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CHANGE OF PROJECTION BY PROJECTIVE
TRANSFORMATION

by Ingénieur hydrographe général DE VaNssay DE Bravous, Director.

Projective transformation consists in replacing ; in the equations for

the coordinates of a projection, x by _11, y by _(%, without changing the
axes and putting — R R

P —=ax+4+by+c;
Q=dx+ey+1;
R = mx+ny+p

We will assign Index 1 to the coordinates of the first projection in
order to distinguish them from those of the second which shall bear no index.
This transformation cannot raise the degree of the curves drawn on the first
projection, but the circles will be generally transformed into conics.

The first projection was defined by relations of the form —
x1 = o (L, G), yt = ¢ (L, G),
in which L represents latitude and G longitude.

The points of the first projection lying on the axis x; = o, will be, in
the second, on the straight line P = o. Similarly, the points on the axis
y1 = o, will be placed, in the second projection, on the straight line Q = o.
Lastly, the points that were at infinity in the first projection will be placed
on the straight line R = o, in the second. This latter property makes it
possible to obtain a second projection representing at a convenient distance,
an area which was put outside the limits of the chart on the first projection.

I.—CoONDITIONS OF CONFORMITY.

The point x, y of the second projection, corresponding to the point xi,
y1, of the first will be defined by :

P = R xi, QO =Ry

Deriving these equations in relation to L, we shall have :—

d x oy 0 x oy 0 X
agp tegp=myp e tR3p

0 x Sy d x oy oW
L tesr =ML trsn) RS
And similarly, deriving in relation to G, and applying the conditions of
conformity assumed to be obtained for both projections —
Sy dx Sy J x o %1
a SL_b 5T = (m 5L 0 8L)x,+R8—La
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By 8% _ . @y 3%,

d 8L — € (Si‘:(lhg—[‘—ng‘f) y,——R SL

X . .
8L1 and Q between these four equations, we obtain :—

oL
g—i(mxi——nyi—}—e—a)—l— g_l};.(nxi—i—myi——b—d):o,

By eliminating

g—z(nxi—l—m}’i—b—d)— (;I}: (mxgy — ny1 + e — a) = o.

These two equations can only co-exist if we have :(—
(mxq — ny1 + e —a)® 4+ (nxq + mys — b — d)? = o,
and therefore :—
mxy —nyi + e —a = o,
nxs +my; —b—d = o.
From which we deduce —
m (a—e) 4+ n (b 4d) m((b+d)—n(a—e)
m, + n? > = m?® 4 n? '
At this point only of the first projection, the second remains conformal
if the first were so. This point shall be undeterminated only if m = n = o.

In this case, we shall indeed see that the second projection remains conformal
throughout if the first was so.

(1) x4 =

JI—RETAINING THE CIRCULAR FORM.

This retaining of the circular form may be of interest in case a geo-
metric locus, such as a curve of equal azimuth, had a circular form on the
first projection.

Let us take a circle on the first projection, whose centre coordinate are :
ay, B, and radius ry. Its equation was therefore :—

(= a0+ (3= B =
It will become by transformation :—
(1) (P—a, R+ (Q— B Rf=1r’R
whose terms of the second degree are :—
[ax + by — o, (mx - ny)]* 4 [dx + ey — B, (mx + ny)]? — r® (mx + ny}.

In order that the conic represented by this equation may be a circle,
it is necessary that —

(2 (@—om) 4 (d — BmP —rfm* = (b —aqnf + (e — B0 — r’ 0%,
(@a—om) (b—gn)+4 (d— gm) (e — B,n) —mn 1 =o,
or
(@, *+B,°—17) (m*—n®)—2q,(am—bn)—28, (dm—en) 42>+ d*—b*—e*=o,
(%) (o2, 2—1{)mn—a, (bm—+-an)—B, (em—+dn)f-ab--de= o.

1
1
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By eliminating a,® + 3,* — i’ between these two equations, we obtain the
equation (3) :—
/ 2 2 2 2 2 2
(3) ay(bm—an)+-B,{em—dn)= (ab+-ed) (m*—n )2——- (a j—d —b*—e )mn’
m® 4 n

which is the question of the chord common to both circles represented by the
equations 2 a where a; and 3, are considered as current coordinates ; it no
longer contains r1. The points a,, {3;, which are concerned, are therefore
on the same straight line and at the intersection of this line with one of the
circles defined by the equations 2a. These points being always real, as we
shall show later, there will be for each value of rj two points which may be
taken as centres of circles so as to still obtain circles after transformation.
There will be nevertheless only one point if the straight line (3) is tangential
to the circles (2a).

The square of the radius of the second circle (2a) is equal to :—
bm — an)? em — dn)®
( ) 4: (2 ) .y

4m*n

On the other hand, the distance from the centre of this circle to the straight
line (3) has for its square —

<m2 — n2>2 (bm — an)® 4- (em — dn)?

m® + n? 4 m* n?
a quantity which is obviously less than the preceding one and which will be
. . d
equal to it only if we have both : 1, = o, % —_ = o,
e n

The two points a, 3 are symmetrical on the straight line (3) with respect
to the point :—
am -+ bn dm 4 en
:m2+n2’ y:?—}—nz.
The coordinates will be :—
__ma + nb £ (me —nd
e m?® -~ n?

(the higher and lower signs are corresponding).

X

)E’ Blzmd—f—nex(mb——na)g,

m? -~ n?

Transferring these values to the second equation (za), we find :—
o )
(mb — na)® 4+ (me — nd)?

we shall see later that the negative value must be taken for &-

The radius of the circle on the second projection will not be null, as
a rule, and there will be no conformity of the projection at the point a,, [3;.
Instead of determining a, and [3, their values may be chosen arbitrarily and
two of the coefficients of the transformation may be determined by means of
the equations (2 @). The determination of m and n would generally lead to
equations whose resolution might be fairly arduous.
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It will be easier to delermine a and d or b and e. For the first coef-
ficients will be found two values symmetrical with respect to the point :—

x =m g, + mnr’ b

C-——Bln

— o, n)+ (e— Bl 11)2’

y=m @, + mnr’ b
on the straight line :—
x(b—an)+yle—@n)=mba 4 ef)—mnla?+ 3°—r).
The values of a and d will be —
b— an

a=— m& -4 mnrd (b_aln‘;z (e_pln)z +E(e_ﬁln>:

e— B n
(b—oanf+(e— ]81 n)*
with . . . m® n® -

2= 14 D —‘“1 n)® + (e,_ ‘Bl n)*
- b — o nf + (€ — fi o)

For & the positive value must be taken.

d:m@1—+—n111r12 — £ (b—a,n)

?

b and e would be calculated likewise.

_ Py a4 — Mgy o
b=nag +mnrg (a—n1a1)2+(d—n1§7+c<d m 83,),
d—m @,

e=nf 4 mnr Ry Y —{{a—ma,).

with , \ r* m® n?
czzl_l.lzm_—n+(a'—ma1)2+(d_mp1)2
@—me)f+(d—m BL)2

For { the negative value must be taken.

In the equations (2a) if the signs of ¢;, a and b, or 3;, d and e, are
changed at the same time, the equations do not change.

These equations furnish therefore two values for @, and [3;; which
correspond to two values of a and b, or d and e, which are equal and of
opposite signs. If d and e or a and b are given, there will then be only one
value to be adopted for a, and 3,.

If, on the contrary, a and b are deduced from the equations (2a) two
values will be found for each of these co-efficients, according to whether the
positive or negative number will be adopted for £, from the value of £2.

Likewise for b and e.

Special cases.
L—If ry=o0, &7 will have the value 1; ¢, and §; will have the values:—
ma + nb & (me — nd)

o, = , =
1 m? + n® By

md -~ ne 7= (mb — na) .

m? + n?
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The circle on the second projection will have as equation :—
X+yY—z2ax—28y+a' 4+ B —p2=o,
with
o — (@P—¢)(a—am) + (Bp —f)(d — pm)
(a —aym)* 4 (d — Bm)?*
6= (82— (b—am) + (B2 — 1) (e — B
(@a—oamf -+ (d — Blm,’z

= (LBl aim)+ (B [(c — P (e +d— i)
P (@ — aym)® + (d — Bm

or
ot = LEP—)(b—am) + (Bp—O)(e—pn) '~ [(a,p—c) (d—Bim) — (Bip —f) (2 —aym)
[(a—om)*+ (d— Bim)F
We have also, with the above values of o, and B, :—
b — oun = = (d — Blm),
a—agm= = (e — Bn)
Consequently p will be null for those values of @, and 8;, and the second
projection will be conformal at this point if the first was so.

With respect to the values of a; and 3], the higher and lower signs =
correspond. We have therefore :—

(a+e)+n(b—d) B, = (d—b)+n(a+e)
: m? 4- n? e m? + n?

%y =

and

m(a—e) 4+ n (b4 d) m(d+4+b)—n(a—e)
Rig— 2 2 ’ Blﬂ = 2 2 '
m° + n m’ 4 n
It will be noted that the values of o, and B, are identical with those which
we indicated for x and y in Chapter I.

If e is changed to — e and d to — d, we obtain the value a,, and Bu
As, on the other hand, the constant f is not included in these formulae, a,,
and $3;, will correspond to the transformation :—
ax + by + ¢ dx+ey+f
= - R
"Tmxtay+p T Tmxfay+p
That is to the projection symmetrical to the preceding one about the x4 axis,
@y, and {3, being the only values to be adopted.

a and d or b and e might also be calculated for arbitrary values of
a, and 3,
4 a=ma —f +e
d=mf +ne —b

or
() b=na +mp —b

e=nfB —ma +a
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In the first case the transformation will be :—
Xl:(mal—npl—l—e)x—i—by—i—c’ }Ilz(mpl—{—nocl—b)x--}—ey—{—f7
mx + ny 4+ p mx 4+ ny 4+ p
In the second :—
ax—}—(nal—l—mﬁl—d)y—}-c dx+(n§1—mal+a)y+f
= mx + ny -+ p T mx + ny + p ’

We shall thus have, if we determine a and d —

Xy

a———alm—:e——npb
d———plm.—_—-(b—nal),

and consequently the square of the radius of the circle on the second pro-
jection will be :—

(o0 =€) (b— o) (Bip—)(e— i) P—[ (sup—C) b —am)+(Bp—F) (c—Bun)
b— oy nf + (e — By n)f

We shall again have p = o.

It may also be noted that if the values a and d or b and e satisfy these
equations, the coordinates a, and f; may be chosen arbitrarily and the values
which might have been deduced from the equations (1) will be found for
aandd or b and e.

Therefore, if the first projection is conformal at the point adopted
for x1, y1, the second will also be conformal at the point x, y, resulting from
the transformation, if the equations (1) are verified ; particularly if, x4 and
y1, being chosen arbitrarily, a and d or b and e, or m and n satisfy these
equations.

We thus find the values —
m_al(a—e)—{—ﬁl(b—d)’ n___al(b-}—d)———pl(a—e),
o OC12 + 612 - OL12 + Blz

which also verify the equations (2a).

We also find for m and n the values o, which give finite values for m
and n only if :

a=—=eand b= —d.
The transformation will then be :—
ax + by 4+ ¢ — bx fay 4+ f.
X, = ——P——_’ vy = " )

and we shall have :(—
(a — bi) (x 4 iy) + ¢ 4~ fi.
P

which shows that, in this case, the second projection will be conformal at all
the points where the first one was.

X+ iy =
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II.—If m = o, the equations (2) and (3) give :—

n® r?
-——+ \/ +a2—|—u
““_‘_*\/I“f‘z_’_dz

On the second projection, after transformation, whatever ry, may be, these
points will be on a straight line parallel to the y axis :—
p (ab -4 ed) — n (ac + fd)

n (a® + d%)
We may also take a, and [3, arbitrarily and calculate a and d or b and e.
We shall have —

e nt

B—aa) + (c— gy’

a= (e — fBn) &, Y2
d:(b—gln)i, with& = 1 —

by taking the positive value for £ .

It will be necessary that :—

(b — aln)z -+ (e — Bn)2 >’ 0¥

b=rng +dL,
eznﬁl—ac,

by taking the negative value for (.

or

rln

VS e (= B

III.—If n = o, we shall have likewise :(—

m® r?
____.*____\/ 'e o
m'r?.
____+ \/ T

and all these points will lie, whatever ry may be, on the second projection, on
the parallel to the X axis :—

p (ab + ed) — m (bc + fe)
m (e? + b?) .

Y=

The equations (2¢) become :—

(af_ + B2 — rf) m? — 2m (aal + dBl) +a* 4 & —b —ef=o,

(alb 4 ﬁle) m = ab 4 de
m may be drawn therefrom, if &, and §; be considered as known :—

ab 4 de
m= a—————lb + Ble'

On the other hand, if m is eliminated between the two equations (2a), there
comes, after simplification :—

(0 d — Ba)? — (ab + Be) =1 ab + de

e+b’
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which equation shows that, if any value be taken for m ; the point a;, 3
must be selected on a hyperbola whose equation is independent of m, and at
the intersection of this hyperbola with the straight line —
ab de
a;b + Bie = B

m

__a_e\/+r1 m

mplﬂd—kb\/ + 2—}—b”

If a, and B, be arbitrarily known, a value of m may be deduced therefrom.
If, on the contrary, m be considered as known, &, and {3, may be deduced
therefrom.

So, we shall have —

We might also calculate a and d and b and e for arbitrary values of
a, and B, as in the previous case. We shall find :—

a_.mal-f-e\/ +’+b

d—mpl—b\/ +C +b2

and likewise for e and b.

IV.—If m = n = o, the equations (2) will be reduced to :—
32+d2=b2+62,
ab + ed = o,
whose solution is —
d=—», e = 4 a.
It may be verified thaf in this case the transformation will be :—

: (x 4 iy) (a — bi) + c 4 fi
X+ 1y = P :

The second projection remains therefore conformal if the first were so. Only
a change of origin, axes and scale, has actually been effected.

V.—If a = d = o, the equations (2a) and (3) may be written :—

. b® 4 ¢?
a+ B’ — 1 = m2+nz’
. b2+ ez
alb + ﬁle =n mz + n27
if m and n 3£ o,

from which are deduced —

—_bn (m? -+ o),
al—mz—l—n m+n\/m+r" b* 4- ¢
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en b

The circle will then have for equation on the second projection —

m?*(x*+ y*)(b* - e¥)— 2mx[n(bc+ef )— p(b*+-e*) — (ec—bf )\/ m?*+4 r,’(rggizz)z]

+ 2y[ m*(be+-ef)+-n{ec—bt )\/ trf ?2 j__ng ]+ (m*~4-n?)(E4-f*)+ pA(bP+-e?)

——2p[n(bc+ef)—(ec—bf)\/m2—{— 12($2+n ]__ 0.

It is impossible to have at the same time a = d = b = e = o, because x4, yj
ought then to lie on the straight line :

ifxy — ey1 = o.

VI.—If we have besides n = 0 ; therefore if a = d = n = o :—

— ¢ 1'12
HET LV TR

_ b 1'12
Bl_ m\/I +b2+ed.

The transformation is then :—

by + ¢ ey+f

= x o+ p N mx

and the circle equation will be on the second projection :—

p , ec—bf bc + ef 5 (ec—bp)
<X+E+b’+e\/ +b?+e> <+b2+e>"’r‘ e

If r;j = o, this circle will also have a radius equal to nil; its equation

will be:—
! ec — bf bc 4 ef\2
et +b2+e>+<y+m>=°3

and we shall have (—

e b
“1:—;’ ﬁl-:';'

At this point the second projection is still conformal.

It may also be verified that, for this point «,, 3;, we have in this case :—
(4180 (mla 17 7] =

VIL—If we have & = — —d— without ry being nil, the equations
( ) b n b e ’
2a) become —

m2<a12+ Blz_rl2) _+_a +d2_o
mf (a2 + B — 1) — 2m (2o + dB) + o+ E= o,
which can co-exist only if —

ag, +df, =o.
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These conditions would require between xy and y4 the relation —
x1 (fn — ep) — y1 (cn — bp) = bf + ec ;
which cannot be contemplated, whether r4 be nil or not.

I11.—CONDIONS REQUIRED FOR A CIRCLE TO BECOME A STRAIGHT LINE.

In order that the conic (1a) may become a straight line through pro-
jective transformation, all the terms of the second degree must have their
coefficients equal to nil. We shall therefore have the following equations :—

(6) (a—am)®+ (d—Bm)P?=m’rf,
(b —_ aln)2 + (e — pln)z =n’r?
(a —_ alm) (b — “1“) + (d — plm) (e — Bln) =mnr?;
which may be put in the form :—
2 b 2
) o+ pr—ri=z it b TEE bohef YA

m - m? n n
bm + an em + dn ab - de
=2, +pmte :
mn mn mn

By equating with the last equality half the total of the second and the
third, we shall have :—

(7) n* @ +d") + m® (b + ) —zmn (@b + ed) = o,

(bm — an)? 4+ (em — dn)*® = o,
a relation which can only exist if m and n be different from zero :—

or

a d m
b e n
The transformation will then be —
a c—apl d f—d2
Xl:E+mx—|—ny—|—p7 ylzg-l- mx+ny—|—-p.
This would require the point x4, y; to lie on an equation straight line :—
p p dc — af
Xl(f—d?n“)—}ﬁ (C_aE)‘FT: 0;

which cannot be assumed. Consequently, we may see that the conic (1a) will
never become a straight line through projective transformation.

If m or n where nil, the transformation would comprise only y or x,
which could not be contemplated.
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