operation) zeroising the register selected ; in 
each case the number added or transferred is printed.

The moving carriage carries a removable “form-bar” on which stops can 
be easily placed in any desired position and order : it normally “tabulates” 
or moves from one stop to the next, after each operation, automatically feeding 
the paper and returning to the first position after reaching the end of a line.

A large part of the systematic computation can be done in a straight
forward manner on the National Machine. The machine is particularly suited 
for :

1 ) : Adding and subtracting ;
2) : Integration of functions from their differences ;
3) : Differencing known functions ;
4) : Subtabulating ;
5) : Producing printed copy.

The following tables are used at various stages of the work ; not all 
are essential, but their availability is a great convenience.

A n d o y e r . . . .  Nouvelles Tables Trigonometriques, Paris, 1915. Gives 
15 figure values of all trigonometrical functions at in
tervals of 1 0 ”.

B a r l o w .......  Tables o f Squares, Cubes, Square Roots, Cube Roots and
Reciprocals, 4th Edition, London, 1941.

L o h s e .........  Tafelnfiir numerisches Rechnen mit Maschinen, 2 nd Edition,
Leipzig, 1935.

Gives 5 figure values of all six trigonometrical functions 
for each 0 °.0 1 .

(1) “ inverse Interpolation and Scientific Applications of the National Accounting Machine” , by 
L. J. C o m r ie ,  Journal of the Royal Statistical Society (Supplement), Vol. I ll , 87, 1936.
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P e t e r s ........ Siebenstellige Werte der Trigonometrischen Funktionen, Leip
zig, 1918 : Reprinted as Seven-place Values of Trigono
metrical Functions by Van Nostrand, New York, 1942.

The interval is 0°.001.

P e t e r s ........ Achtstellige Tafeln, Leipzig, 1911 : Reprinted Reich Survey
Office, Berlin, 1939.

The interval is 1”.
P e t e r s ........ Interpolation and Allied Tables, H. M. Stationery Office, 1936.

Reprinted 1947.

Apart from Barlow’s Tables and the Interpolation tables, these are mainly 
used in the preparatory work or for the preparation of auxiliary tables, such 
as Table I I I  showing a cos u and c sin u in feet with argument 9  ; Table IV
— h and A h ; Table V  — Po P i a n (l  P2 » Table VI — 7]0 7j2.

Many of the stages of the systematic calculation are well-suited, either 
in the present form or slightly modified, for punched-card machines. Gene
rally, these machines would do all the stages of the work at present done on 
the National machine, more or less as on that machine, and all other systematic 
computation, with the exception of the inverse interpolation.

A description of the various methods of calculating the co-ordinates of 
points on the D e c c a  hyperbolic lattices is given in Section IV.

There are four main methods :
a) the standard method ;
b) the polar method ;
c) the rectangular method ;
d) the direct method.

The Standard Method consists of calculating lane numbers at points on 
a graticule of longitude and latitude, deducing the intersections of the required 
lanes with meridians or parallels by inverse interpolation, and preparing copy 
by subtabulation.

The calculation of lane numbers is performed by using formulae referred 
to pages 176 and 177 on International Hydrographic Review, Vol. XXIV, 1947, 
and auxiliary table (Table III) giving values in feet of a cos u, c sin u with 
argument <p.

For the latitudes required, values are taken directly from the Table 
and differenced to the first or second difference ; on the National machine, 
each of the differences

a cos u — a cos uB, c sin u — c sin uB

is formed for the master (A) and slave (B, C, D) stations by feeding in the 
precomputed differences. The values of a cos u , etc., are found by interpolation 
in Table III.

For each latitude and station are formed :
PB =  1 0 -6 (a cos u — a cos uB)a -j~ 10- 8 (c sin u — c sin ufl) 2 

to two decimals

Qb =  10-e X  2 a2 cos u cos uB
to the nearest unit.



For each longitude and station are formed :

RB = 1 0 « X ( 1 - C . S ( X - X B))

to two decimals ; Rfl is formed (i) by direct interpolation from Andoyer’s 
tables, (ii) by finding 2  sin2 1 /2  (X — Xg) from Peter’s tables, or (iii) by 
systematic interpolation on the National machine from the differences of 
cos X at intervals of 5’ .

These values are checked by differencing.
For each latitude, the series of values

hB* =  106Pb +  Qb r b

is now built up on the National machine from multiples of the known 
differences of RD.

hB is formed from hf l2 by extracting the approximate square root to four 
or five figures by means of Barlow’s tables, dividing this value into hB2 

on a fast automatic calculating machine, and then taking the mean of 
quotient and divisor. The result should be checked by squaring.

A hB is found from a critical table, with argument hfi ; it is always 
positive. (A copy of the full tables may be obtained on request from 
H. M. Nautical Almanac Office).

1B can now be found immediately from formula

1 B =  k B ( r A —  r B +  h )  i n  t H e  f ° r m  :

=  k B ( t f l  +  h A  +  A  h A h B — ■ A  h f l )

The quantity inside the bracket can conveniently be formed on the 
National machine, leaving the multiplication by kB to be effected on a fast 
automatic machine.

It is important to note that all the above operations could be per
formed with any calculating machine, without calling upon the National.

I f punched-card equipment is available, consideration must be given to 
forming hfl2 directly from the formula ; rB would of course be formed directly 
from hB2 by means of a punched-card table with consequent simplification 
in the just-above formula.

Then for the Inverse Interpolation a very careful survey must be made 
of the meridians and parallels along which it is desired to give the points 
of intersection with a particular lattice. It is clear that the angle of cut 
determines the precision with which any intersection can be calculated, and 
that the lane will be defined equally precisely whatever system of co-ordinates 
is used ; but it is very much more convenient, for computers and draughtsmen 
alike, to choose directions which cut the hyperbolae at the largest possible 
angle. The choice must be guided, however, by the actual requirements for 
particular charts, and the desirability of preserving uniformity.

The lane numbers are differenced (by hand or on the National machine) 
in the direction in which inverse interpolation is required, and their consistency 
is thus checked. In Interpolation and Allied Tables, the following notation 
is used :



Arg. n Function. Differences.

0 f0 A0” A0’v
A\ / 2 a ’ ” 1/2

1 fx A,” AXIV

Inverse interpolation is performed by finding the interpolating factor, n, 
such that the corresponding function takes the known value fn. Now the 
ordinary modified-Bessel interpolation formula is :

fn =  f0 +  n A’ 1/2 -f- Bn (M0” +  ) +  Bn ” A1/2’” -|- ...

where
M” =  A” — 0.184 AIV

and Bn” and Bn’” are the Besselian interpolation coefficients. This formula 
can be used provided AIV is less than 1000 ; it is most unlikely that in 
this case AIV is significant.

The solution of this polynomial equation is performed by successive 
approximations as in Interpolation and Allied Tables, but one machine only 
is used, leading to greater speed and certainly at the expense of some 
complication. It is first noted that in inverse interpolation the value fn required 
is usually some value ending in zeros. The second-last-above equation is 
rewritten and solved in the form :

fn — (Bn ’ A ’1/2) =  f0 +  n A’ li2  -|- Bn (M0” -f- Mj”) -f- ...

The quantity (M0” +  Mj”), previously formed by hand from the differences, 
is rounded off by one figure if necessary and checked by differencing.

Details of operation depend on the exact machine available.
The interpolating factor n, corresponding to a predetermined range of 

lane numbers fn, is subsequently converted to latitude or longitude as the 
case may be.

The latitudes and longitudes obtained by inverse interpolation are 
subtabulated to fifths, tenths or other intervals on the National machine by 
methods similar to those devised by Dr. L. J. Comrie in : Inverse Interpolation 
and Scientific Applications of the National Accounting Machine” Journal 
of the Royal Statistical Society (Supplement) Vol. I l l ,  87, 1936.

TH E POLAR M ETHOD.

The latticing of an area near a station can be effected more simply by 
using the polar and rectangular methods :

s =  Rhumb Line Distance from A to P.
S =  Rhumb Line Bearing of P from A.
8b =  Natural lattice co-ordinate

=  1 - ~ T T -  Ob - ^ b )
k b  b

A =  the Azimuth between the meridian and the geodetic joining the Master 
station to the Slave.



It is possible to find a simplified relationship between s, S and 8 by 
ignoring in the f  ormulae all but the leading terms ; this is equivalent to 
neglecting the variability of scale on the Mercator chart, and also the effects 
due to the curvature of the Earth. This last-named cause of error is 
always negligible compared with the first.

By adopting this rather drastic approximation, bearings and distances 
from the station are taken directly from the Earth’s surface and transferred 
to the chart to be latticed. The lattice lines will then appear as true 
plane hyperbolae, and can be drawn by a simple geometric method. Alter
natively, and preferably, simple tables could be prepared for a number of 
radii, originating at the station, and the distance along these radii, in minutes 
of longitude, to correspond with any lane number could be found by 
looking up the appropriate entry and multiplying by a constant depending 
on the dimensions of the system for which computations are required.

The relationship between s, S and 8 can be expressed in the form :

s/K =  p0 - f  (Bx p! +  B2 p2) +  ...

where

a cos u sin 1 ’
2„  a sin <p l

1 0  - Bx =  -------------- cos A
a cos u

„ „ 2 a sin <p . .10 - B2 =  -------------  sin A
a cos u

and
___________1 - 8 a_______

f ‘  ~  2  [S +  cos ( S - A ) ]

1 T  ,c sin2 (S - A) "I 
10“ Pl =  —  P .2 cos S - A ) ---------— ----2 1 8 - f  cos (o ■ A) J

1 T  sin (S - A) cos (S - A) “ I 
102 P2 =  —  P02 sm (S - A) +  -----— -------- — — —

2 I 8 +  cos (S - A) J

The first term p0 has the effect of reproducing distance unaltered on 
to the Mercator chart : the two second order terms allow the greater part 
of the variability of scale of the chart near the station to be taken into 
consideration. Bx and B2 are constants for the particular station and chain 
under consideration, and K is a scale factor so chosen that s is expressed in 
minutes of longitude.

Clearly, for fixed values of S — A, the quantities p„, Pi and p2 can 
be tabulated as functions of z. Auxiliary tables have been computed for 
S— A =  ±  5o (5o) to ±  135o.

With the aid of these tables, interpolating where necessary, radial distances 
from the station on the chart, s, can be determined for intersections of 
any lattice line (specified by z) with fifty-five radii vectores ; if the station 
is on the chart, distances are measured from it along the radii by means 
of the longitude scale ; if not, intersections of the radii with convenient meridians 
or parallels can be calculated from the relations :



s cos S =  A M s sin S =  A X

and distances can be measured from these as false origins. A M can be found 
from A 9  by using a Meridional Parts table for the appropriate figure of the 
Earth.

The polar method cannot easily be employed near the base-line 
extension. In this region the Rectangular Method should be applied.

Rectangular axes on the Mercator chart, with origin at the station, 
are chosen, the direction of the 5 — axis making an angle A with the 
meridian : the positive direction of the ij — axis is 90° -f- A. The S — 
axis is not the base-line extension ; the latter is a curve on the Mercator 
chart and the £ — axis is the tangent to this curve at the station. The 
co-ordinates ( 5, 73) of any point on the chart can be expressed in terms 
of its bearing and distance from the station by the following relationships :

5 =  —-— s cos (S - A) t] — ——  s sin (S - A)
a0 a<)

where

a =  ------ ------  =  K  sin 1 ’
a cos u

The following expression for rj in terms of £ and 8 may be found

 ̂ =  *)0 ( C 1 % +  C 2 ^2) +  •••
where

10-^  =  —  a0 sin 9 cos A 10-2Ca
2

Cj and C2 are related to B1? B2 by the formulae

Cj = —  B , C, =  —  B s
2 2

Also

1. = ± ( 1  — »•)* (” (5 — y ) s/S2 

10*. =  2 5 >10 -  -S-—- 1 . ( 5* -  n„ ’)
S ! >l.

10* =  (5 *— V )  +  1 ~  82 • ■ 2 6 >10
S2

The quantities Cx and C2 are constants, and can be precomputed for the 
particular station and pattern under consideration.

The quantities t)0, 7)x and y)2 are functions of H, and S alone, and for 
given values of 5, they can be tabulated as functions of z =  1 — S. The 
two signs of y)0 and correspond to the two regions on either side of the 
base-line extension.

It is possible to cover the base-line extension area quite adequately by 
giving 13 tables, for 5 =  0.00 (—0.05) — 0.60. The three quantities ij0 
and 7]2 are tabulated in units of the fifth decimal.

a0 sin 9 sin A



T H E  DIRECT M ETHOD.

If the lane numbers for two station pairs at a point are known , the 
great circle bearing 0 and distance r of that point from the master station 
can be found by means of two pairs of equations each of the form

( I - * 2)
a  2 ( — 8 - f ~ c o s ( 0  —  A  —  E ) )

E =  —  —  sin (0  — A)
6  a2

The latitude and longitude of the point can then be deduced by using 
equations

A 9 =  F —  A;os 0 +  fi —  +  f2 (— )a +  ..A  
a \ a a /

A X =  G —  sin 0 ( l  +  gl —  +  g2 (— ) 2 +  . .A  
a \ a a /

where

F =  3437.75 ..? C0S *
sin2 u cos u

tan 9 3e2 cos2 9 - f  sin2 0 j^ l ------ea (1 +  5 cos2 9)J

f2 = -----— sin2 0 cos 0 (1 +  3 tan2 9)
6

G =  3437.75 sec u 
g1 =  sec u sin 9 cos 0

g2 =  —  sec2 u (3 — 2 cos2 9) — (4 — 3 cos2 9) sin2 0
3

Since two lanes of different systems may intersect in two points, there 
may be an ambiguity: this can, however, usually be resolved by other 
methods.

The application of the method is limited, since the method of calculation 
is not adaptable to systematic computation. There is, however, a demand 
for the direct method ; the derivation of isolated geographical positions from 
D e c c a  co-ordinates is of value in experimental work in the early stages of 
setting up a chain of stations.

V  V  V


