
CHART OF EQUAL AZIMUT

by H . M A U R E R

(E x trac t from  the Annalen der Hydrographie, pamphlet I ，15th January 1942，page 26)

- . Charts o f Equal A z im uth  are plane representations o f the system o f parallels and 
meridians o f the te rres tria l sphere in which a ll the stra ight lines (Z>c2) o f the figure plane are 
representations o f curves o f equal azimuth in  this system. I f  the coordinates o f the sphere 
g rid  be \ fo r  longitude and 屮 fo r  latitude, the equation fo r  a curve o f equal azimuth is :

(I) cot a -f sin (p cot (人—— X0) —— tan 8 cos ? cosec (入—— X0) =  0 

where ^  and \ are the current coordinates o f the point o f the curve \ ~  and (p ==  ^  the

coordinates o f the term inal point o f the curve o f equal azimuth, in the constant azim uth o f 
(入， towards (入。g ) the equation (1) must be transformed into the equation fo r  a plane

stra igh t line.

11 (2) y —  X tan ß —  c =  0 ,

so that y and x be functions o f ^  and w hile  ßand  c be suitably contingent on the constants 

o f equation (1). The la tter presenting 3 parameters : a，占，and \ t there exists on the sphere 
a tr ip le  d iversity ( ) 0 2) a complex o f equal azimuth.

As the plane comprises o n l y o f  stra ight lines according to  the tw o parametersß  and c,
* 2

one can, however, from  this complex choose only o n e ^ o  o f curves o f equal azimuth and
represent them by straight lines on a chart. As we generally w ish to avail ourselves o f a ll 
the values o f a fo r  the azimuths, the choice is fixed by a relationship between and g , w hich

means that the term inal points ̂ x )1o f these ̂ >o2 curves o f equal azimuth be on a curve o f the 
sphere. I t  w il l be practical to choose fo r  this curve a meridian which shall be taken as in it ia l 
number. X 0 w il l  then be n il in the equation (1). The advantage o f this procedure is tha t any

point o f the earth may be taken as term inal point. I t  w il l on ly be necessary in th is  case to 
relinquish the representation o f continents and be content w ith  a schematic chart, o r d iagram  
o f azimuth w ith  a system o f meridians and parallels on which the te rm ina l point is plotted 
every 'tim e on the meridian \ =  0 and where is considered as the difference in  longitude in

relation to the longitude o f the term inal point.

The equation (1) simplified by m aking \ =  0 becomes

(1 a) cot a +  sin (p cot X —  tan ő cos ? cosec X =  o

i t  may be transform ed in  3 different ways into equation (2)

y —  x tan ß — c =  o

at the same time as i t  is transform ed fo r  a useful division so that either its firs t o r second 
or . th ird  term  contains the constant r.

A )  Let us firs t consider the firs t term  cot a as the constant —  c ; the equation o f trans­
form ation w il l  then be :

(3 a) y 二 sin ?  cot 入， x —  cos (p cosec X 

■and 一 tan ß =  ran S

and by elim inating from  (3a), once çp, another time \s we find, to  represent the meridians 

入，the ellipses, ,

: ™ ± _____________  i 一 _ 之 一 一 ^  —  y

cosec2 X cot2 X



and fo r  the parallels, the hyperbolae

o f 1941，
way : ■

cos( (p sm çp.

P rü fe r suggested th is system o f equal azim uth in 
p. 331. The g rid  fo r  the whole o f the earth covers
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the plane tw ice, in the fo llo w in g

The tw o poles are represented by the fu l l  y  axis w hich bears a scale fo r  \ . On this,

the o rig in  o f the coordiantes corresponds to =  土  90° and the meridians X — — 9°* fina lly

jo in  the x axis as fa r  as the equator w hich is represented by the prolongation o f the x axis. 
The zero meridian =  0 (or \ — 1800) is a s tra ight line o f the in fin ite  o f the plane. The

representation is not conform ai although the m eridians and pa ra lle ls -fo rm  a system o f o rtho ­
gonal. ellipses and hyperbolae. The fact tha t the points o f o rig in  are at DO on the m eridian

=  0 makes rather peculiar the rea d in g ^o f the latitudes o f the points o f orig in . In  order 
0 . . , •

to place the stra ight line o f equal azim uth o f a ship's position (? ，）、) towards a point o f o rig in

o f latitude & rejected to^ in fin ity , one must d raw  the stra igh t line fro m  the point (çp，入) so tha t

i t  meets the x axis on the angle ß — ^  The. azimuth is then read o ff on the cot d ivision o f

the y axis.

P rü fe r  has already pointed out that the g rid  has the same aspect as W e ir ’s w e ll-know n 
azimuth diagram, w ith  th is difference tha t P rü fe r ’s m eridian ellipses \ =  900, fro m  入= 0，cor­

respond to thé latitude ellipses (p =  0 up to (p =  900 and tha t P rü fe r  latitude hyperbolae (p =  0 

up to (p = ： 900 correspond to the meridian hyperbolae \ =  0 up to 人= 90o. In  fact, P rü fe r ’s

system is already known i f  his ellipses are considered as meridians and his hyperbolae as 
parallels. I t  is the conform a} representation given by F io r in i in  which parallels and 
meridians are inverted, as pointed out by P rü fe r, (so tha t the o rig in  o f co-ordinates be the 
meeting point o f the equator (p =  0 w ith  the m erid ian 人= 0. Being thus numbered, the chart

is conform ai but i t  is no longer a chart o f equal azimuth curves.

B ) I f  we now set out the equation ( ia )  so that its second term  be the constant c, we must 
m u ltip ly  i t  by sin \ sec Ihe equation w il l  then take the fo rm  (1 b) cot a sin \ sec ^  —

tan § +  tan ^  cos 入= 0 it  may be transform ed in to the equation y  —  x  tan ß —  c =  0 by thę

equations o f transfo rm ation  (3 b) y — tan ^  cos x  =  s in入 sec (p where tan ß  == —  cotan a

and c 二 tan 占. B y e lim inating in (36) once ^ ，another tim e \ , we find, fo r  representing

y 2 * x 2 . •
the meridians 入 the hyperbolae 如 2 .义 — 》 = 1 and, for representing the parallels ?

x 2 y2
the ellipses -~ - f -  ----- —  =  i-

tan- 9  1 sec2 9

T h e  g rid  is tha t o f W e ir ’s w e ll-know n azim uth diagram. P rü fe r  called it  L it tro w -  
Lam bert，s system. I t  is only r ig h t tha t this p ro jec tion  should be designated by the name o f 
L it t ro w  who suggested the equation (3 b) o f representation fo r  a conform ai pro jection in his 
“  Chorography ”  o f 1833, p. 142，but who realized the ir signification to such a small extent 
tha t hę pointed out that the representations o f parallels as w e ll as o f meridians were hyperbolae.

On. the contrary, Lam bert had no idea tha t th is  system o f homofocal hyperbolae and 
ellipses could give a conform ai representation o f the earth parallels and meridians. F o r the 
firs t time, in 1918, Wedemeyer showed tha t in th is system, the great and small circles o f a 
certain equatorial diameter form ed a system o f  Lam bert circles. I  reproduced and discussed 
the firs t cartographie representation in  th is p ro jection  fo r  pa rt o f the earth in  1905 in  the 
Annalen der Hydrographie and fo r  a planisphere in the fo rm  o f a Riemann double plane 
in Petermanns Mitteilungen (1911). Th is  planisphere was also reprinted in Petermanns 
Mitteilungen； Ergänmmgs heft 221 (i、935) in tables V ia  and V Ib . I  have certa in ly no w ish 
to , be little  Lam bert’s e ffo rt whose remarkable w o rk  in  cartography, in  German, French and

( i )  For fu rth e r in form ation  concerning F io r in i，s projection and its relationship w ith  L it tro w ’s projec­
tion, sec my paper « Ebene Kugelbilda n in  Petermans Mitteilungen, Ergânzungs heft 221, 1935, pp. 64-66.



English I  spoke h igh ly  o f in  1931 ⑴ ’ but i t  should be sufficient to name this cartographic 
projection a fte r L ittro w  who was at least the firs t to fu rn ish  equations o f transform ation.

C) Le t us now set out the equation ( ia )  so tha t its th ird  term  becomes the constant c ; 
this w il l  be done by d iv id ing by cot a sin $  c o t )、.

W e then obtain the fo rm

(i c) tan X cos ?  —  tan S ta n  a cor ? sec 人 +  tan a =  0 

and the equation o f transform ation 

(3 c) y =  tan X cosec (p， x =  cot çp sec X, '

in  which : c  = —— tan a a n d  tan ß =  tan S tan a.

I f  in (3 c) Q is firs t eliminated, then \ we -find fo r 
hyperbolae :

representing the meridians \ , the

sec" X tarr a 

and fo r  representing the parallels the hyperbolae

cor (p cosec: $

The representation o f the whole earth also covers, fo r  this chart o f equal azimuth 
tw ice the plane, like  fo r  the other two. As .in  the case o f P rü íe r ’s system, the fu l l  y axis 
is the representation o f  the two poles, but in such a way that the orig in  P  o f the coordinates 
lies at the e x trem ity； o f the term inal meridian X =： 0 (and on the other side o f the m eri­

dian \ =  1800), which is repeated on the x axis, P.M ., on the cot çp scale. W e may also draw  

a stra igh t line o f . equal azimuth from  the shtp’s position 入) to  the o rig in  ( § ，\ — 0 ) by

jo in in g  these two points, the azimuth w ill be read o ff on the scale PR  o f the y axis tangents. 
* t

Figure i  gives a diagram o f ha lf =  —  900 to \ =  +  900 passing through 0) z 

sim ilar chart o f equal azimuth fo r  regions o f h igh latitudes. v

The other h a lf =  90° to — 2700 passing through \ =  1800) would be the m irro r

reflection o f the other side o f the x axis. The stra ight line resects the y axis at .the point A i  
\=  —  30°). The azimuth o f the straight line o f equal azimuth is then a =  —  300 o r +  3 3 0 ' 

Instead o f reading o ff the azimuth on the y axis on the unequal scale o f the tangents, i t  may 
also be read w ith  a regular division on the circle  having fo r  its centre the point M  (\ =  o,

çp 二 45°) and by draw ing the straight line ;M A. As P A i =  tan a and P M  =  1 , the angle

A  *
P M A  =  a. I t  is this reading o ff the circle (the divisions are indicated from  30 to 30 degrees) 
w hich must be employed when the straight line o f azimuth no longer meets the portion  o f 
the y axis which is represented. The straight line must then be drawn from  M  to the inac­
cessible point, as shown on the figure fo r the ' stra ight line running from  the ship’s position 
S2 (çp =  55°, X — 40) to the o rig in  Z2 =  55°f\= 0). The straight line S2Z2 meeting

the curve R K  at the point R2，the point R m o f the frame is found through the relation : 
RR2 ^

R R m =  —  PM .
PZ2

- - -  

The straight line MRm then g i^ s  the desired azimuth on the circle. In  order to make 
the operation easier, there is on the frames on both sides o f the x axis a d ivision which 
represents 100 unities fo r  the length P M  ( it is markêd at every 10 units on the diagram). 
I t  is quite sufficient to read only the lengths RR2 and PZ2 o ff these divisions.

(2) Zeitschrift d. ges. f. Erdkundet B erlin  1931 and Hydrographic Review, Monaco， vol. V I I I ,
n° i, 1931.





T h e ir quotient q =  - p —- -  furnishes subsequently R R m =  100 q. The stra igh t line 

M R m may then be drawn and perm its reading the azimuth — 710, 5 =  +  288^,5 o ff the circle.

The curve o f equal azimuth may be g iven either by the ship’s position S i and the point 
o f o rig in  Z i  o r by the ship’s position (point S i)  and the azim uth (point A i ) ,  o r th ird ly  by 
the point o f o rig in  Z i  and the azim uth (point A i) .  In  every case the s tra igh t line may be 
drawn d irec tly  by means o f tw o points and the desired value w il l  be read o ff at the th ird  point 
so long as the point A  is accessible. W hen this is not the case，one o f the points on the fram e 
such as R2 o r Rm is always available, the other being easily obtained by means o f  the relation 
(RRm) X  (P Z2) =  (RR2) 100. Such a chart o f equal azimuth fo r  h igh latitudes should be 
pre ferred to tha t recommanded by P rü fe r  in  Seewart I941, page 46 and to the one w h ich  I  
had supplied m yself in 1931 ⑴  to  the d ir ig ib le  balloon “ G ra f Zeppe lin ”  fo r  the f lig h t over 
the A rc tic . I t  is easier to w o rk  w ith  curves o f  equal azimuth in the fo rm  o f s tra igh t lines 
rather than o f circles. I t  is also better in some respects than the g rid  w h ich is now suggested 
by P rü fe r  in the Annalen der Hydrographie 1941, p. 331 (see paragraph A )  because i t  h 
much clearer to have before one’s eyes the point o f o rig in  o f the curves o f equal azim uth 011 
zero m eridian than to assume it  to be at an in fin ite  distance. "

The drawback o f my chart in  which the difference o f longitude 人between the ship’s

position and that o f  the o rig in  'goes on d im in ish ing and fo r  a low  latitude, the angle at which 
the meridians and parallels intersect departs more and more from  the r ig h t angle, makes it  
unserviceable fo r  high values o f \ and o f (90 — rp) which are therefore to be avoided. S till,

these tw o charts o f equal azimuth, tha t o f P rü fe r  fo r  h igh values o f \ and mine fo r  low

values o f \ 、are fo rtuna te ly  complementary to one another fo r  navigation in  h igh  latitudes.

D ) There is another possib ility o f choosing, from  amongst the three methods, a second 
one fo r  representing the curves o f equal azim uth by stra ight lines when tak ing  fo r  a ll the 
points o f o rig in  a ll the curves o f a same azim uthal angle.

In  the basic equation (1), a is no longer a parameter but a constant fo r  the whole chart ; 
X 0 is no longer a "constant but a parameter w h ich  may assume any value. W e then have no 

longer a mere g rid  o f meridians and parallels but a regular chart.

W e m u ltip ly  the equation (1) by sin (入一 人。) sec (p and we replace cos ( X — 入。) by 

cos X cos X0 + sin X sin X0 and sin (\ —  X0) V  sin \ cos \ q — sin 入。cos >、and we 

obtain :

(i d) (cot a sin X +  cos X sin çp) sec ?  —  (cot a cos X —  sin çp sin X) 

- sec çp tan —  tan S sec Xc, —  o.
. i

This  equation w ill be identified w ith  the equation fo r  the s tra ight lines :

(2) y —  X tan ß —  c =  0 
by the equations : 1 

(3d) y 二  sec çp (cot a sin X +  cos X sin ?)， ß =  X0

x =  sec (p (cot a sin X —  sin X sin çp), c 二  tan ö sec X0

B y e lim inating 乂，we obtain the equation fo r  circles o f latitude :

(4d) X2 _|_ y2 —  sec5 (p cot2 a +  tan* 9.

In  order to elim inate we firs t fo rm  (x  cos入 +  y  sin =  cot a sec ^  and we shall 
d raw  sec ^  from  the equation (4 d) by sec2 ^  =  sin2 a (x 2 +  y 2 +  x). The equations fo r  the 

meridians w il l  then be :

(x cos X +  y sin X)2 =  cos3 a (x2 +  y2 +  1)

The parallels are therefore a ll concentric circles and the pole a s tra ight line to in fin ity .

W hen a =  90°，the equation x 2 +  y 2 =  tan2 0 o f the equator shews that the equation

( i )  Sonderheft I I  der Marine-Luftflotten-Rttndsckau 1932, page



becomes reduced to the point x  =  y =  o. The meridians become the straight lines x  =  — y täh)^

passing, th rough the point o f o rig in  and each curve o f equal azimuth w ith  the point o f o rig in  
(入= 〉、0，çp — § ^ w i l l  be the s tra ight line m eeting tlie  c irc le  Xs +  y 2 =  tan2 ^  at the point

(X ~~X U? =  As fo r  other values ö í cz，the equator is a finished circle o f diameter cot a,

the meridians are hyperbolae. '

In  the particu la r case o f a =  45°, the circles o f latitude have the diameter 
and the equator the diameter 1 w h ile  the m erid ian equation takes the fo rm

(x2 —  y5) cos 2 X +  2 x y sin 2 X =  I.

■It furnishes the fo llo w in g  hyperbolae :

fo r  入= o x 2 —  y 2 =  i

— 45° 2 xy  =  i

— 入[ 90° y2 — x2 i

sec

any
The preceding form ulae- o f charts o f 

coliinear transfo rm ation  o f one o f them
such transform ations every stra ight line is

equal azimuth are not the only possible ones ; 
w i l l  fu rn ish  a chart o f equal azimuth, as through 
transform ed in to  a stra ight line. B u t the types 

so obtained w ill generally be inconvenient on account o f occuring .distortions, so. tha t only the 
preceding form ulae should be taken in to consideration as azim uth charts w ith  s tra ight lines 
representing the curves o f equal azimuth.


