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NEW TABLE FOR COMPUTING SUMNER LINE
FROM D.R. POSITION

by P. HUGON, Professeur en chef d’hydrographie
Service Hydrographique de la Marine, Paris.

Introduction to a New Nagivation Table for computing
sumner line from D.R. position.

Object and characteristics.

The object of this table is to calculate the altitude of a celestial body, from the D.R.
position, in terms of the time by means of logarithms, using a single trigonometric function
i.e. : the Haversine only, after a suitable transformation of the fundamental formula for
the altitude.

Such process has the following advantages :—

1) The calculation formula is strictly symmetrical ;

2) The number of logarithms required is reduced to four ;

3) Any special rule for signs is eliminated ;

4) The calculating equipment is reduced to a single table of a few pages only, consisting
of a single function whose variations are clearly shown by the arrangement of the table ;

5) Interpolating obligations, unavoidable when using tables, are reduced to a minimum.

Basic formula. -
The fundamental formula for H, the D.R. altitude is
sin H, = sin @, sin D 4 cos ¢, cos D cos Py (1)
P, is the hour angle for the D.R. position

P, HA, when the heavenly body is West,

e -_
P. = 24 — HA, when the heavenly body is East.

€

By adopting this method of notation, a similar way is used as in the modern anglo-saxon
tables the argument of which is the hour angle expressed in degrees of arc.

Let us put
P P
— cos2 — sin? —
X = cos P Y = sin 5
Subtracting from 1 each terms of formula (1)
1 —sin H.=1— [(X + Y) sin @, sin D 4+ (X — Y) cos P, cos D]

is obtained because :—

P . P
_ — cos? 2
X+Y=1 _.cos_é-+sm 3
X—Y:cosP=c052~ll—sin2_.]_‘:’~
2 2

Simplifying' and substituting 9o — Ce for H, (CP = zenith distance) ; we have
I — cos Ce =1 — [X cos (D—(P) — Y cos (D+ (P)]
substituting X 4+ Y for 1
I—cosCC=X [1 — cos (D—(P)] + Y [1 4 cos (D+(P)]
By putting :—
1 — cos P

Y = Haversine P = —— 2

X = Haversine (180 — P) = _I_-I_-_:_.OE_P—
\

or co Haversine P,
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1—cos (D—9)
2

y = Haversine (D — ¢) =

x = Haversine (180 — (D 4+ @) = I+ °°52(D + )

or co Haversine (D + (P).
formula (1) may be written as follows :— ‘

Haversine Ce =Xy + ¥Yx (2)

The Haversines and co-Haversines functions vary from o to + 1 and are always
positives as well as all the terms of the formula. Besides :—

Haversine N° = co-Haversine (180 — N°)
65°0( 65 30
D-¢ {logewHa log Hav | Haw log co Way| Yog Havw Hav
Dey x y A x ¥ A
3 X Y B X Y B
o |9.8320¢ | 5 ueous | 28Taly 9, 84863 | 9, LeE26 | 29 265 30
Iy 9,85 198 | 9, ucocs 26 g62 S.8L985 | 3. L6%S5S | 29 279 29
2 9.83 180 8. 45083 28 map 9.84 947 | 9. ue 615 29 292 28
» 9.85 192 9. u6 08 | 24 9o9 9 8L939 | 9. 46¢¢m 29 %03 27
[ .85 ¥4 8, ue 22 28 922 9,84 931 | 9, b6 T1u 29 318 2¢
5 9,85 166 | S, usiaz | 28 83 9,84 928 [ 9 M6 738 | 23 332 25
6 985 458 | 9 k& 1s2 28 9ug 2,88 81n |9, 46758 29 34§ 2u
7 5.85 148 | 8 w22 28 951 9,8% 906 |0, we 773 29 %58 a3
8 8.85 1h1 | 9 wc 202 28 ays 3 suges |9, 4i393 | 28 371 12
3 9,85133 | 9 . u6222 28 e0p 9,'91. 890 9, M s‘ni 29 345 23
o [9.8s 125 | o ne2ns | 29 004 3 64882 |5.468%1 | 29 s9g 20 h“ﬂh &:’3 ;‘,‘,‘L
T 9,85 117 | 9 ne2e, 29 otu 2,8k 876 |9 .nHEas 29 hi4 19 ; e b
12 | 5,85 108 | 9. nezer | 23 027 s.ouek |5 uewri | aswew | a8 |owly len]”
iH) 8,85 101 [ 8 Leson 29 oy 9.84857 |9 W age 29 4B .| 1y wss| 3 we | 2
'™ 9,85 €93 | 9 g 320 | 29 osu 9,84 853 | 9. 66 0o 29 w51 1c e3 1 K (823
s 9.85 085 | 9 L& 3Iuo 29 ocy 9,84 Bus | 9, hEI29 23 bk 18 ob | 8 .7'7 v
16 9, ?s 017 9 ,L6 3¢o 29 ogo 9,84 833 9. 16 49 23 ;77 4 ::: -‘; ::3 :':
17 9.85 069 | 8 4660 29 093 9, 8L 825 |9 w69ER 29 us1 i3 o6 | 8 je23} %
18 3, i‘!s 061 9 k6399 23 107 9,84k 817 9 HE 98O 49 Soe 1R o7 | 8 s} S5
19 9,85 082 | 0 ko ni1y 2% 120 9,84 623 9 W7 00y 29 517 1 ::: :‘: :: :.5
20 995 ouy | 9. uekye 29 138 9.8 goo 9. u7o27 23 Sto 19 o‘,3 12 (1954 28
2 .85 036 |9 ueysa 20 1ue 3.80 792 | 9, L7o0us 20 sku | 9 1 |n|wle
22 9. 63 028 2. ue 478 24 160 9,8 7on 9. 647 0¢e 29 557 ]
23 9.85.020 [ 9 “cuos 29 173 9,84 776 9 L7088 29 S7o 7
;’-lc 3.935 013 ‘9,“‘ 51:! 29 186 9I6h 787 % u7 10§ 23 S; L3
a8 3. 8BS 004 9. 46 37 28 199 9.88 759 9, LY sRY 29 597 5°
:s‘_ 8 8h ?96 2 ,46557 29 212 9,'81- 751 B, 07 Ihiy 23 610 b
7 9.0, 888 | §. ups5ps 2% 226 9,80 743 | 9 W7163 | 29 g2 3
20 a.8us79 |9, uess 29 239 9,00 735 |9 w7103 | 20637 2
s 9,85 971 9,146 616 23 252 9.8k 724 9. 17 202 29 59 1
0 9 84 063 | 9 ug s 29 283 9,84 718 |9, uy222 29 £ed o
Y X He Y X He P
Y = 2130 v | = 21700 |Dew
log Hav | log coMar 105 Wav |log.coMar D-vy
11 30° * 00
mn 114° 00




NEW TABLE FOR COMPUTING SUMNER LINE 89

Operating method,
Formula (2) is calculated by means of a semi-logarithmic method using four logarithms :
Haversine Ce = A + B
log A =1log X 4+ logy
log B =1log Y 4 log x
Each page of the table concerns one degree (of arc) reading from the top and one

degree from the bottom. Data relating to acute angles are listed on the left hand side from
the top ; those relating to obtuse angles are listed on the right hand side from the bottom.

On each page three columns are given : log Haversine, log co-Haversine and Natural
Haversine. Natural numbers are thus found by the side of their logarithms, thus avoiding
a special table for logarithms.

The data, by which altitude H, is obtained, is found on the right hand side at bottom
of page, this avoiding reference to the zenith distance Ce.

The selected tabulation interval is one minute of arc, this being the final approximation
possible to be obtained at sea.

The interpolation, negligible in many cases, is readily obtained if required by means of
a proportional parts table appearing on each page. This table is given for a single tabular
difference, usually the maximum tabular difference in the page. The error resulting of such
approximation is less than 5/100 of a minute of arc.

The hour angle entries are shown in the same units of arcs as D — ¢ and D

this being the only rational system for obtaining simplicity in the arrangement of table. The
method adopted enables one to read X and Y at the same time for a single entry with P.
x and y are thus obtained simultaneously.

To simplify the printing, numbers have been multiplied by 1079, i.e. : 10 has been added
to each logarithm characteristic. This means that 9, 8, 7, etc., have been substituted for the
negative characteristics 1, 2, 3, etc. For very small angles or for angle very close to 180°,
only the necessary number of decimals has been retained, i.e.: the one which determines
the 5th place of decimals of the corresponding haversine.

COMPUTING THE AZIMUTH.

Principle.

The five elements formula for azimuth in terms of altitude and time is :—

cos H cos Z — sin ¢p o8 D — sin D cos ¢ cos P.
This may be written :

1 =rcos Hcos Z =sin(D —) cosz—li— + sin(D 4- ©) sin2 i
¢ 2 2

also, by adopting similar notations as above ! = 5 X + B Y.

By putting , = sin (D — (P) B = sin (D + (P),
X:cos2—f—’— Y:sin2—P—-
2 2

| = cos H cos Z is obtained By means of a trigonometric diagram with two parallel axes with
divisions for g, and B

From [, H being known, the value of Z is easily obtained. The latter being very well
determined in the vicinity of the first vertical.
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Method of using the diagram.

The azimuth diagram for solving the above formula is given at the end of the book.
The bearing of the heavenly body is readily obtained as follows :—

Enter the left hand side scale with D — @ the right hand side scale is entered with
D+ ® from the bottom if positive, from the top if negative. Draw the straight line from

A to B, or use a strait edge. Let M be the intersection of AB with the ordinate of P., the
hour angle, as read off from the horizontal scale. Take the intersection of the horizontal line
through M with one of the concentric circles corresponding to the altitude.

The azimuth is read on the external circle divided into degrees from o° to 180°
from North.

EXAMPLE
D =21°36 S = 1°40 S
D—(p=1956S D+(P:2316S
Pe =45°37 E He = 41°27
Zv=N 1175 E
Rt = 117,5
A A

D+e @

=4
+
4

D+f O @
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Method of calculation.

Data :— e = 27°28,5 N. D = 38°3’, 5 N. P, = 65°08' W.
MD—p=1035"N. (2logy =792770 (1) D+ @ = 65°32" N. log x = 9,84 947
P, = 65°08 W. (3) log X = 9,85 141 (3) log Y = 9,46 202
4) log A = 7,78 111 (4) log B = 9,31 140

) A = 0,00 604
5 B = 020 487 (6) Hy = 35°10'4
(6) Hav o = 021 091 (7) Z = N. 61°2 W. (Diagram)
R: = 299
Accuracy of table.

The solution of the standard fundamental formula by means of Friocourt table using
only five places of decimals gives a lesser degree of accuracy than that obtained with the
present table as shown by the following figures :—

H, = 60° H, = 75° H, = 8°

Standard (Friocourt) Method..... = 0,5 =09 = 22

Haversines Table................ =04 = 0,7 =17
With a small volume and a quicker calculation the accuracy is higher using the same
number of decimals.

Conclusion.

The table established on the above principle is in the press. The advantages of its
simplicity and symmetry will be noted on ship bridges where the important equipment of
triple-entry tables is not always available, although the superiority of the latter is well known
as compared with all other tables based on splitting the spherical triangle into two rectangular
ones,

The proposed booklet will consist of about 50 pages easy to use furnishing at sea a
useful aid to navigators.

APPENDIX 1.
Calculation of the probable error of He when using the Haversine table.

The following is extracted from a discussion concerning the use of the symmetrical
formula sin H, = Xy + xY and the probable error by Ingeneer hydropher George.

First, errors due to second differences are quite negligible and will not be taken into
account ; only errors due to linear interpolations will be considered.

They involve for each logarithm to 5 places of decimals a probable error of : 1,5 X 10-5.
I [log Xy] is the probable error of log A = log Xy :—

[log Xy] =3 X 105 X log A = a

If log A be known with error a : then the error of A is

Aa
log e

(1) Algebraic difference and sum D — @, D 4 9.

(2) log y and log x (entry with D — @ and D + @),

(3) log X and log Y (single entry with P.).

(4) Arithmetic sum (2) + (3).

(5) A and B are obtained from log A and log B by using columns log Hav and Hav.
(5) Arithmetic sum A -4 B.

(6) Get out of table bottom in column H,, right hand side from bottom,

(7) Use diagram.
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On the other hand, the use of the table for determining A introduces a new error :

1,5 X 10°5 M
log e
Consequently the total error of A is
' _ Aa PN
[A]— m"'lysxlos-ﬁ-e— (2)
From (1) :—
_ _ i 4,5 X 105
[A] = [Xy] = 1,5 X 105 } g e Xy
_ L 4,5 Yx
[B] = [Yx] = 105 (1,5 + W)
and the total error of Hav C is :
_ _ 45 X 10
[Hav ] =3 X 105 + g e Xy + ¥x)
— " 4,5
= 105 (3 + Tog Hav C)
Now, if Hav C is known with error ¢, the resulting error of C’ is :
2 €
sin C sin ¥’

The use of table for determining C introduces a new error :
( I 3 X 108 )
20 sin C sin 1’

and the final error of C is

g
wlvx

[C], — I 3 X 105 6 X 105 4,5 X 105

20 sin c sin 1’ sinc sin 1’ loge sin I’

X

Ccos

»

,=: ’y ’76 _g.
[C] 0,05 + 0,31 cosecc-{-os tg -

The following table is obtained from the above formula for various altitudes :
Altitude...... ..... o° 32° 60° 70° 8o° 84°
Error............. 0,7 0,6 0,8 1 1,9 3,2

This is in conformity with the results given above, the error being the double of
probable error of H, with reference to the altitude mean value.

APPENDIX 11,

GCraphical interpretation of Table.
When transforming the fundamental formula, the following intermediary form has
been obtained :—
sin Hg = cos Ce=Xcos(D—(P)—Ycos(D +(P)

the latter suggests the idea of a vectorial product or of the double of the surface of a triangle
the vertices of which would be :(—

1) The axes origin o.
2) Point A of rectangular coordinates :

A g x = cos (D + @)
! y = cos (D — )

\
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3) Point P of rectangular coordinates :

’u=c0522£=x
P

v = sinz — =
2

whenu +v=X 4+ Y =1

>3

xl

For a given point P, we have :
sinHe=ZS=pxh=FOXh
with P = OP and h = AH, the perpendicular, and

o=V i
Let us write that the surface is a constant
28 = pxh_—_-uy—vxzsinHe (1)

This definite the locus of A for a given point P, as the equation of straight line A
parallel to OP, of which the original ordinate is OM. For any given point P, a selected
point A will define a distance h = OK; and it suffices to graduate OK in terms of surface i.e.:
in terms of H,, the altitude of the heavenly body. It is to be noted that all points P are
situated onto a straight line u 4+ v — 1 = 0. However it is of more interest to note that
axis OP is defined by its angular coefficient :

tan ¢ = tanz f—— —_ V_
2 u
The intersection of straight line (1) with OP’ perpendicular to OP, i.e. : point R, is obtained
by associating to (1) the equation of OP

—u
v

)]

R
X

together with the particular equation
ut+v=1 (3

By eliminating u and v from the 3 equations, the locus of points K for various P angles is
obtained.
From (1) and (3) we have :
G—vy—vx—sinH, =0 (4
From (2) and (3) we have :

y—x _ _ (u+w

X
- e from (2) and (3)
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Transferring to (4)
y2 4 x2 —sin H, s — x) =0 (5)
By putting sin H, = K let us write (5) under the following form :
K K Kz
(Y—T)z'f' (x + —2—)2—‘2—‘ =0 (6)

These are equations of cjrcles, the center of which of coordinates

K
a=—7
K
p=+ 5
is on the hissector of yox’, and radius R = \/~ .
2

From the above the construction of the diagram is easily conceived. The right hand

side angle xoy of the 2 rectangular axes permits to plot point A using its cartesian coordinates
g x = cos (D + @)
( y = cos (D —)

these two axes being graduated in degrees of (. — D) and (L 4 D).

The left hand side, angle x’oy is splited by means of radial lines through the origin of
angular coefficient tanz e reckoned from QY. It is not necessary to draw the system of
circles of which the radii are _L_Ee_ because AK, the perpendicular to OF’, intersects

2

the bissector precisely at point N, the extremity of the diameter of a circle, i.e.: at a
distance ON from O '

in H 3
ON =2Sl\r}—2e :\/2 sin H,

Consequently it suffices to graduate the bissector straight off in terms of altitude of the
heavenly body.

In the attached example, the axes of the left hand side angle x’oy have been divided
straight off in terms of Hour Angle. After having plotted point A on the right hand side
by means of its coordinates D + ¢ and D — @ it suffices to drop AH, the perpendicular
from A onto OP' and the value of the D.R. (estimated) altitude is read at H on the bissector
of the second quadrant. It is noted that AH, the perpendicular of the plane triangle OAP
in lieu of the spherical triangle, is given by :

OK = OH cos (45 — &) =/ 2 sin Hg cos (45 — )

P Y
when tan & = tanz —— = <
2 X

Owing to the restricted dimensions of the diagram, this graphic illustration of the
property of the transformed formula has not, under its present form which gives an accuracy
to one degree only, a large practical interest. However it might provide interesting results
under the form of an apparatus fitted with a movable alidade and a divided limb.
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