
THE ANALYSIS OF HIGH AND LOW WATERS.
(Part I : Semidiurnal Tides Predominant).

b y  D r A . T . D o o d s o n , F.R .S .

IN TR O D U C TIO N

N on-harm onic t id a l constants have always been obtained from  observations 
o f h igh  and low  waters, b u t ve ry  l i t t le  success has been achieved b y  methods 
designed to  give harm onic constants. The form idable  nature o f the problem  
is revealed in  a method designed b y  Six George D a rw in  (1890), and the com p lex ity  
o f the m ethod and its  l im ita t io n  to  d iu rna l and sem idiurnal tides have combined 
to  ru le  i t  ou t as a p ractica l method. There is, however, a need fo r a method 
w h ich  is n o t d ifficu lt fo r computers and w h ich  does no t invo lve  any abnorm al 
processes, fo r there is a great deal o f  t id a l data w h ich  are a t present unusable 
because o f the  lack o f a method o f analysis w h ich  w il l  give harm onic constants. 
I t  is conceded t l ia t  no analysis o f h igh  and low  w ater data  can be so exact as 
one w h ich  uses hou rly  heights, p a r t ly  because o f the  fewer data per day ( 8  

observed quantities against 24)，p a rt ly  because so few observations per day 
do n o t suffice to  give a ll species o f tid e , p a r t ly  because o f the measure o f u n 
ce rta in ty  w ith  w hich tim es o f h igh  and low  w ater can be observed, and p a rt ly  
because o f the in tr in s ic  d ifficu lties o f the  analysis. Methods o f th is  k in d , there
fore, can on ly  be recommended when h o u rly  heights are n o t available.

The rem ark th a t the fewness o f the  observations per day lim its  the  analysis 
needs e laboration. To determ ine a tide  o f one species requires tw o  observa
tions or tw o  ana ly tica l quantities per day. E ig h t observations w il l  give tides 
o f species d iu rna l, sem i-d ium al, and th ird -d iu rn a l, b u t w il l  n o t be sufficient to  
d iscrim inate between long-period and quarte r-d iu rna l tides. The s ix th -d iu rna l 
tides also cannot be separated fro m  the sem i-d iurnal tides, nor the eighth- 
d iu rna l from  the quarter-d iuruals, (though i t  is possible, b y  ve ry  elaborate 
methods, to  analyse fo r, say, certa in  constituents o f the s ix th -d iu rn a l species 
whose increm ents o f phase per day are larger than  the  increments o f phase o f 
any sem i-d iurna l constituents). I t  is necessary to  make certa in  assumptions 
w ith  regard to  the  qua rte r-d ium a l tides in  order to  ob ta in  the  m axim um  in fo r
m ation fro m  the  analysis.

The constants derived from  the analysis o f h igh  and low  waters w il l  there
fore d iffe r, perhaps appreciably, fro m  those derived from  h o u rly  heights i f  the 
shallow -water tides are im p o rta n t. One in teresting po ss ib ility  emerges, how
ever, in  th a t, as these special constants represent the data from  w hich  they are 
derived, and th a t a ll the data are fu l ly  used, the  special constants should give 
d irect on the  machine the predictions w hich no rm a lly  w ould  require harm onic 
shallow -water corrections to  the  machine predictions derived from  the standard 
constituents, b u t th is  poss ib ility  has no t ye t been fu l ly  examined.

The m ethod o f analysis expounded in  P a rt I  o f th is  paper is based upon 
certa in  eeries expansions w h ich  are o n ly  va lid  when the d iu rna l and shallow- 
w ater tides are sm all compared w ith  t l ie  sem i-diurnal tides, b u t as these condi
tions are ve ry  com m only satisfied the  m ethod is applicable fo r m ost places in  
the  w orld . I t  requires observations o f tides over 32 solar days.

There are certain princip les o f analysis, exem plified in  th is  method, w hich 
are o f the highest im portance. The au thor has long ta u g h t th a t i t  is essential 
to  separate as fa r as possible the several species o f tide  day b y  day, and th a t 
every possible e ffo rt should be made to  ensure th a t th is  is done as com pletely



as is  possible o r p ra c tic a l ; o the rw ise  th e  co rrections to  be made to  th e  m a jo r 
processes o f  ana lys is  become g re a tly  in v o lv e d . I t  should  n o t be necessary 
to  co rre c t these m a jo r processes excep t fo r  cons tituen ts  a ll o f  th e  same species. 
A n o th e r fu n d a m e n ta l p r in c ip le  is  th a t  a l l  opera tions should be conducted, d a y  
by day if possible, around a central time origin so that all corrections for func

tions which involve cosines of arguments do not involve sines ; that is, the opera

tions relate together functions which are symmetrical about the time-origin 

and s im ila r ly  those w h ic h  are a sym m e trica l w ith  regard  to  th e  t im e -o r ig in . B y  
th is  m e thod  th e  corrections are s im p lif ie d  and  reduced g re a tly  in  q u a n t ity .  A lso , 
th e re  should  n o t n o rm a lly  be a n y  need to  reso rt to  as tronom ica l d a ta  except 
fo r  th e  in te rp re ta t io n  and re d u c tio n  o f  th e  f in a l constants p ro v id e d  b y  th e  
ana lys is . F in a lly ,  th e  m e th o d  o f  ana lys is  should  be so sim p le  th a t  i t  does 
n o t ca ll fo r  any  special s k i l l  o r u n d e rs ta n d in g  b y  th e  com pu te r, p ro v id e d  th a t  
he is accustom ed to  th e  n o rm a l processes o f  t id a l analysis.

IN S T R U C T IO N S  FOR AN ALY S IS

I )  I n  co lum ns 1 to  4 arrange th e  h ig h  and  low e r w a te r he ights Z in  sequences 
denoted b y  s =  0, 1 , 2, 3. A  sequence o f h ig h  w aters consists o f  e ve ry  a lte rna te  
h ig h  w a te r ; th a t  is , a t in te rv a ls  o f  a p p ro x im a te ly  24 hours. F o r sequence 
s =  0  choose th e  f i r s t  h ig h  w a te r o f  th e  d a y  on th e  ce n tra l day , and th e n  w r ite  
th e  res t in  order. F o r sequence s =  1  w r ite  dow n th e  ensuing lo w  w a te r he ights, 
a b o u t 6  hours la te r  than, th e  h ig h  w aters o f  s =  0  ; th e n  fo r  sequence s =  2  w r ite  
dow n  th e  h ig h  w a te rs  a b ou t 12 hours la te r  than, fo r  s =  0 ; and f in a l ly  fo r  s =  3 
w r ite  th e  lo w  w aters a b ou t 18 hours la te r  th a n  fo r  ś =  0. These he ights are 
w r it te n  consecu tive ly  in  th e  co lum n , p a y in g  no a tte n tio n  to  th e  elapse o f a 
so lar day  w hen tk e  t im e  passes th ro u g h  m id n ig h t. I f  the re  are m iss ing  obser
va tio n s  th e y  can be f il le d  in  b y  e s tim a tio n . There  shou ld  be 31 en tries  in  each 
sequence, those fo r  days —  15 and + 1 5  be ing  o n ly  used in  th e  in i t ia l  processes. 
N o rm a lly  Z w i l l  be g iven  to  0.1 feet.

I I )  I n  co lum ns 5 to  8  w r ite  dow n  th e  solar tim es  ( in  hours and decim als) 
o f  h ig h  and lo w  w a te r, t ,  w h ic h  correspond to  th e  values o f Z. A f te r  passing 
th ro u g h  m id n ig h t th e  tru e  sequence tim e s  shou ld  re a lly  be increased b y  24 hours 
b u t th is  w i l l  be unders tood  and a llow ed fo r  in  th e  ca lcu la tions. I t  is necessary 
in  th is  m e thod  o f  analysis to  w o rk  in  decim als o f an ho u r and n o t in  m inu tes , 
and  th e  tim es shou ld  be entered to  tw o  decim als.

I I I )  W e use th e  n o ta t io n  Z(s) to  in d ica te  a va lue  o f  Z  accord ing  to  its  
sequence, and we have Z(0) to  Z  (3) on one lin e . I t  is conven ien t, how ever, 
to  re fe r to  Z(3) on th e  p rev ious d a y  as Z (—  1), and to  Z(2) on th e  p rev ious  d a y  
as Z (—  2), w h ile  Z (4) and Z(5) re fe r to  Z(0) and Z ( l )  on th e  n e x t day . S im ila r ly  
t(s ) denotes th e  t im e  accord ing  to  its  sequence.

W e com pute , to  tw o  decim als o f  a fo o t,

* « (0 ) =  - L [ 2 Z ( 0 )  +  Z(2) +  Z ( - 2 ) ]

a ( 1 ) = + +4

a (2) =  4 ~ [ 2Z (2) +  Z(4) +  Z (0 )] 
4

« (3) =  4- [2Z(3) +  Z (5) +  Z (!)]

These processes are v e ry  s im p ly  pe rfo rm ed  ; we ta ke  fo r  a (0) th e  m ean va lue  
o f Z(2) and Z (— 2 )，w h ich  w i l l  be a p p ro x im a te ly  equal to  Z (0), and we ta ke  th e  
m ean o f  th is  m ean w ith  Z(0). The va lues o f  a(s) are g iven  in  co lum ns 9 to  12.



5 .5 1  10 .99  17.66  
6 .2 3  11 .70  18.37 
6 .9 0  12 .40  19.05

F o r ß(0) on day 2 we have t(0 ) =  23.61, and we need to  m ake t(2 ) and t ( _ 2 )  
a p p ro x im a te ly  th e  same ; th is  requ ires us to  add 1 2  hours to  each, so th a t  we

get ß(0) on d a y  2 =  —  (47.22 +  23.70 +  22.99). On d a y  3, how ever, we need
4 1

to  s u b tra c t 12 hours fro m  t(2 ) and t ( — 2) so th a t  ß (0 )= —— (00.54 —  00.30
4

+ 0 0 .4 0 ). The  p rin c ip le  is th a t  t(2 ) and t (一2) should  be am ended b y  12 hours 
so as to  m ake them  n e a rly  equal to  t(0 ). S im ila r ideas ho ld  w ith  regard to

ß (l)  ; th u s  on d a y  3 we have ß (l)  =  —  (1 3 .8 0 + 6 .3 7 + 7 .0 5 ) .
* 4

W ith  a l i t t le  p ractice  the  process becomes exceed ing ly s im ple. I t  is on ly  
necessary to  rem em ber th a t  ß(s) is n e a rly  equa l to  t(s ). The values o f  ß(s) are 
g iven  in  co lum ns 13 to  16.

V ) T he  m eaning o f th e  processes I I I  and I V  is th a t  we have com puted 
q u a n titie s  a and ß w h ich  are a lm ost independent o f  th e  d iu rn a l and th ird -  
d iu rn a l tides. To  o b ta in  th e  d iu rn a l tides, w ith  th e  th ird -d iu m a ls , we com pute 
in  colum ns 17-20, and 21-24, th e  values o f

ai(s) =  Z(S) —  a(s) 

ßi(s) =  t(s ) —  ß(s)

V I )  (Commencing Sheet II ) .
As the values of olx and ßx are not sufficiently free from semidiurnal contri

butions it is necessary to combine the values so as to eliminate the undesired 

co n tr ib u tio n s .

W e the re fo re  com pute

丫 (0 )= ~ r  [2 ai(0) —  ax(2) 一  aŁ(一 2)] 
4

s(o)= 4 ~ [ 2 Pi(0) — Pl(2)— Pl(— 2)] 
4

丫 (1 )=

8(1) = 4  [ßx(l) —  ßx(-l)]

IV )  F o r th e  tim es we have a s im ila r  process, b u t i t  is rendered a l i t t le  more 
com p lica ted  b y  the  steady increase o f  tim e  and also b y  its  passage th ro u g h  
24 hours.

W e define

and take
t /  =  t  士 1 2

ß (0 ) =  4 "  [ 2 t (o) +  t 《2) +  t 《一2)]

w ith  s im ila r fo rm u lae  fo r  ß (l) , ß(2), ß(3).
W h e th e r we add or su b tra c t 1 2  to  t  

has passed th ro u g h  24 hours re la t iv e ly  to  
c la r ify  th e  process :

day  s == 0  1

depends upon  w he the r any  sequence 
another. The fo llo w in g  exam ples w il l

2 3
22 .92
23.61
00 .27

The opera tions are s im ila r to  those a lready  ca rried  o u t, and the  values o f 丫(0), 
丫(1), S(0), 8(1) are g iven in  colum ns 25, 26, 27, and 28 respective ly .



V I I )  There are co n tr ib u tio n s  to  a fro m  mean le ve l，the  sem id iu rna l tid e , 
and the  q u a rte rd iu rn a l t id e ，and we there fore  com pute

[2 , )  +  « ( l ) + 4 — 1 )]
4

a 2 =  a(0 ) —  (a 0 + a 4)

The resu lts  are g iven  in  colum ns 29 and 30, respective ly .

V I I I )  S im ila r ly  we com pute, in  colum ns 31 and 32,

ß2 =  4 - [ 2 ß(0 ) + ß ( l ) + ß ( - l ) ]
4

=  ß(0 ) —  ßa

IX )  The above processes do n o t accu ra te ly  give th e  requ ired  d iu rn a l, semi- 
d iu m a l, and q u a rte rd iu rn a l quan titie s  and so i t  is necessary to  correct them .

Com pute S2 (0), 8 2 ( 1 ), 2ß| in  colum ns 33 to  35 to  3 places o f decimals, 
and th e n  com pute to  th ree  places o f decim als, in  colum us 36 to  38,

[3 2 ( 0 )+ 8 2 (1 ) + 2  紹

[ m -  m ]

8(0)8(1)

X )  Com pute to  2 places o f  decimals th e  values o f a 2c1, a2 c 2, and (ß 4 + c 3)， 
in  colum ns 39 to  41.

X I )  In  co lum ns 42 to  44 com pute

A  =  a 2 —  a 2 Ci 

a0+ a 4 =  (a0+  a4) +  a2 c2

h 4 =  A  (ß 4 + c 3)
4

X I I )  On sheet IY  o f  the  ca lcu la tions a space is reserved fo r the  ca lcu la
t io n  o f a0 and a m u lt ip lie r  called X. R e fe rr in g  to  colum ns 42 and 43 underline  
the spring and neap values of A, the amplitude of the semidiurnal tide, and 

underline  th e  corresponding values o f (a0 + a 4). T rans fe r these m arked q u a n ti
ties in  p roper o rder to  sheet IY  and com pute A 2 (to  one decim al). A longside 
the  4 values o f  A 2 p u t m u ltip lie rs  1 , —  3 ,3 ,  —  1  and th e n  fo rm  the  sum o f the  
products o f these m u ltip lie rs  w ith  th e  corresponding values o f  (a 0 + a 4). S im i
la r ly  fo rm  the  sum o f the  products o f the  m u ltip lie rs  w ith  A 2. In  the  exam ple 
these are respective ly

8 .05  — (3 x 7 .9 7 )  +  (3 x 8 .0 0 )  — 8 .0 0  =  0 .1 4
and

2 4 .5  — ( 3 x 7 .3  ) +  (3 x 4 5 .3 )  — 2 .6  =  135.9

The ra tio  o f these tw o , to  4 decimals, is 0.0010，w h ich  is called X. Compute 
XA2 and su b tra c t fro m  (a0 + a 4) to  give a0 a t springs aud neaps. The meau 
value o f  these 4 q u an titie s  gives mean sea leve l fo r  the  m on th .

X I I I )  R e tu rn in g  to  co lum n 45 com pute
c 4 =  16 Xb4

and in  co lum n 46 com pute
5  =  ß 2 +  C 4

Th is  is the  tim e  o f h ig h  w a te r o f  the  mean sem id iu rna l tid e  fo r  the  day.



X IV )  C om pute  S0, th e  m ean va lue  o f S, add ing  24 hours fo r  each va lue  
a fte r th e  passage th ro u g h  24. E n te r  th is  va lue  in  co lum n  47 fo r  th e  c e n tra l 
day of the month. It is the time-origin for the whole analysis, and it is approx

imately equal to the value of S on. the central day.

X V )  C om plete co lum n 47 b y  add ing  S0 to  each o f  th e  va lues g iven  in  Tab le  I ,  
to  g ive  t ,  ad d ing  o r su b tra c tin g  24 to  b r in g  x a p p ro x im a te ly  equal to  S. A lte r 
n a tiv e ly , p u t  S0  on th e  ca lcu la tin g  m achine and  add m u ltip le s  o f  0.8412 per 
da y , p o s it iv e ly  and  n e g a tiv e ly  fro m  th e  c e n tra l d a y . T h is  is a lu n a r t im e  
scale and  th e  va lues o f  x are, v e ry  n e a rly , th e  tim e s  o f  h ig h  w a te r o f  M 2.

X Y I )  C om pute  in  co lum n  48 th e  va lues o f

ß =  S —  T

T h is  is th e  tim e  o f  h ig h  w a te r o f  th e  m ean se m id iu rn a l t id e  fo r  th e  day , re la tiv e  
to  th e  lu n a r t im e  scale, t .  Check th a t  th e  m ean va lue  o f  ß is zero.

X V I I )  [Commencing Sheets I I I  and IV ).
F o r th e  n e x t processes o f  ana lysis i t  is  necessary to  tra n s fe r th e  t im e  o r ig in  

fro m  th e  t im e  o f  h ig h  w a te r o f  th e  se m id iu rn a l t id e  to  th e  special lu n a r t im e  
scale.

I n  co lum n  73 com pute fro m  ß in  co lum n  48, to  one place o f  decim als,

92 =  29° ß

In. co lu m n  80 com pute to  nearest degree fro m  <p2

=  2  ? 2

I n  co lu m n  64 com pute  fro m  ç 2, to  one p lace o f  decim als，
1

*Pl =  —  <P2 
2à

I n  co lum n  53 com pute  to  nearest degree fro m
? 3  =  3  ? !

X V I I I )  I n  colum ns 74 and 75 e n te r fro m  tr ig o n o m e tr ic a l tab les th e  va lues 
o f  cos <p2 and sin  <p2 to  3 decim als.

I n  co lum us 81, 82 ; 54, 55 ; 65，66, e n te r cos 9  and s in ?  to  2 decim als 
fo r  <p4, ç 3, respective ly .

X I X )  C om pute  to  2 decim als, in  co lum ns 76, 77, us ing  A  in  co lum n  42, 
th e  va lues o f

A 2 =  A  cos <p2 B 2 =  A  sin<p2

X X )  I n  co lum n  78, com pute  a 4  =  X A 2 fro m  th e  va lue  o f  X com pu ted  
a t stage ( X I I )  and  A  in  column. 42.

A lso  copy  th e  values o f  b 4 in  co lum n  79 fro m  co lum n  44.

X X I )  I n  colum ns 49 and 50 com pute  fro m  co lum ns 27, 28, 42，values o f

e(0 ) =  A  8 (0 ) e ( l )  =  A  8 (1 )

X X I I )  I n  co lum ns 51 and 52 com pute  fro m  co lum ns 25 and 26, 49 and 50, 
va lues o f

a 3 =  -7 " [ 丫(0 ) —  £(1 )] , Ł 3 =  [s(0 ) —  丫(1 )】
4 4

X X I I I )  I n  co lum ns 62 and  63 com pute

ai =  y(0) —  a3 , bj =  Y (l )+ b 3



(w ith  s im ila r operations fo r  th e  th ird -d iu m a l and d iu rn a l tides).

X X V )  The q u a n titie s  A , B  are now  in  a fo rm  su ited  to  no rm a l processes 
o f  analysis. In  Tab le  2 are d a ily  m u lt ip lie rs  d 0, d L, d 2, d 3, d 4, d0 , d.5 , dc, d j .  
These co lum ns o f m u lt ip lie rs  are each in  tu rn  placed alongside th e  colum ns o f 
one o f  th e  fu nc tions  A , B  and th e  sum o f  th e  p roducts  is ob ta ined , [and entered 
on Sheet I V  accord ing to  th e  m u lt ip lie rs  and fo n c tio n  used.

X X V I )  These fu n c tio n s  are com bined b y  T ab le  3 fo r  th e  d iu rn a l and 
th ird -d iu m a l tides and b y  T ab le  4 fo r  th e  sem id iu rna l and q u a rte r-d iu m a l tides. 
The in te rp re ta tio n  o f T ab le  3 is th a t

A ' 1 0  =  1 .000  A 10+ 0 .0 9 4  A u  — 0.064  A 12+ 0 .0 3 6  A 18

w here th e  f i r s t  s u ff ix  denotes th e  fu n c tio n  A  or B  and th e  second one denotes 
th e  m u lt ip lie r  d.

T he  values o f  A ,，B ' are entered on Sheet V  in  th e  same o rde r as is given 
in  Tab le  5.

X X V I I )  A  fu r th e r  co m b in a tio n  o f  th e  fu nc tions  A ',  
o f  Tab le  5 to  g ive  appa ren t values o f  R  cos r  and R  sin 

ip a l cons tituen ts . T he  ta b le  com bines a t m ost tw o  fu nc tions  
we have

i effected b y  
fo r  th e  p r in -  
thus  fo r  K “

IO® R  cos r  =  1665 A 'u  +  1746 B \a 
1 0 5 R  s in  r  == 1665 B 'u  —  1746 A \ a

T he re su ltin g  values o f  R  cos r  and R  sin r  are entered on Sheet V  to  3 
decim als, o r, i f  th e  observations are n o t good, to  2 decim als. The values o b ta in 
ed as fo r  (jl2 [are |no t p laced in  th e  usud l place in  th e  ta b le  b u t  a t  th e  b o tto m  
o f  th e  la s t column, o f  th e  ta b le , fo r  reasons g iven be low .

X X V I I I )  The ca lcu la tion  o f  H  and g is effected b y  s tandard  m ethods. 
W e f i r s t  ca lcu la te  R  and r  fo r  a ll cons tituen ts  excep t ( i2  and en te r th e  values 
on th e  a p p rop ria te  lines in  th e  schedule.

F o r (x2  we have a special co rrec tion  fo r  2 N 2. W e in fe r  values fo r  th is  
c o n s titu e n t fro m

R  fo r  2 N 2 =  0 .125  X (R  fo r  N 2) 
r  fo r  2 N 2 =  2 X  ( r  fo r  N a) —  (r  fo r  M s)

These values are subtracted fro m  the n o m ina l values fro m  th e  analysis fo r  
[x2, and fro m  th e  res idua l values we com pute  R  and r  fo r  (xs.

Then we com pute fro m  standa rd  tab les th e  values o f

v  =  v 0  + v " 0 + v ' " 0

where

V 0  := the

V 'o = the
V ,/  v 0 = the
V ' " 0 = the

equal to  oS0. F o r a see Tab le  8 .
I f  the  com pute r has n o t go t th e  fu l l  tab les fo r  a ll th e  constituen ts  b u t  has 

access o n ly  to  th e  A d m ira lty  T id e  Tables, P a rt I I I ,  Łe can thence o b ta in  th e  
values o f Y  fo r  th e  p r in c ip a l cons tituen ts  M a, N 2, and O x. S im ila r ly  standard

ac 4  =  a 4 cos <p4 

b c 4 =  b 4  cos 9 4 

A 4 =  ac 4 —— b s4

X X I V )  Com plete a ll th e  co lum ns in  sheets I I I  and I V  fro m

i s4 =  a 4  s in  ç 4 

) s4  =  b 4  s in  9 4

B 4 =  ł)C4  -j- 3. S4



0.479
0.156
0.080
0.040

0.165
0.481
0.041
0.081

0.005
0.009
0.004
0.009

0.002
0 . 0 1 1

0 . 0 0 0

0 . 0 0 1

m 2 4.000 0.063 0.003 0.023

L 2 0.159 0.082 0 . 0 0 2 0.004
n 2 0.794 0.411 0.014 0 . 0 0 1

S 2 1.588 0.823 0 . 0 0 1 0.015
0.080 0.041 0.006 0.003

m 4 0.005 -0 .160 0.019 0.003
m n 4 0.043 -0 .079 0.003 0 . 0 2 0

m s 4 0.085 -0 .158 0 . 0 0 2 0.027

m k 3

m o 3

0.040
0.015

0.017
0.040

0.012
0.010

0.002
0.004

The errors fo r  the  constituen ts  n o t used on the  m achine are th e  values 
ob ta ined  on Sheet Y  and i t  is e v id e n t th a t  these are a ll sm all, o f  th e  o rder o f
0 . 01 f t .  There is a sm all t im e  e rro r o f abou t 1 m in u te  in  th e  p red ic tions, w h ich  
accounts fo r  the  errors in  M 2 and. S2. The p r in c ip a l errors are in  th e  qua rte r- 
d iu rn a l tides, fo r  th e  obvious reason th a t  an assum ption had to  be m ade w ith  
regard to  them , b u t these errors are v e ry  sm all. The m ethod  cou ld  be used 
w ith  sa fe ty  fo r e ith e r the  d iu rn a l tides o r th e  q u a rte r-d iu rn a l tides re la tiv e ly  
greater to  the  sem id iu rna l t id e  b u t n o t b o th  together.

m ethods fo r  a ll constituen ts , o r fro m  Table  6  supp lem enting  th e  A d m ira lty  
T id e  Tables, P a rt I I I ,  w i l l  g ive values o f f  and u . F ro m  Tab le  6  he can th e n  
o b ta in  the  values fo r a ll the  o the r cons tituen ts  except fo r  L 2, Mj^ and M 3.

C erta in  constituen ts  are p e rtu rb e d  b y  o the r large constituen ts  whose 
speeds are n e a rly  equal to  th a t  o f  th e  nom ina l co n s tituen t. Corrections fo r 
these are com puted in  the  la s t co lum n o f  Sheet Y , using Tab le  7. The m ethod  
o f  co rrec tion  is th e  same as is used in  the  A d m ira lty  T ide  Tables, P a rt I I I ,  
b u t the  b r ie f  in s tru c tio n s  g iven on the  schedule should be clear enough. F ro m  
these com pu ta tions  we o b ta in  values o f  w  and ( 1 + W ) .

F in a lly  we com pute H  to  tw o  decim als and g to  one decim al fro m  th e  
fo rm u lae

H  =  R  4 - f  ( 1 + W )  
g + V + U + W .

Remarks on Example o f Analysis

The exam ple is an a r t if ic ia l one w h ic h  was prepared, fo r tes ting  the  p e rfo rm 
ance o f a tid e -p re d ic tin g  m achine. The  values o f Z  are g iven [to tw o  decim als, 
th o u g h  th e  la s t decim al is o n ly  app rox im a te . N o rm a lly  o n ly  one decim al 
o f  a fo o t w i l l  be used, b u t th is  special exam ple was in tended  to  te s t th e  accuracy 
o f  the  m ethod , so th a t greater n o m in a l accuracy is m a in ta ined  in  the  co m p u t
a tions th a n  w ou ld  n o rm a lly  be th e  case. N o checks are necessary in  m ost 
o f  th is  w o rk  as th e  qu a n titie s  in  th e  colum ns should be reasonably sm ooth ; 
d o u b tfu l values m ay  be re-checked o r a rb it ra r ily  amended i f  the  observations 
appear to  be unsm ooth . I t  is  desirable, however, to  w o rk  to  tw o  decim als o f 
an hou r th ro u g h o u t and to  tw o  decim als o f  a fo o t in  a and v.x ; th is  is perm issib le 
because the  processes are averag ing processes w h ich  tend  to  sm ooth o u t casual 
e rrors. The values o f H  have been, com puted to  th ree  decimals o f  a fo o t b u t 
n o rm a lly  tw o  decimals w il l  be su ffic ien t, and the  values o f  g have been com puted 
to  one decim al o f  a degree, b u t n o rm a lly  th e y  m a y  be g iven  to  th e  nearest 
degree.

The exact values o f R  cos r  and R  sin r  used in  th e  m achine p re d ic tio n  
are as fo llow s :

R  cos r  R  sin r  E rro rs R  cos r  R  sin : E rro rs

K x

h
Q i
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S o la r  Hour 
Lunar Day.

C o n s titu e n t

l 2
n2

2

<r a 
产 =

C o n s t i tu e n t •

28*98410 0*0000

29*52849 13*5229
28*43973 -13*5229
28*51258 -11*7132

30*00000 25*2361
27*96821 -25*2361
29*95893 24.2159
30-08214 27-2765
27-89535 -27*0458

31*01590 50*4721

57-96821 0 .0000

57.42383 -13*5229

58*98410 25.2361
59-06624 27*2765

TABLE

In c re m an t o f  Phas« p e r Mean 
In c re m en t o f  Phase p e r Mean

14-49205 0 ' 0000

14-95893 11-5978
15-00000 12-6180
15*04107 13.6382
1 3 -9 4 3 ½ -13 .63 8 2

15*58544 27-1612
13-39866 -27 *1612

12*85429 -40 .68 4 1
16-13910 40*9147

43*47616 0*0000

44*02517 13.6382
42*92714 -13 -6382

从2

丁2

k2
2 N2

2 SU2

l in 4

lik4

« 1

P i
h
K l
Ol

J l
9l

2 ¾
0 ¾

U3

mk3

uo 3

C o n s titu e n ts  w h ich  a re  a s s o c ia te d  in  th e  A n a ly t ic a l  
P rocesses a re  grouped in  th e  above ta b le .
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TH E O R Y  A N D  E X P L A N A T IO N

1 . 一 Fundamental formulae.
W e sha ll use th e  fo lloAving n o ta t io n  : 

t  th e  t im e , in  m ean so la r hours .
o th e  speed o f a c o n s titu e n t, in  ra d ians  p e r m ean so lar h ou r.
Z  th e  h e ig h t o f  h ig h  o r lo w  w a te r.
T  th e  tim e  o f h ig h  o r lo w  w a te r, in  m ean so lar hours , re la tiv e  

to  th e  t im e  o f  h ig h  o r lo w  w a te r  o f  th e  se m id iu rn a l tid e .
S th e  tim e  o f h ig h  w a te r o f  th e  se m id iu rn a l tid e  re la tiv e  to  th e  [ 门、 

so lar t im e  scale. ' ***'
t a specia l lu n a r t im e  scale. 

o0 th e  va lu e  o f a fo r  M , equa l to  0.5059 ra d ia n  p e r m ean so lar h o u r 
n  th e  va lu e  o f a/o 0  =  1.977 o, a  n u m b e r.
0 th e  va lu e  o f o0T , in  rad ians . I
T  th e  va lu e  o f  0 /a o =  1.977 0  in  hours. j

T he  d e p th  o f  w a te r above d a tu m  w i l l  be deno ted  b y

S acoscrt +  S bsincrt (2)

and  th e  tim e s  o f  h ig h  and lo w  w a te r occur when, th e  g ra d ie n t is  zero, o r w hen  

Soa sin  o t —  Sob cos o t =  0  (3 )

I f  th e  mean, lu n a r se m id iu rn a l c o n s titu e n t is  supposed to  be d o m in a n t 
th e n  i t  is  co n ve n ie n t to  w r ite

0 =  Sna s in  n0  —  S nb cos n0  (4)

Z  =  Sa cos n 0  +  Sb s in  n 0  (5)

I t  w i l l  be supposed th a t  th e  o r ig in  o f  t im e  is  ta k e n  so c lose ly to  h ig h  w a te r 
o f  th e  se m id iu rn a l tid e  th a t  0  m a y  be ta k e n  as sm a ll, and  on exp a n d in g  cos n 6  

and sin  nö  in  te rm s  o f  n 0  we o b ta in  w ith  su ffic ie n t accuracy, b y  assum ing th a t
0  and  th e re fo re  Snb are sm a ll, and b y  re ta in in g  o n ly  th e  second o rde r o f  sm a ll 
q u a n tit ie s ,

6 S n2a =  S n b — ........

Z  =  Sa +  0 S n b --------- 6 2I ：n 2a —— ..........
2

B y  e lim in a tio n  o f  0 Snb we o b ta in  to  th e  same degree o f  accuracy 

Z  =  Sa +  —  6 2Sn2a ........

(6)

.  •• (7) 

T he  above fo rm u lae  are q u ite  genera l in  th a t  th e  su m m a tio n  app lies to  
each c o n s titu e n t, b u t  in  w h a t fo llow s  we sha ll consider as a w ho le  th e  sem i
d iu rn a l tid e  w ith in  a span o f  one day , and  s im ila r ly  w ith  th e  o th e r species. As 
th e  t im e -o r ig iu  is  a t h ig h  w a te r o f  th is  se m id iu rn a l tid e  i t  fo llow s th a t  b 2 is 
zero, and  as a 2 is  a d o m in a n t q u a n t ity  i t  is con ve n ie n t to  denote i t  b y  A . I t  is 
also co n ve n ie n t in  fu tu re  to  exclude A  fro m  th e  su m m a tio n  sign so th a t  we 
replace S n2a b y  A + S n 2a, and Sa b y  A + S a . W e th e n  o b ta in

T  =  1.977 一  2SnbS^ -  (8 )
A  A

Z  =  A  +  Sa +  - ^ -  (Sub)» (9)



The last term s in  each expression are regarded as .‘correction te rm s，，in  
w h ich  i t  is perm issible to  in troduce approxim ate values, so th a t we replaced
1.977 b y  2. A c tu a lly , i f  we were to  expand to  h igher terms we should fin d  
th a t i t  w ould  be b e tte r to  replace 1.977 b y  2 th roughou t, and th is  w il l  be done 
in. fu tu re .

2. —  Application to a lunar tide
Since the  tid e  is approx im ate ly  lu n a r in  period we m ay tre a t i t  as t r u ly  

so fo r the p re lim in a ry  processes, and m ake corrections la te r. This means th a t 
we take  the  d iu rna l tide  as an e n tity , the  sem idiurnal tide  as an e n tity , and 
eo on. Therefore, we can take  n  equal to  h a lf the  species num ber.

N o t a ll the  term s in  the  expansions fo r the  “ correction te rm s”  are o f im p o r
tance, and we neglect the  con tribu tions from  the  th ird -d iu rna ls . Also we 
on ly  have the larger values o f a4, b 4, when A  is large and i t  is rare to  have bo th  
the  d iu rna l and qua rte r-d iu rna l tides re la tiv e ly  large a t the same tim e. The 
m ethod w il l  be applicable to  tides where the  d iu rna l tide  is about h a lf the 
sem idiurnal tide  in  range b u t then i t  is ve ry  probable th a t the quarte r-d iu rna l 
tide  is negligible. I t  is perm issible therefore to  neglect such products as 
b^a^, etc.

W ith  these s im p lifica tions we ob ta in

T __ _b i+ 3 b 3+ 4 b 4
A  A 2

A + a 0+ a 1+ a 3 + a 4+

( 了ai  b i +  I 6 a4 b 4 

(łb?+2h0 (11)A

3 . —— Notes on a and ß.
The f ir s t  processes o f analysis (Ins truc tions  I  to  V I I I )  consist o f the separ

a tion  o f the species o f tide . Since th e  d iu rna l contributions to  h igh  w ater 
are reversed in  sign every tw elve hours i t  follows th a t Z (2 )+ Z (0 )，using the 
n o ta tion  Z(s) explained in  I  to  I I I ,  w i l l  be approx im ate ly  free from  d iu rna l 
tid e ，b u t w il l  conta in  contribu tions fro m  the  sem idiurnal and quarte r-d iu rna l 
tides. S im ila rly  Z (0 )+ Z (— 2) w il l  be alm ost free from  d iu rna l tide . The 
f ir s t  com bination，however, is sym m etrica l about s = + 1 ，and the second com bi
na tion  is sym m etrica l about s =  — 1 ，and the  residual d iu rna l tides are opposite 
in phase in the two contributions. Therefore the addition of the two combina

tions will give a(0) as defined in I I I ,  and it has a double advantage —— it greatly 
dim inishes the d iu rna l tide  and is sym m etrica l about the  high w ater w ith  s =  0 . 
I t  is our u ltim a te  object to  have such, com binations sym m etrica l about s =  0， 
and therefore, though we have also to  compute such functions as a (l) , a(2 )， 
a(3) th e y  are u ltim a te ly  combined again sym m etrica lly  w ith  s =  0, as in  V I ,  
V I I ，and V I I I .

4. —  Formulae for a, ß, 丫，S

We have now  to  in te rp re t the  functions a and ß according to  the  expan
sions (10) and (11). F o r th is  purpose we m ay tre a t the  equations as though 
we were dealing pu re ly  w ith  luna r constituents. I t  was fo r th is  reason th a t 
we have computed a and ß, 丫 and S so th a t  th e y  are re lated to  a common tim e 
on s =  0. W e m ay take Z(— 1) =  Z(3), and Z(— 2) =  Z(2), etc. The d iu rna l 
constants ^  and bx are reversed in  sign a fte r 1 2  luna r hours, and so are a 3  and 
b 3. W hen the  tim e origin, is changed to  low  w ater o f the sem idiurnal tide  then 
ax, ht become b l9 一 al9 and a 3, b 3 become 一b 3, a 3 ; A  becomes 一A  ; the quarter- 
d iu rna l constants are unchanged. We shall denote b y  S the tim e  o f  h igh  w ater 
o f the  sem idiurnal tide  re la tive  to  the  solar tim e  scale. Hence we obta in
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A  +  a。+  a4 H-- —~  h? +  2 bf) =  a0_ +  a2 +  a4

- A  +  a。+  a 4 -------- —~~ (了 a ? +  2 b ! )  =  a。—  a2 +  a4

S~1------^ --------- —  (了 ax b x +  I 6 a 4 b 4)  =  S +  ß2 +  ß4

■j-----ax b x —  16 a 4 b 4)  =  S —  ß2 +  ß4

(18)

A
whence

ao +  « 4  =  a0 +  a 4 +
士  [ 去 (b? -  a?)

A  +  — I —  (a? +  b?) +  2

ß4 [ t

(19)

a i b i
A  A2 

= S —  ±  [1 6  a4 b 4 

S im ila rly , we obta in

(20)

丫 (0 ) =  a j+ a 3 

Y( l )  =  b i— b 3 

£(0) =  A  S(0) =  b j  -|- 3b 3 

s ( l)  =  A  8(1) =  ax —  3a3

The f ir s t  equation in  (19) shows the  necessity fo r m aking an assumption 
regarding a4. W e shall therefore assume th a t w ith, a suffic ient degree o f appro
x im a tio n

a 4 =  xA 2 =  Xa| (21)
and the  mode o f  computation, o f X w il l  be exam ined la te r.

W e now  replace t lie  values o f a and b in  the  correction, term s b y  the  appro
p ria te  values o f a， ß 丫， S and we w rite

士 卜 ( 0 ) +  S2  ⑴ +  2 PI

S2( l ) — s2(0)
(22)

c s =  ~ r  s(0) s( l )4
c 4 =  16 Xb4 

and then  ob ta in
A  =  a2 —  a2C! 

a0 + a 4 =  «o +  a 4 +  a2c 2

— 丁  A ( ß 4+ C 3) (23)



F o r th e  d iu rn a l and th ird -d iu rn a l tides  we have

a3 =  —  [丫(0) - s⑴  j  »1 =  y (0) —  a3 =  - i -  [ 3 丫(0) +  £(1) j  I

丨 （24)

b3 = [s(0) -  r(l)J = 丫(1) + Ł3 = [3丫⑴ + e(0)j J

The above equations together with (15) - (17) give all the details of calcu

lations required to obtain a, b for each species of tide.

5. —  Numerical tests o f  formulae.
The accuracy o f th e  fo rm u lae  can be dem onstra ted  b y  a p p ly in g  th e m  to  

th e  values o f Z and T  fo r  a lu n a r sem id iu rna l t id e  w ith  u n it  am p litude  and 
phase lag zero and a lu n a r d iu rn a l t id e  w ith  u n it  a m p litu d e  and phase lag  g. 
Hence A  =  1 , b 2 =  0, aL =  cos g, h !  =  sin g. The ca lcu la tions o f Z  and T  
can be effected w ith  g rea t exactness, w ith  resu lts  as fo llow s :

g a b Z  (0) Z  ( 1 ) Z  (2) Z  (3) T  (0) T  ( 1 ) T  (2) T  (3)

0 o 1.000 0.000 2.000 -1 .125  0.000 -1 .125 0.000 0.965 0.000 -0.965
2 0 ° 0.940 0.342 1.952 -0 .779 0.079 —1.444 0.264 0.996 -0 .429 -0.832
400 0.766 0.648 1.809 -0 .445 0.298 -1.706 0.516 0.884 -0 .768 -0.632
60。0.500 0 . 8 6 6 1.583 -0 .174 0.607 -1.892 0.738 0.614 -0 .959 -0.393
80。0.174 0.985 1.290 - 0 . 0 2 0 0.953 -1.988 0.909 0 . 2 2 0 —0.996 -0.133

F ro m  these we re a d ily  de rive , w ith  Z (-1 ) =  Z (3), e tc , the  values o f 
a，ß, 丫，and t  as g iven be low

g a0 + « 4  «2 丫 (0) r(l) ß2 ß4 £ (0) £ (1)

0 。 -0 .062 1.062 1 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0 . 0 0 0 0.965
2 0 0 -0 .048 1.064 0.936 0.332 0 . 0 0 0 -0 .082 0.346 0.914
40° - 0 . 0 1 1 1.065 0.755 0.630 0 . 0 0 0 -0 .126 0.642 0.758
60° 0.031 1.064 0.488 0.859 0 . 0 0 0 - 0 . 1 1 0 0.848 0.504
80。 0.059 1.063 0.168 0.984 0 . 0 0 0 -0 .044 0.953 0.176

I f  we then a p p ly  the  app rop ria te corrections we o b ta in  resu lts y ie ld in g
m a x im u m  errors as fo llow s.

0 .005  0 .002 0 .012  0 .012  0 .000  0 .001 0 .035  0.035 
in  in  in  in  in  in  in  in  
âQ -A. 1>2 Ł 4 L j  3.J

(A c tu a lly  the  fo rm ulae fo r  ß and s are n o t qu ite  correct fo r  here we are ta k in g  
th e  speed o f th e  cons tituen t as 30° per m .s.h. whereas th e  fo rm u lae  are based 
upon a speed o f 29° per m .s.h. Hence th e  values o f ß and s should be m u ltip lie d  
b y  1.035，and the  m a x im um  errors in  z are then  reduced to  0.023).

The errors in  丫 v a ry  as the  square o f th e  am p litude  o f th e  d iu rn a l tid e  
re la tive  to  th a t o f  the  sem id iu rna l tid e , w h ile  those in  s v a ry  as the  cube o f the  
re la tive  am plitudes. T h is  exam ple has been chosen to  dem onstra te  th a t even 
w ith  the  case o f  e q u a lity  o f  d iu rn a l and sem id iu rna l am p litudes the  fo rm ulae 
are reasonably accurate. N o rm a lly  i t  is n o t in tended  th a t th is  m ethod w il l  be 
used w ith  such re la tiv e ly  la rge  d iu rn a l tides.



« 2 a 0 +  a4 a0 + a 4 a| Facto rs

Sum  o f  p ro duc ts  w ith  
fac to rs R a tio 0.0100

T he  va lue  o f  a 4 fo llow s fro m  Xa| and on su b tra c tio n  fro m  (a 0 + a 4} we get the  
values o f  a0. I f  these show any  m arked  secular v a r ia tio n  th e n  d a ily  values 
can be in te rp o la te d .

I t  m a y  be n o ted  th a t  th e  above procedure corresponds to  ta k in g  th ird  
differences in  (a0 + a 4) and in  a | ,  th e  reason be ing  th a t  i f  the re  is a secular 
v a r ia tio n  i t  is  e lim in a te d  b y  ta k in g  second differences, w h ile  th e  th ir d  difference
corresponds to  ta k in g  average values o f  
as fo llow s

th u s  differences m a y  be fo rm ed

— 0.13
0 .4 4

— 0 .3 8

0 .5 7  
*~ 0 .8 2 1 .39

25

46
3

— 18
39

— 43

57
— 82 -139

E v id e n t ly  in  th is  exam ple  th e  ra tio s  o f  th e  second differences (0.57/57, 
0.82/82) g ive  id e n tic a l va lues o f  X.

7. —  Transference to lunar scale o f  time.
The va lue  o f  S is th e  t im e  o f  h ig h  w a te r o f  th e  sem id iu rna l t id e , and th is , 

fo r  a ll va lues o f  a and b , has been ta k e n  as th e  d a ily  origin, o f  tim e . These 
values o f  a and b , how ever, are expressed re la t iv e ly  to  a tim e  scale w h ic h  is 
n o t u n ifo rm . W e cou ld  tra n s fe r each d a y  th e  t im e  o r ig in  to  zero ho u r o f  th e  
solar day , b u t  th a t  w o u ld  in v o lv e  a know ledge o f  th e  periods o f  th e  separate 
species o f  tides . Less e rro r is  in cu rre d  i f  we tra n s fo rm  to  a t im e  scale w h ich  
is lu n a r as we are o n ly  tra n s fe rr in g  [th rough  a sm a ll in te rv a l o f  tim e . The 
m e thod  o f  do ing  th is  is exp la ined  in  ( X IY )  and (X V ).

S im ila r num erica l tests have been m ade w ith  a q u a rte r-d iu rn a l t id e  whose 
a m p litu d e  is one -ten th  o f  th e  a m p litu d e  o f th e  sem id iu rna l t id e ，a va lue  w h ich  
is a b n o rm a lly  h ig h . The  m a x im u m  errors are th e n  0 . 0 0 1  in  A , 0.003 in  a4， 
0.005 in  b 2, and 0.005 in  b 4.

6 . —  Calculation o f  a 4  and a0.
The  assum ption  a 4  =  XA 2 =  Xa^, a p p ro x im a te ly , has been w e ll estab lished, 

b y  th e o ry  and experience. A n  obv ious m e thod  o f  d e te rm in in g  a0 and X is 
to  eva lua te  th e  te rm s o f  th e  equa tion

a0+  XA2 =  <x0+  a4+  a 2c 2

fo r  springs and  neaps，b u t such a m e thod  can g ive  erroneous resu lts  i f  the re  
is a secular change in  a0. T h is  secular change can be de te rm ined  b y  th e  fo l
lo w in g  m e thod , w h ic h  also gives a va lu e  o f  X p u r if ie d  o f  secular p e rtu rb a tio n .

The m e thod  is to  solve fo r  a 0 and. X fro m  one equa tion  fo r  springs and th e  
o th e r fro m  th e  m ean o f th e  equations fo r  th e  ad jacen t neaps. S im ila r ly , values 
fo r  a 0 and  X can be de rived  fro m  an  equa tion  fo r  neaps and th e  mean 
equation from adjacent springs. The mean values of X are then the 

best th a t  can be ob ta ined . I t  is re a d ily  shown th a t  th is  procedure is e q u i
v a le n t to  fo rm in g  th e  fo u r equations fo r  springs and neaps (or neaps and springs) 
in  due o rde r and a p p ly in g  th e  fac to rs  — 1 ，3, — 3, 1  to  each o f  th e  te rm s, and 
to  d iv id e  th e  sums o f th e  p roducts , as in  th e  fo llo w in g  a r t if ic ia l exam ple :
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7.90
7.95
8.00
8.05

0.25
0.07
0.46
0.03
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8 . —  The transference o f origin o f time for each day.
The d iu rna l tide m ay be considered as having a speed w hich is variable 

from  day to  day, and s tr ic t ly  speaking we ought to  make use o f th is  variable 
speed, b u t in  practice i t  is suffic ien tly  accurate to  take the  mean speed o f 140.5 
per mean solar hour fo r the  purpose o f transferring al9 b l9 to  the  new tim e 
orig in , as the  tim e-transfer is b u t small.

R elative to  the special lunar tim e we have the d ium a l tide  defined b y

ax cos 14°5 ( t  —  F) +  Ł i sin 14°5 (1 - ¾  (25)

where ß is the tim e ，in  mean solar hours, o f the sem idiurnal tide  re lative to  the 
special luna r tim e.

The above expression is equal to

A x cos 14?5. t  +  B ! sin 14°5. t  (26)

where
A x — aŁ cos 9 l  —  bx sin <fx )

=  ht cos +  ax sin ( (27)
=  14°,5 ß )

As the quantities A l9 B 1? are now referred to  a un ifo rm  tim e scale they 
are expressible b y  harm onic terms whose phases increase u n ifo rm ly  in  lunar 
tim e.

9. 一 The interpretation o f  A  and B .
The quantities A  and B  are in  re a lity  the aggregate o f the values o f A  and 

B for the constituents of that species of tide. If V + u  is the astronomical 

argum ent at the origin, o f tim e  (S0 solar hours on the central day) then fo r 
each constituent

A  =  R  cos (g — V  — u —  [xL) ) m 、
B =  R  sin (g —  Y  —  u —  (aL) j   ̂ )

where L  is the num ber o f the  lunar day, taken pos itive ly  and negative ly w ith  
respect to  the central day L  =  0, and p is the increm ent o f the phase per mean 
lunar day.

Hence

A  == R  cos (r —  jx L ) )
B  =  R  sin (r —  y. L ) | (29)
r  — g —  Y —  u  }

are given in  Table 8 . 
o f jx, they  are given

10. —  Values o f phase-increments per lunar day.
The values o f (jl fo r the more im p o rta n t constituents 

Where tw o constituents have equal and opposite values 
together, and the second one in  the p a ir has a negative value o f 卜 Such consti 
tuents are called “ co n ju ga te s ' The phase increments are in  degrees per 
lunar day.

This present exposition on ly  deals w ith  observations covering 32 days 
o f solar tim e (31 days o f lunar tim e) so th a t theoretica l considerations have to  
be used to  separate Px from  K 1? v2 from  N 2，T 2 and K 2 from  S2，b u t as M S /is  
m a in ly  due to  shallow w ater tides i t  is not practicable to  separate M S / and M /  
from  one m onth ’s observations. ( I f  tw elve months9 analyses were available 
then the analysis could be effected). To separate (jl2 and 2 N 2 we m ust f ir s t ly  
deduce 2 N a from  N g and M 2 and then correct the ana lytica l results to  obtain{x9.



29.00

F or the conjugate constituents the  values o f D tt to  D j  are reversed in  
sign. The values fo r S2 are applicable to  M S 4 as they  have the  same value o f 
[i-, and s im ila rly  fo r o ther constituents.

I f  these operations are effected on A  and B  as expressed b y  (29) we get 
quantities such as A X1, A ia  where the f ir s t  suffix  indicates th a t A x has been 
used and the  second suffixes ind icate  th a t d L and da have been used. F rom  
(29)，therefore, we have

A u  =  S D j R  cos r  B u  =  S D X R sin r
A ia  =  SDa R  sin r  B ia  =  ~ 2 D a R  cos r

w ith  s im ila r form ulae fo r the  rem ain ing functions.
As each func tion  derived fro m  A x contains m ajor con tribu tions from  one 

constituen t and its  conjugate, w ith  m ino r contribu tions from  a ll o ther d iu rna l 
constituents, i t  is essential to  combine a ll the functions A 10, A X1, A 12, A 13, in  
order to  e lim inate the  m inor contribu tions. The form ulae fo r th is  are given 
in  Tables 3 and 4 ; fo r example, the  com bination

=  1.000 A n +0 .259  A ia —  0.138 A 18  (31)

is entirely free from diurnal contributions other than and its conjugate O x. 
From  (30) we see th a t we can w rite

A u  =  SD /l  R  cos r  (32)

w ith
=  1.000 D ^ O .2 5 9  D a 一 0.138 D ,

N o values o f p are given fo r s ix th -d iu rn a l constituents as th e y  are inse
parable from  the sem idiurnal constituents. The long-period constituents are 
n o t included in  th is  analysis o f a m on th ’s observations.

11. —  Analysis o f A  and B : monthly processes.
The m o n th ly  processes o f analysis o f A  and B are s im ila r to  those used 

in  the  au thor's  standard methods. D a ily  m u ltip lie rs  士2 ，± 1 ，0 ，are used as in  
his standard m ethod o f analysis o f h o u rly  heights, (Doodson, 1928), in  prefe
rence to  the  sim pler set ± 1 ，0 w hich  he provided fo r the  A d m ira lty  M ethod. 
(The la tte r  could be used b u t special tables o f corrections w ould need to  be 
calculated). The m u ltip lie rs  are g iven in  Table 2 fo r L  =  — 14 to  + 1 4 .

The m u ltip lie rs  d0, dx, d 2, d 3, d 4, when applied to  d a ily  values o f cos(i L  
produce on sum m ation quantities called D 0, D l5 D a, D 8, D 4. They have zero 
resu lt when applied to  sin (i L . S im ila rly  m u ltip lie rs  da to  d j  have zero resu lt 
when applied to  cos (xL b u t give quantities D 0 ，D ft，D c ， w i t h  sin |xL.

The fo llow ing  tab le  gives the  values o f D  fo r the  p rin c ip a l constituents. 

M a L a S2 2  SM 2 K , J x 0 0 ,

-2.29
6.60

10.69
27.73
10.98

2.37
-6 .99
30.45

6.47
- 2.68

-2 .56
29.17

3.32
0.73

-0.73

0.48
0.36
0.75

-1.04
30.96

0.48
-2.49
31.56

2.08
- 1.12

-2.36
29.15

3.07
0.80

-0.79

D 0

D i
D ,
D ,

-1.62
6.07

-22.06
-11.79

3.49
-25.61
-9.17

3.84

-27.54
-5.78

4.79
-0.58

-1 . 0 0

0.54
2.30
!8.32

1.28
-29.14

-2.24
1.31

-27.75
-5.36

4.59
-0.46

D a
d 6

Do



a0 +  a4，ßi
a 2 , ß2 

T(0), £(0)
T ⑴，S ( l)

cos2 6  p. cos2 3 
cos2 6  p. s in 2 3 

s in 4 6 p 
s in 3 6  p

The coefficients fo r  M x, M 2, M 3, M 4 are, o f  course, e ith e r u n ity  o r zero, so 
th a t the  processes are exact fo r  these cons tituen ts , fo r  ^ h ic h  {i =  0 , and the  
departures fro m  zero or u n ity  v a ry  as in  a ll cases except 丫( 1 )，8 ( 1 ) where 
the  departures v a ry  as (i3. The co n s titu e n ts  S2, K x and Ox are th e  o n ly  ones 
whose p e rtu rb a tio n s  cou ld  be o f m om en t, and th e  above values show th a t  
th e ir  p e rtu rb a tio n s  are neg lig ib le .

The fac to rs  near u n ity  can be a u to m a tic a lly  inc luded  w ith  those o f the  
previous paragraph , fo r  a ll th e  co n s tituen ts .

I f  we re-exam ine th e  mode o f deriva tion , o f  ax, b l5 a 3, b 8 in  (24), we see th a t  
£(0 ) and s ( l )  were de rived  fro m  (8 ) b y  ta k in g  th e  va lue  o f  n  equal to  th e  mean 
va lue w ith in  th e  species. L e t n x and n 3 denote th e  ra tios  o f  n  to  th e  m ean 
value w ith in  jthe  species, so th a t  i i j  =  2o /o0, n 3 =  2 a/3a0. A lso le t dashes 
to  a and b denote th e  co n s titu e n t values. T hen  we have

S(0) =  S n ib  1 + 3 S n 3b  8 丫(0) =  Sa x + 2 a  3 

£(1 ) =  S ilia  { — 3Sn3a 3. 丫(1 ) =  2 b Ł — Sb 3

S im ila r in te rp re ta tio n s  and usages a p p ly  to  a ll th e  fo rm u lae  fo r  D ' w h ich  
are app licab le  to  d iu rn a l fu n c tio n s  and also to  th ird -d iu rn a l func tions . A  
second set o f com b ina tions , denoted b y  D " , applies to  long -pe riod , sem id iu rna l, 
and q u a rte r-d iu rn a l cons tituen ts , w ith  s im ila r in te rp re ta tio n s .

12. —  Reconsideration o f  A  and B.
T w o  m a tte rs  need to  be considered :
( 1 ) th e  effects o f  th e  mode o f  c o m p u ta tio n  o f  a(0 ) and ß(0 ) and o the r 

q u a n titie s  in  (15) to  (17) on th e  a m p litu d e  o f  any  co n s titu e n t ;
(2 ) th e  effects o f  n  in  th e  values o f  ß.
L e t p denote th e  speed o f a c o n s titu e n t in  degrees per mean lu n a r hou r.Then  

a co n s titu e n t can be de fined  b y

A  cos pt +  B  sin pt

and i f  we ta ke  t  a t in te rv a ls  o f  6  lu n a r hours, a p p ro x im a te ly , w ith  t  =  0  fo r  
Z(0), t  =  12 fo r  Z(2) and t  =  — 12 fo r  Z(— 2) then, i t  is e v id e n t th a t  a(0) has 
no c o n tr ib u t io n  fro m  B  and th a t  th e  coe ffic ien t o f  A  is

— ( 2 + c o s  1 2  p + cos  1 2  p )  =  ( 1 + c o s  1 2  p )  =  cos26 p

The same fa c to r is ob ta ined  fo r  ß(0), a ( l) ,  and ß (l) . F o r a^O), j3x(0), a ^ l ) ,  
and ß i( l)  we have th e  fa c to r

~  ( 2 —  cos 1 2  p —  cos 1 2  p j =  —  i 1  —  cos 1 2  p ) =  sin 2 6 p 
4  \ / 2 \ J

and in the same way we can find factors for all the processes in (15) to (17). As 

a ll these processes are centra lized  on s =  0  we have pure  factors  to  deal w ith  
and have no com p lica tions fro m  in te r-a c tio ns  as to  phase. The factors are 
as fo llow s :

Coefficient Value o f  coefficient fo

K i
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and in  place o f  (24) we have

1 / 3 /
a i =  —  S ( 3 + n x) a i --------- S (n 3— 1) a 3

4 4

b x =  - i - S  ( 3 + n i) b i  +  冬  S (n 3— 1) b 3 I
, (35)

a 3 =  —  s  ( l  +  3n3) a ------— S (%— 1) a i  Í
4 3 4 I

=  —  S ( l + 3 n 3) b  3 -j------- S (n L— 1) b j  !
4 4 j

As the  th ird -d iu m a l constituen ts  are sm a ll and (n 3— 1 ) is v e ry  sm all, th e ir  
corrections to  ax and b x can be ignored . T he  d iu rn a l cons tituen ts  K x and 0 X

w il l  p e rtu rb  a 3  and b 3 s lig h t ly  ; th e  va lue  o f —  (n^— 1) is a b o u t 0.035 fo r  each,
4

so that the perturbation has an amplitude of 0.009 of those of K r and O x. Owing* 

how ever, to  th e  transference o f tim e  o r ig in  th e  p e rtu rb a tio n s  w i l l  n o t have 
th e  same increm ents  o f phase per lu n a r d a y  as M K 3 and M 0 3 so th a t  th e  effects 
o f  th e  p e rtu rb a tio n  o f A 3 and B 3 m a y  be ignored .

H ence we see th a t  the d iu rn a l co n s titu e n ts  c o n tr ib u tin g  to  a.x and b L, and

thence to  A x and B x, have a fa c to r —  (3 + % )  and th e  th ird -d iu m a l cons tituen ts
. 1 4 . . 
in  A 3 and B 3 have a fa c to r —— （l + 3 n 3). A c tu a lly , these th ird -d iu m a l consti-

4
tu e n ts  are so sm a ll th a t  in  p rac tice  th is  fa c to r can be ignored .

In  th e  same w a y  we have
b 4  =  S n 4 b \  (36)

The transference o f th e  tim e  o r ig in  also needs considera tion . F o r the 
d iu rn a l cons tituen ts , each co n s titu e n t shou ld  be com puted  b y  using  
cos r i!  (14°.5ß) and sin n !  (14°.5ß), whereas we have ta ke n  n L to  be u n ity .  T he  
e rro r is abou t 0.009 K x o r Ox, b u t th e  s h ift o f  th e  tim e  o r ig in  in troduces so 
m a n y  com p lica tions  and spreads the  e rro r ove r so m a n y  cons tituen ts  ow ing  to  
th e  p e r io d ic ity  o f  ß th a t the co rrections m a y  be ignored . The same conclusion 
applies to  a ll o th e r species, except fo r  th e  sem id iu rna ls . I t  should be no ted  
th a t  ß is de rived  fro m  sem id iu rna l co n s titu e n ts , and the re fo re  B 2 w i l l  co n ta in  
sem id iu rna l cons tituen ts  w ith  am p litudes p ro p o rtio n a l to  n 2.

13. —  Calculation o /R  cos r  and R  sin r .
• /  . ,The fu n c tio n s  A  u , e tc., as com puted  in  pa rag raph  11，and w ith  th e  correc

tio n s  in d ica ted  in  paragraph  1 2  g ive resu lts  as in d ic a te d  be low  fo r  K x and 0 L ;

A  u  =  30 .03  (R  cos r)K  +  29 .46  (R  cos r)o

B  ia  =  28 .64  (R  cos r ) ^  —  2 8 . 10 (R  cos r)o

N o  o th e r cons tituen ts  co n tr ib u te  to  these fu n c tio n s . The so lu tion  o f  these 
tw o  equations gives resu lts as in  ( X X V I I )  and T ab le  5.

14. —  The calculation o / H  and g.
The in s tru c tio n s  in  ( X X V I I I )  are su ffic ien t, b u t th e  com pu te r is supposed 

to  be fa m ilia r  w ith  n o rm a l t id a l processes o f th is  ty p e . S tandard  Tab les o f Y , 
f  and u  m a y  be used, i f  ava ilab le , o r reference m a y  be made to  th e  a u th o r ’s 
paper on th e  A na lys is  o f T id a l O bserva tions, c ite d  below .



15. —  Alternative methods o f  analysis o f  A  and B .
The m u ltip lie rs  d  used in  th is  ana lys is  are those n o rm a lly  used b y  th e  

T id a l In s t itu te .  T he  A d m ira lty  M e th o d  uses m u ltip lie rs  l im ite d  to  + 1 ，一1， 
o r 0. These cou ld  be used, b u t  i t  w o u ld  be necessary to  eva lua te  corresponding 
tab les to  replace Tables 3, 4, 5. As th e  tim e-sca le  is lu n a r and n o t so lar, th e  
e x is tin g  tab les, as used in  th e  A d m ira lty  M e thod , are n o t app licab le .
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THE ANALYSIS OF H IGH A N D  LO W  WATERS.
(Part II : Large Diurnal Inequalities).

b y  D r A . T . D o o d s o n , F .R .S .

IN T R O D U C T IO N

T he  M e thod  o f  A na lys is  described in  P a rt I  is based upon  c e rta in  series 
expansions, o f  w h ic h  o n ly  th e  f i r s t  fe w  te rm s can be used c o m p u ta tio n a lly . 
T he  m e th o d  has a v e ry  w ide  range o f  a p p lica tio n  as i t  can be used even w hen  
th e  d iu rn a l tid e  on a ny  d a y  is  as m uch  as h a lf  th e  se m id iu rn a l tid e  on th a t  day . 
F o r g rea te r d iu rn a l in e q u a litie s  i t  is necessary to  devise a fresh  m e thod .

T he  m e th o d  described in  th is  p a r t  is  m ore com prehensive th a n  th a t  g iven  
in  P a r t I .  I t  can be used in  place o f  th e  p rev ious  m e thod  b u t i t  is a l i t t le  m ore 
d if f ic u lt  fo r  th e  com pu te r, and n o rm a lly  th e  m e thod  o f P a rt I  w i l l  be used w here 
possible. T he  new  m e thod , how ever, requ ires  th e  existence o f  tw o  h ig h  w aters 
and tw o  lo w  w ate rs  per day , even th o u g h  a n y  ad jacen t tides  te n d  to  m erge 
in to  one ano th e r. W h e n  th e  d iu rn a l t id e  becomes p re d o m in a n t a n o th e r 
m e th o d  m u s t be used.

A  new  p r in c ip le  o f  ana lysis has been developed fo r  th is  m e thod . I t  is show n 
th a t  th e  com p lex  tides can be rep laced b y  e q u iva le n t so lar tides  each day, 
and th e  processes o f analysis w ith  these e q u iva le n t tides are o f  a v e ry  s im p le  
cha rac te r. T h is  new  m e thod  is v e ry  p o w e rfu l and can be app lied  to  m a n y  
k in d s  o f  t id a l  p rob lem s. The  m e thod  depends upon  in te rp o la tio n  in  sequences 
o f  t id e s  a t in co n s ta n t in te rv a ls  so as to  o b ta in  a co rrespond ing  sequence a t 
co n s ta n t so la r in te rv a ls  o f  t im e  (w h e th e r lu n a r o r so lar does n o t m a tte r, b u t 
in the present application the constant intervals are solar days). If this is 

done fo r  a ll sequences th e n  the  reduced tides  on a g iven  d ay  are a ll g ive n  in  
te rm s  o f  as tronom ica l d a ta  a t zero h o u r and th e  reduced d a ta  de fine  reduced 
tides  w h ic h  are so lar in  cha rac te r.

The  process o f  in te rp o la tio n  is s im p lif ie d  i f  a ll tim e s  are expressed in  te rm s 
o f  a so lar day , and th is  nove l m e thod  is  used in  th e  p resen t in v e s tig a tio n .

F o llo w in g  th e  s ty le  o f  exp o s ition  adop ted  fo r  P a rt I ,  d e ta iled  in s tru c tio n s  
fo r  c o m p u ta tio n  are g iven  firs t, w ith  th e  m in im u m  o f  e xp la na tio n , and th e  
th e o ry  is g ive n  las t.

Instructions fo r  analysis (Part 11)

( In  o rde r to  a vo id  confusion  w ith , th e  com p u ta tio n s  in  P a rt I  th e  tab les 
and  sheets re fe rred  to  in  th is  p a r t w i l l  be num bered  consecu tive ly  to  those o f  
P a r t  I ) .

I  (Sheet V I ) .  The  solar tim es o f  h ig h  and lo w  w a te r in  hours and 
m in u te s  are conve rted  b y  means o f  T ab le  9 to  tim es  w ith  one m ean so lar d ay  
as u n it ,  and  th e  resu lts , to  th ree  decim als, are en tered in  co lum ns 1 to  4 in  
sequences s =  0 to  3 as in  P a r t I ,  In s tru c t io n  I ,  e xcep t th a t  w hen  th e  tim es 
pass th ro u g h  m id n ig h t the re  w i l l  be a gap le f t  in  th e  co lum n , as u s u a lly  occurs 
in  tid e -ta b le s .

I I .  T he  correspond ing  he igh ts  are en te red  in  co lum ns 5 to  8 ，n o rm a lly  
to  0 . 1  f t .

I I I .  C onsidering th e  tim es fo r  s =  0, le t  8  denote th e  in c re m e n t o f  t im e  
on d a y  (x  — 1 ) to  th e  t im e  on d ay  x . W e prepare a set o f  reduced (o r in te rp o la te d ) 
tim es, b y  d iv id in g  th e  t im e  <p on d a y  x  b y  ( 1 +  8 ) ; th e  same process is app lied



dow n th e  co lum n  and fo r  th e  o th e r sequences, and th e  resu lts  are entered in  
co lum ns 9 to  12. These va lues are re a lly  in te rp o la te s  to  zero h o u r o f  d ay  x , 
and  w hen  <p passes th ro u g h  m id n ig h t th e re  are tw o  possib le in te rp o la te s . A n  
exam ple  w i l l  he lp  to  c la r ify  th e  m e th o d .

Day Observed times ( 1 +  8 ) Reduced times

8 = 0  1 2  3

13
14
15

0.427 0.713 0.937 0.132 
0.445 0.751 —  0.159 
0.464 0.789 0.002 0.186

1.018 1.038 —  1.027
1.019 1.038 1.065 1.027

0.437 0.724 0.941 0.155 
0.455 0.760 0.002 0.181

H ere , fo r  s =  1, 8  =  0.751 —  0.713 =  0.038 on d a y  14, so th a t  th e  reduced 
tim e  is 0.751/1.038 =  0.724. F o r s =  2 the re  is a gap and th e  tim e  in c re m e n t 
is  re a lly  e q u iva le n t to  1.002 —  0.937, i f  we a llo w  fo r  th e  elapsed day , so th a t  
th e  va lue  o f  S is 0.065, and th e  reduced  va lue  is  1.002/1.065 on d a y  14，b u t 
in  th e  same sequence fo r  d a y  15 th e  reduced tim e  is 0.002/1.065. I t  is  n o t 
necessary to  m ake p ro v is io n  fo r  w r it in g  dow n th e  va lue  o f  (1 +  S) as i t  is 
obv ious  fro m  inspec tion .

I n  certain, cases th e  tim es change a b ru p t ly  so th a t  th e  values o f  8  become 
la rge . I n  such cases th e  m e thod  o f  in te rp o la t io n  exp la ined  above is n o t su ffi
c ie n tly  accura te  and a g raph ica l m e thod  is p re fe rab le . I f  in  sequence s =  0 we 
p lo tte d  th e  tim es  0.427, 0.445, 0.464 aga ins t th e  tim e s  13.427, 14.445, 15.464 
and  th e n  read  o ff  fro m  th e  g raph  th e  va lues a t tim e s  14.000, 1 5 .0 0 0 ,... 
we w o u ld  o b ta in  th e  re q u ire d  in te rp o la te s . I t  is  o n ly  in  ra re  cases th a t  i t  is 
necessary to  reso rt to  th e  g ra p h ica l m e th o d .

I V  T he  correspond ing  reduced he igh ts  in  co lum ns 13 to  16 are ob ta ined  
b y  in te rp o la tin g  in  th e  observed he igh ts  accord ing  to  th e  reduced tim e s，as in  
th e  fo llo w in g  exam ple .

Day Observed heights Increment per day Reduced heights

13
14
15

17.45 9.25 12.95 7.85 
17.05 8.5 —  9.55 
16.7 7.75 12.95 11.25

-0 .4 0  -0 .7 5  
-0 .3 5  -0 .7 5

- 1 . 7 0  
0.0 1.70

17.2 9.0 
16.9 8.3

12.9 9.3
12.9 10.9

The  fo rm u la  is

Reduced) 
h e ig h t j

Observed) 
h e ig h t j

( In c re m e n t fro m  
( p re v io u s  d ay

X
(Reduced) 
( t i m e  )

The  process is  exceed ing ly  s im p le  as th e  increm en ts  o f  h e ig h t pe r d ay  
are u su a lly  q u ite  sm all. I n  exce p tio n a l cases, w here th e  h e ig h t is chang ing  
v e ry  q u ic k ly , a g raph ica l m ethod  is  desirab le , as w ith  th e  tim es. H e re  th e  
observed h e ig h t is  p lo tte d  aga inst th e  reduced  tim es , in  days p lus  th e  decim als, 
and th e  values read o ff  fro m  th e  graphs a t zero h o u r o f  each day.

V . I t  is  necessary to  de te rm ine  th e  va lue  o f  m ean sea le ve l fo r  th e  m o n th  
and also th e  fo rm u la  fo r  one phase o f  th e  q u a rte r-d iu rn a l tid e . T he  m e thod  
is l ik e  th a t  used in  P a rt I .

L e t z(s) denote values o f  reduced he igh ts  in  sequence s, and in  th e  space 
p ro v id e d  on Sheet I X  com pute  th e  fo llo w in g  q u a n tit ie s  fo r  springs and neaps



(o r neaps and springs) in  due order.

e 0 =  ~  [z(0) +  z(l) +  z(2) +  z(3)]
4

C2 =  —  [Z(°) —  Z( i )  +  Z(2) —  Z( 3)]
4

ei  =  ~  K 0) — z(2)]

Z

T h e n  we compute

(e ? - £ ? )/1 6 e 9

■and add to  e0 to  give
a0 +  a 4

As in  P a rt I  we assume
a 4  =  X e|

and proceed to  de te rm ine  th e  va lue  o f  X and th e  m ean va lue  o f a0  as in  P a r t I .
I t  is n o t a lw ays easy to  de te rm ine  th e  days on w h ich  springs and neaps 

occur but it is not essential to have actual spring or neap tides, for the calcula

tion of X only requires that the values of e2 should be large in two cases and 

small in the other two cases.

V I .  I t  w i l l  be su ffic ie n t to  take  a m ean va lue  o f a 0  fo r  th e  m o n th , and 
th e n  in  co lum ns 17 to  20 com pute

V I I .  I n  co lum n  21 com pute  
t =  th e  appro?

In  n o rm a l cases th is

4 t  =  t(0) +  [t(l) —  0.250] +  [t(2) —  0.500] +  [t ⑶ — 0.750]

th e  ap p ro x im a te  tim e  o f  h ig h  w a te r o f  th e  sem id iu rna l t id e  fo r  th e  day. 
es th is  is ob ta ined  fro m  th e  fo rm u la

° r t =  一  [t(0) +  t(l) +  t(2) +  t(3) —  1.500] 
4

Whenever t has passed through 1.000 the remaining values in the column must 

be increased b y  1.000 fo r  th is  ca lcu la tio n . Thus fo r  th e  fo u r  values 0.445, 
0.746, 0.017，0.200, i t  is  e v id e n t th a t  th e y  should  be regarded as 0.445, 0.746, 
1.017，1.200.

V I I I .  I n  co lum n 2 2  en te r th e  va lues o f  t  +  0.250. 
(C olum ns 23 and 24 can be used la te r, i f  re q u ired ,i  , fo r  th e  values o f  2

and 3

I X .  (Sheet V I I ) .  I n  colum ns 25 to  28 en te r th e  values o f th e  re la tiv e  

times g iven  b y  T  =  t  -  ( x + 0 .250  s)

fo r  th e  values s =  0 to  3. These g ive , v e ry  c losely, th e  values o f th e  
times of high or low water relative to the times of high and low water 

o f  the  se m id iu rn a l t id e  fo r  th e  day. F o r s =  2 i t  is easy to  add 0.500 to  
th e  values o f  t ,  and fo r  s =  3 i t  is easy to  add 0.500 to  th e  values o f  t  +  0.250， 
as given in columns 21 and 22, and then to perform the subtractions required 

to  g ive  T .

X .  U s ing  Tab le  10 fo r  va lues o f cos 2nT , com pute
[a ] =  Z  cos 2nT

and en te r th e  resu lts  in  co lum ns 29 to  32. As usual, th e  values o f Z are used 
w ith  th e  corresponding values o f T  in  th e  same sequence.



X I .  In  colum ns 33 to  35, us ing  th e  va lues o f [a ] as th e  a p p ro x im a te  values 
o f a, com pute  to  2  decim als o f a fo o t th e  a p p rox im a te  va lues o f  a2, ax, and 
a/ l  fro m  th e  fo rm u lae

« 2 =  —  [a (0 ) —  a ( l)  +  a(2) 一  a(3)]
4

ai =  +  [a(0) —

—  [a⑴ 一 a(3)]

X I I .  —  In  colum ns 36 to  38 com pute  
and ß2, fro m  th e  fo rm u lae

a 4 =  ^-*2 ,  ß i  =  P 01! ,

th e  a p p ro x im a te  values o f  a4, ß4, 

ß2 =  8 a4 ß4 / a 2

^  =  [T (0 ) —  T ( l )  +  〒⑶一 _  X 1 .5 6 /ãa 

w here T  and a 2 are th e  means in  th e  m o n th .

X I I I .  The ap p ro x im a te  values o f  a t , a4, ß4 are used to  co rrec t the  
values o f [a ] ,  us ing  Tab les 12 and 13. T hus, fro m  co lum n  25，s =  0, use th e  
f irs t section o f Tab le  10 o r 11 accord ing  to  w h e th e r T  is p o s itive  o r nega tive , 
and multiply the corresponding values of al5 a \  , a4, ß4 by the tabular quan

tities on the calculating machine, and enter the sum of the products in column 

39, to  one decim al o f  a fo o t. T h e n  fo r  8  =  2 , w ith  T  in  column. 26, use the  
second sections o f  th e  tab les fo r  th e  m u ltip lie rs , and en te r th e  resu lts  in  co lum n
40 ; and so on.

X IV .  N o w  a p p ly  th e  same fo rm u la e  as are g iven  in  X I  to  th e  corrections 
to  [a ] ,  and add th e  resu lts , to  tw o  decim als o f a fo o t, to  th e  corresponding 
values o f a2, ax, arL . T he  corrected  va lues o f  a 2，a! and a\  are th e n  entered 
in  colum ns 43, 45 and 46. In  co lum n 44 we s im p ly  copy th e  values o f a4 fro m  
co lum n 36.

X V . C om pute the  va lue  o f  (a 0 -f- a4) fro m  th e  m ean o f  a ll th e  8  q u a n titie s  
[a ] and "co rrections to  [a ] " ,  in  co lum ns 29 to  32 and 39 to  42, and en te r th e  
resu lts  to  tw o  decim als o f a fo o t in  co lu m n  47.

X V I .  F ro m  colum ns 45 and 47, s u b tra c t th e  values o f  a 4 fro m  th e  values 
o f  (a 0 -f- a4), and en te r th e  resu lts  in  co lu m n  48. These values should a ll be 
sm all, and th e y  represent th e  va ria tion , o f  a0 d u rin g  the  m o n th . T h e y  are 
ava ilab le  fo r  th e  analysis fo r  long  pe riod  tides  i f  such are re q u ire d , b u t unless 
the re  are m a n y  m onths o f da ta  ava ila b le  i t  is useless to  analyse these values 
o f a0 as p a rt o f  th e  n o rm a l ro u tin e .

C om pute the  m ean va lue  o f  a0. T h is  is a co rrection  to  th e  va lue  used 
in  V I .

X V I I .  (Sheet V I I I ) .  
fro m  th e  fo rm u lae

N o w  com pu te  values o f  2 m 2 a in  co lum ns 49 to  52

S m 2a =  a 2 -f- 4 a 4 —— — a.x
4

S m 2a =  — a 2 +  4 a 4 -)------- a、
4

S m 2a =  .a2  +  4 a 4 --------- aL



X V I I I .  U s ing  T ab le  11 fo r  va lues o f  (2 s in  n T ) com pute

[ ß] =  (2 sin n T ) . S m 2 a

from values of T  in columns 25 to 28 and corresponding values ofSm2a in columns 

49 to  52. T he  values are g iven  to  tw o  decim als o f  a fo o t.

X I X .  C orrections to  [ ß] are com pu ted  in  th e  same w ay  as in  X I I I ,  us ing  
Tables 14 and 15，w ith  a p p ro x im a te  va lues o f  ax, a.fx a4, ß4, ß2 as in  co lum ns
34 to  38. T he  resu lts , to  one dec im a l o f  a fo o t, are g iven  in  co lum ns 57 to  60.

X X .  N o w  com pute  ß2, ß4, ß1? fro m  th e  fo rm u lae

ß2 =  +  [ ß ( 0 ) +  ß ( l ) +  ß ( 2 ) +  ß(3)]

ß* =  —  [ß (0) —  ß (l)  +  ß(2) —  ß(3)]
o

ßi =  _  — ß(2 )]

ßri =  [ ß ( l ) — ß(3)]

and e n te r th e  resu lts in  co lum ns 61 to  64. In  th e  fo rm u lae  th e  va lue  o f  ß is 
ta k e n  to  be th e  sum o f  [ß ] and its  co rre c tio n . As an exam ple , le t  th e  values 
o f  [  ß] and th e  co rrections be

1 .3  1 .0  — 1 .4  — 1 .2  and 0 .1  — 0 .1  — 0 .2  0 .1  

th e n  th e  va lues re q u ire d  are as fo llow s  :

ßa =  —  [(1.3 +  1.0 —  1.4 —  1.2) +  (0.1 —  0.1 —  0.2 +  0.1)] =  — 0.10 
4 

ß4 =  —  [(1.3 —  1.0 —  1.4 +  1.2) +  (0.1 +  0.1 —  0.2 —  0.1)] =  0.00 
8

ßx =  [(1 .3  +  1.4) +  (0.1 +  0 .2 )] =  3.0

ß\ =  [ ( 1 . 0  +  1 .2 ) +  (— 0 . 1  —  0 .1 )] =  2 . 0

X X I .  C om pute a 3, b 3, ax, b x, in  o rde r fro m  th e  fo rm u lae

a 3  =  — - [a j  +  ß,1] b 3 =  —  [ß i —  a、]
4 4

a l  =  a l —  a 3 b l =  a / l + b 3

using  th e  d a ta  in  colum ns 45 and 46, 63 and 64, and e n te r th e  resu lts  in  colum ns 
65 and 6 6 , 69 and 70.

X X I I .  (Sheet IX ) .  In  co lum ns 73 and 74, 77 and 78, e n te r th e  values
o f

a 2 =  a 2 , b 2 =  ß 2 ， a ‘  == a 4 , b 4 =

fro m  co lum ns 43 and 44, 61 and 62.

X X I I I .  I t  is now  necessary to  com pute  c e rta in  values o f  cosines and 
sines fro m  angles derived  fro m  th e  m ean tim es t  in. co lum n 2 1 . A  special 
ta b le  is g iven  in  Tab le  16. A t  th e  sides o f  th is  tab le  are co lum ns headed “ cosine”  
and “ s ine” ，and these co lum ns give th e  va lue  o f  r correspond ing  to  d ire c t 
read ings fro m  th e  ta b le . Thus th e  sine co rrespond ing  to  0.127 is ob ta ined  
b y  read ing  against 0 . 1 2  in  th e  le ft-h a n d  co lum n headed “ s in e ”  and 
unde r 0.007 a t th e  head o f  th e  co lum ns. S im ila r ly  th e  sine correspond ing  to



0.327 comes fro m  th e  ta b u la r  e n try  aga inst 0.32 in  th e  r ig h t-h a n d  co lum n 
headed “ s ine”  and  aga inst 0.007 a t th e  fo o t o f  th e  co lum ns. Cosines come 
s im ila r ly  fro m  en tries  in  th e  co lum ns headed “ cosine” .

I f  t is increased o r decreased b y  0.500 o r 1.500 th e n  th e  same ta b le  is used 
b u t nega tive  signs are a tta ch e d  to  th e  en tries .

I f  t is  increased o r decreased b y  1.000 o r 2.000 then, th e  ta b u la r  en tries  
ta k e  th e  p o s itive  signs.

U s ing  th e  va lu e  o f  t  g ive n  in  co lu m n  21 use T ab le  16 to  o b ta in  

c L — cos 0 X sx =  s in  0 X 

and e n te r th e  va lues to  th ree  decim als in. co lum ns 71 and 72.

X X I V .  —  The  values o f  2  t  can be com pu ted  fro m  co lum n 21 on a s e p ta te  
sheet and w ith  these values we e n te r T ab le  16 to  o b ta in

c 2  =  cos 0 2 , s2 == s in  0 2 

and th e  values are entered to  th ree  decim als in  co lum ns 7 5  and 76.

1 4, 1

and

X X V .  S im ila r ly  we com pute  3 t and  4 t ,  and thence th e  values o f  c 3, s3,
i4 to  tw o  places o f  decim als o n ly . T h e  resu lts  are entered in  co lum ns 67 
6 8 , 79 and 80.

X X V I .  U se fu l checks on the  va lues o f  c and s are ava ilab le , as fo llow s :

C2 =  Cj ---  sj 8 2  =  2Cj 8 j

c 4 =  c | ~ ~  s f  s 4 =  2 c 2 s 2

C3 =  Cj C2 Si S2 S3 =  Ci 8 2  +  Sj_ Cjj

These checks are p a r t ic u la r ly  use fu l to  check th e  signs.

X X V I I .  I n  co lum ns 81 to  8 8  e n te r th e  va lues o f  A  and B  fo r  th e  fo u r 
species o f  t id e , fro m  th e  fo rm u lae

A  =  ac —  bs B  =  be +  as
F o r a check

A  +  B  =  (a +  b)c +  (a —  b)s

X X V I I I .  E xa m in e  th e  values o f  A  and  B  fo r  smoothness. O w ing  to  th e  
som ew hat ra p id  changes w h ich  m a y  occur in  t  and t  unde r ce rta in  cond itions  
no rea l te s t o f  sm oothness can be a pp lied  u n t i l  th is  stage is reached. I t  m ay  
be found  necessary to  revise th e  in te rp o la tio n s  w here th e  changes o f  t im e  o f 
h ig h  o r lo w  w a te r are ra p id , b u t th is  can o n ly  a ffec t a t th e  m ost tw o  o r th re e  
days. I t  is perm iss ib le , how ever, to  sm oo th  th e  va lues w ith o u t am end ing 
th e  e a rlie r ca lcu la tions , th o u g h  i t  is a lw ays desirable to  v e r ify  th a t  errors have 
n o t occurred  a t a n y  stage.

X X I X .  The  m u lt ip lie rs  g iven  in  T ab le  17 are no w  to  be app lied  to  th e  
values o f  A  and B  in  th e  same m anner as was exp la ined  in  P a rt I .  The  ta b le  
o f m u ltip lie rs  has been extended fro m  th e  correspond ing  ta b le  used in  P a r t I  
because i t  is necessary to  use th e  m u lt ip lie rs  d 5 and de. The  reason fo r  th is  
is th a t  in  th is  m e thod  we are w o rk in g  in  in te rv a ls  o f  a solar d a y  whereas in  
P a rt I  th e  in te rv a ls  were lu n a r days.



-3 .414
1.303

-0 .2 7 6
0.138

0.008
- 0 . 0 0 1

-0 .070

0 . 0 0 0

0.013
0.013

-0 .046
0.015
0.014

0.035
0.007
0.035

0.054
0.043
0.008

In  a d d it io n  to  th e  above co n s titu e n ts  th e  p re d ic tio n  in c lu d e d  th e  e ffects 
o f  th e  long  p e riod  co n s titu e n ts  Sa, Ssa, M m , M S f, and M f  w ith  am p litudes  
equa l to  0.23, 0.15, 0.05, 0.04 and 0.17 resp e c tive ly .

I t  w i l l  be n o ted  th a t  th e  m a jo r co n s titu e n ts  are q u ite  w e ll ob ta ined , b u t 
the re  are some anom alies ; th e  large e rro r in  J x has n o t been exp la ined , and 
th e  v e ry  sm a ll th ird -d iu m a l co n s titu e n ts  are n o t w e ll represented. T he  q u a rte r- 
d iu rn a l tides are a b o u t tw ic e  w h a t th e y  o u g h t to  be b u t  th e  reason fo r  th is  is 
th a t  M S f and M f  have n o t been separable fro m  th e  q u a rte rd iu m a l tides . T he  
va lue  o f  m ean sea le ve l o u g h t to  have been 1 2 . 0 0  w hen  corrected  fo r  th e  c o n tr i
bu tio n s  fro m  Sa and Ssa b u t we o b ta ined  12.10. T he  e rro r is due to  th e  o v e r
la rge  q u a rte rd iu m a l tid e . I t  canno t be too  o fte n  re ite ra te d  th a t  i t  is im poss ib le  
to  o b ta in  a pe rfe c t separa tion  o f  th e  q u a rte r d iu rn a l and lo n g -pe riod  tides.

X X X .  The  values o f  R  cos r  and  R  sin  r  fo r  th e
o b ta ined  fro m  th e  values o f  A p 0, A p x, B p a , B p J .

îq u ire d  co n s titu e n ts  
. . b y  th e  a p p lica tio n

o f  th e  m u ltip lie rs  o f  T ab le  18. T he  procedure  d iffe rs  som ew hat fro m  th a t  
used in  P a r t I .  T he  m u lt ip lie rs  are p laced a longside th e  values o f  A p 0, e tc., and 
th e  sums o f  th e  p roduc ts , w hen  d iv id e d  b y  106  g ive  R  cos r ，o r R  s in  r . T he  
resu lts  are p laced in  th e  app ro p ria te  places on Sheet X ,  as in  th e  exam ple .

X X X I .  T he  ca lcu la tio n  o f  H  and  g is  on e x a c tly  th e  same lines as in  
P a r t I ,  excep t th a t  th e  tim e  o r ig in  is  a lw ays a t zero h o u r on th e  ce n tra l day , 
so th a t  V , "  =  0.

T he  va lue  o f  m ean sea le ve l (Aq) is th e  va lu e  o f  a 0 used in  co lum ns 17 to  
20 p lus th e  m ean va lue  o f  a0  in  co lu m n  48.

Rem arks on exam ple o f analysis (Part I I )

T he  m e thod  o f analysis exp la ined  in  th is  p a r t has been designed fo r  tides 
in  w h ic h  th e  d iu rn a l t id e  is so la rge , re la t iv e ly  to  th e  se m id iu rn a l tid e , th a t  th e  
tid e s  a t c e rta in  states become v e ry  n e a rly  d iu rn a l. T he  exam ple  has been 
chosen to  i l lu s tra te  a lm ost the  ex trem e  cond itions  un d e r w h ich  th e  m e thod  
can be used. T he  d a ta  are th e  p re d ic te d  tides  fo r  V ancouve r, in  J a n u a ry  
1950，b u t th e  p red ic tions  d iffe r som ew hat fro m  th e  s tanda rd  ones in  th a t  th e  
s ix th -d iu m a l tides  have been o m itte d , and an a rb it r a ry  va lue  o f  mean sea 
le ve l has been chosen. T he  p re d ic tio n s  were com pu ted  v e ry  c a re fu lly  on th e  
la rges t possib le scale, and th e  tim e s  were expressed in  u n its  o f  a day . T he  
he igh ts  w ere ta ke n  to  th e  nearest 0.05 f t .  T he  ana lys is  has been com p le ted  
in  th a t  H  and g have been e va lua ted , b u t  a m ore  use fu l com parison is th a t  
be tw een th e  va lues o f  R  cos r ,  R  sin r ，as o b ta in e d  b y  th e  ana lys is  and as kn o w n  
fro m  th e  se ttings on th e  p re d ic tin g  m ach ine , fo r  these com parisons in d ica te  th e  
erro rs  in  fe e t fo r  th e  tw o  q u a n titie s , and  a com parison  can be made w ith  th e  
e rrors o b ta ined  in  P a rt I .  T he  fo llo w in g  ta b le  g ives th e  exac t va lues o f  
R  cos r  and R  sin r  and th e  errors o f  th e  a n a ly tic a l resu lts  :

R  cos r  R  s in  r Errors. R  cos r  R  s in Errors.

535 0.001 0.011
202 0.008 0.043
090 0.012 0.006
103 0.127 0.023

0.004 0.031 0.037 
0.062 0.080 0.003 
0.028 0.122 0.078

M 2 2.554 1.352 0.056 0.007 K x
S 2 -0 .562  -0 .4 0 9  0.001 0 . 0 1 2  0 1
N 2 -0 .5 2 7  0.329 0.004 0.014 Qt
L 2 0.036 0.147 0.033 0.009 J x

-0 .0 0 6  0.017 0.021 0.033
2  S M 2 -0 .021  0.002 0.007 0.019

m 3

M K
M O ,

M 4

m s 4

m n 4



T h ird -d iu rn a l c o n s titu e n ts ... 
Q u a rte r-d iu rn a l co n s titu e n ts  
A l l  co n s titu e n ts  ....................

T he m e thod  has been ap p lie d  to  th e  same da ta  as in  P a r t I  and th e  fo llo w in g  
R  co " 'ta b le  gives th e  errors 

Errors in R  cos r

:os r  and  R  sin r  b y  th e  tw o  m ethods

R R  cos R  s in

There  are some a n a ly tic a l resu lts  fo r  cons tituen ts  w h ich  were n o t rep re 
sented in  th e  p red ic tions  and  these values o f R  cos r  and R  sin r  are the re fo re  
errors. I f  we ta k e  th e  m ean o f a ll th e  errors, ig n o rin g  a ll signs, we o b ta in  as 
th e  average errors fro m  th e  separate species th e  fo llo w in g  resu lts . T h e y  re 
p resent th e  average e rro r in  a n y  a n a ly tic a l q u a n t ity  :

S e m id iu rn a l co n s titu e n ts  ..............  0 .0 1 8  f t .
D iu rn a l c o n s titu e n ts .......................... 0 .041  f t .
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M K 3 0.012 0.001 0.002 0.002 
M 0 a 0.010 0.006 0.004 0.011

T he  errors fo r  o th e r co n s titu e n ts  n o t represented in  th e  da ta  are a ll v e ry  sm all. 
I t  is  e v id e n t th a t  th e  e rrors b y  th e  second m e thod  are n e a rly  as sm a ll as those 
b y  th e  f i r s t  m e thod , and  th a t  no co n s titu e n t is  s ing led o u t as in c u rr in g  a 
sys tem atic  e rro r b y  e ith e r m e thod . The  e rro r no ted  in  J x fo r  th e  f i r s t  exam ple 
o f  P a rt I I  canno t be e xp la ined  on a n y  sys tem atic  la w  o f  e rro r, and e v id e n tly  
i t  m u s t be due to  casual e rro r. I f  th e  ca lcu la tions  are exam ined i t  w il l  be 
e v id e n t th a t  th e  d iu rn a l tides  are m ore  susceptib le to  e rro r th a n  any  o thers 
as in  d e riv in g  ax fro m  a we o n ly  d iv id e  th e  com b ined  resu lts  fro m  a b y  2 ， 
whereas w e d iv id e  th e  com bination , fo r  a 2 b y  4 ; s im ila r ly  w hen  is  de rived  
fro m  ß i t  is ta ke n  d ire c t fro m  th e  co m b in a tio n  whereas th e  co m b in a tio n  fo r  ßa 
is d iv id e d  b y  4. A lso  ß is d e rive d  fro m  a fo rm u la  w h ic h  is la rg e ly  dependent 
on  th e  t im e  T  and as th e  tim es  o f h ig h  and  lo w  w a te r are n o t capable o f  be ing 
expressed w ith  th e  same exactness as th e  he igh ts  i t  m u s t be expected th a t  th e  
d iu rn a l tides w il l  be susceptib le  to  la rg e r e rro rs th a n  o th e r tides.
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0056

4514 4931
4528 4944
4542 4958
4556 4972
4S69 4986

1389
1403
1417
1431
1444

0972
0986
1000
1014
1028

1042
1056
1069
1083
1097

1111

1125
1139
1153
1167

1181
1194
1208
1222
1236

3750 4167 4583 $000

TABIÄ

Reduction o f times to  decimals o f  a day. Th
decimals, 

to  the
For times g rea te r than 12 

e n tr ie s *
hours

mins. hours.

e ta b le  i 

sub trac t

0417 1250 1667 2083 2500 2917

1500
!514
!528
!542
Í556

1569
!583
1597
!611
:6 2 5

!639
:653
:667
：681
:694

1708
：722
:736
:750
1764

2778
2792
2806
2819
2633

284?
2861
2875
2889
2903

3
 

7
 

1

5
 

9
 

)8
0

1 

2
 

3
 

0

0

1

 

1
 

1

2
 

2 
2
 

2
 

2

7
 

1

4

^

2

 

6
 

8
 

9
 

0
 

2

 

6
 

6
 

6
 

7
 

7

 

1

1

1

1

1

1736 2153
1750 2167
1764 2181
1778 2194
1792 2208

1606 2222
1819 2236
1833 2250
1847 2264
1861 2278

1875 2292
1889 2306
1903 2319
1917 2333
1931 2347

1944 2361
1958 2375
1972 2389
1986 2403
2000 2417

2014 2431
2028 244^
2042 245£
2056 247Ï
2069 2486

0 0 0 0

0014
0028
0042

4028
4042
4056
4069
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4111
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4139
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9 10
3750 4167
3764 4181
3778 4194
3792 4208
3806 4222

3819 4236
3833 4250
3847 4264
3861 4278
3875 4292

3889 4306
3903 4319
3917 4333
3931 4347
3944 4361

3958 4375
3972 4389
3986 4403
4000 4417
4014 4431

h ou r
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334 
336： 

337 
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3403
3417
3431
3444
3458

3472
3486
3500
3514
3528

3542
3556
3569
3583
3597

3611
3625
3639
3653
3667
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3694
3708
3722
3736

4583
4597
4611
4625
4639

4653
4667
4681
4694
4708

4722
4736
4750
4764
4778

4792
4806
4819
4833
4847

4861
4875
4889
4903
4917
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2917
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1028
1042

3056
3069
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3125
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3236
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3264
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0069 0486
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0097 0514
0111 0528
0125 0542

0139 0556
0153 0569
0167 0583
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0194 0611

0208 0625
0222 0639
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0250 0667
0264 0681
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0 *0 0 2  0 *0 0 3

TABLK 1 1 ,

V a lu e s  o f  2 s i n  nT * 

0 *0 0 4  0 *0 0 5 0 -0 0 6 *007 0 *0 0 8  0 *0 0 9

0 *0 0 8

TABLS 1 0 .

V a lu e s  o f  c o s  2 n T . 

0 *0 0 3  0 *0 0 4  0 *0 0 5 0 *0 0 6

0 . 0 0 1

0 *0 1 3
0*138
0 .2 6 3
0 .387
0*509
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12 -35  -25 -130
14 -37  -20  -138
15 -39 -15  -145
16 -41 -09 -152
17 -43 -02  -159

45 19 05 -166 
47 20 13 -172

•19 45 05 -166 
-20  47 13 -172

-45  -19 05 -166 
•47 -2 0  13 -172

19 -45  05 -166
20 -47  13 -172

TABLE 12 ï 
C o e ff ic ie n ts  o f

C o rre c tio n s  to  
• o i/ .  . ^  to  two decim als.

°<l *<4 fh

0*083
0*086
0*089
0*092
0*095

-37 -14  -20  -13Î 
-39 -15  -15 -14Í 
-41 -16 -09 -15 Í 
•43 -17  -02 -15 Î

35 -25 -13( 
37 -20  -13( 
39 -15 -14!
41 -09 -15Í 
43 -02  -15Í

35 12 -25  -130
37 14 -20  -138
39 15 -15 -145
41 16 -09 -152
43 17 -02 -159

08 -26 -40  -90
08 -27  -38 -98
09 -29 -36 -106
10 -31 -33 -114
11 -33  ，29 -122

26 -08  -40  -90
27 -08 -38 -98 
29 -09 -36 -106 
31 -10  -33 -114 
33 -11 -29 ^122

08 26 -40  -90
08 27 -38 -98
09 29 -36 -lO i

0 31 -33 -11 ‘
1 33 -29 -12；

26 08 -40  -90
27 08 -38 -98 
29 09 -36 -106 
31 10 -33 -114 
33 11 -29 -122

04 -17 -40  -53
05 -19 -41 -60
05 -20  -41 -67
06 -22 -41 -74
07 -2.4 -41 -82

17 -04  -40  -53
19 -05  -41 -«0
20 -05 -41 -67  
22 -06 -41 -74  
24 -07 -41 -82

04 17 -40  -53
05 19 -41 -60
05 20 -41 -67
06 22 -41 -74
07 24 -41 -82

17 04 -4 0  -53
19 05 -41 -60
20 05 -41 -67 
22 06 -41 -74  
24 07 -41 -82

30 -25 
32 -30  
35 -35 
37 -41 
39 -47

02 -10 
02 - i l
02 -13
03 -14  
03 -16

10 -02 -30  -25
11 -02  -32  -30
13 -02 -35  -35
14 -03 -37  -41 
16 -03 -39 -47

02 10 -30  -25
02 i i  -32 -30
02 13 -35  -35
03 14 -37 -41 
03 16 -39 -47

10 02 -30  -25
î î  02 -32 -30
13 02 -35  -35
14 03 -37 -41 
16 03 -39 -47

01 -C4 -16 -08  
01 -05 -19 -11 
01 -06 -22  -13 
01 -07  -24  -17 
01 -09 -27  -21

04 -01 -16 -08
05 -01 -19 - Î1
06 -01 -22 -13
07 -01 -24  -17 
09 -01 -27  -21

01 04 -16 -08
01 05 -19 -11
01 06 -22 -13
01 07 -24 -17
01 09 -27 -21

04 01 -16 -08
05 01 -19 -11
06 01 -22  -13 
07 01 -24  -17 
09 01 -27 -21

00 -01 -04  -01 
00 -02 -06 -02 
00 -02 -08 -03 
00 -03 -11 -04  
00 -04  -13  -06

00 ca -04  -01 -01 00 -04  -01
00 02 -06 -02 -02  00 -06 -02
00 02 -08  -03 -02  00 -08 -03
OC 03 -11 -04  -03  00 -11 -04
OC 04 -13 -06 -04  00 -13 -06
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Theory and Explanation (Part 11)

1. —  Reduced times and heights o f  high and low water.
A  setpience o f  tim e s  o f  h ig h  w a te r has been de fin e d  in  P a r t  I .  I f  th is  

sequence is p lo tte d  so th a t  th e  tim es  o f  h ig h  w a te r are g iven  in  te rm s  o f  days 
and  th e  t im e  o f  h igh  w a te r in  each d a y  then, th e  smooth, cu rve  expresses th e  
t im e  o f  h ig h  w a te r as a s im p le  fu n c tio n  o f  th e  t im e . N o w  a n y  h ig h  w a te r is 
a s im p le  fu n c tio n  o f th e  as tronom ica l co n d ition s  p re v a ilin g  a t th a t  t im e , and 
i t  is  le g it im a te  to  conclude th a t  i f  fro m  th e  cu rve  th e  tim e s  o f  h ig h  w a te r are 
read o ff  a t  zero hou r o f  each d a y  th e n  those tim e s  are fu n c tio n s  o f  th e  a s tro 
n o m ica l co n d itions  a t zero h o u r each day . T he  new  sequence o f  tim e s  w i l l  
the re fo re  be expressed a t in te rv a ls  o f  24 m ean solar hours in  th e  lo ng itudes , 
d ec lina tions , and  para llaxes o f  sun and  m oon, and are th u s  su ited  fo r  d ire c t 
ana lysis.

T he  g ra p h ica l in te rp re ta tio n  m en tioned  above is  som ew hat ted ious  and  i t  
is  s im p le r to  in te rp o la te  n u m e r ic a lly  excep t fo r  those occasions w hen  th e  tim e s  
are chang ing  v e ry  ra p id ly . I t  is  n o rm a lly  su ffic ie n t to  in te rp o la te  l in e a r ly .

L e t ç denote th e  t im e  o f  h ig h  w a te r on d a y  x  in  a sequence. I t  w i l l  be 
supposed th a t  ç is  m easured in  u n its  o f  a day . T he  values o f  <p in  th e  sequence 
are, o f  course measured each d a y  fro m  zero h o u r o f  th e  day , and  th e  in c re m e n t 
in  <p fro m  one d a y  to  th e  n e x t is u s u a lly  sm a ll ; th e  in c re m e n t fro m  d a y  (x — 1 ) 
to  d a y  x  w i l l  be denoted b y  S. The  tru e  in c re m e n t, o f  course , is (1 +  S). T hen  
lin e a r in te rp o la tio n  to  zero h o u r o f  th e  d a y  g ives

t  =  <p —  — ~—  . 8  ( 1 ) 
1 +  8

and th is  reduces to

(2)
1 +

W h e n  th e  t im e  passes th ro u g h  m id n ig h t th e re  are Lwo occasions o f  zero h o u r, 
and  one in te rp o la tio n  is e ffected b y  fo rm u la  (2 ) ; and  th e  o th e r fro m

t  =  ^  (3)
1 + 8

T he  fo rm e r applies to  d a y  x  and  th e  la t te r  to  th e  p rev ious  day.
I f  d  is th e  corresponding in c re m e n t in  h e ig h t, th e n  th e  in te rp o la te d  va lue  

o f  h e ig h t is ob ta ined  fro m  th e  sequence o f  h ig h  w ate rs  denoted b y  w ith  th e  
fo rm u la

1+ 8
and  th is  is  o b v io us ly  equa l, b y  ( 2 ) to

z =  Ç —  td  (4)
w here t  is  th e  reduced t im e . •

T h e  fo rm u la e  are v e ry  s im p le  to  a p p ly . T h is  s im p lic ity  is la rg e ly  due to  
th e  choice o f  th e  day as u n i t  o f  t im e , fo r  i f  th e  tim es  ç had  been expressed in  
hours and  decim als th e re o f i t  w o u ld  have been necessary to  replace (2) and  (4) b y

24 t
t  =  -------------- . o and  z =  Í -----------.d  (5)

24 + 8  24

w here  <p and  t  are in  hours. O b v io u s ly  th is  w o u ld  have rendered  th e  co m p u ta 
tio n s  m u ch  m ore  troub lesom e.
卜 The  tim e s  are v e ry  re a d ily  expressed in  u n its  o f  a d a y  b y  means o f  a ta b le  
and  th is  process is n e a rly  as s im p le  as expressing th e  tim es  in  hours and  decim als.



I n  m ost cases, w hen S is n o t la rge , th e  in te rp o la tio n s  can be e ffected m e n ta lly  
b y  th e  use o f  th e  a p p ro x im a tio n

t == <p —  ç. 8

in  place o f  (2 ).

2. —  Interpretation o f  the reduced times and heights.
The h e ig h t o f  t id e  can be expressed b y  a nu m b e r o f  cons tituen ts , each 

o f  w h ic h  can be g iven in  th e  fo rm

A  cos at +  B  sin at

w here A  and B  are constan t fo r  a co n s titu e n t, o is th e  speed o f  th e  co n s titu e n t, 
and t  is th e  tim e . T h is  is th e  usual m e thod  o f  expressing th e  co n s titu e n t b u t 
an a lte rn a tiv e  fo rm  is

C cos 15° p t  +  D  s in l5 °  p t  (6 )

w here p  is th e  species num be r, and  now  C and D  are n o t cons tan t fo r  th e  consti
tu e n t b u t v a ry  s lo w ly  w ith  tim e . I f  we ta ke  a sequence o f values o f th e  cons ti
tu e n t fo r  th e  same ho u r o f  th e  day , we can in te rp o la te  in  C and D  fo r  zero 
hou r. I f  th e  in te rp o la tio n  is e ffected fo r  each h o u rly  sequence th e n  we o b ta in  
th e  same values C0 and D 0 fro m  each, so th a t  we get an in te rp o la te d  expression

C0 cos 15° p t  +  D 0 sin 15° p t  (7)

B u t as C0 and D 0 are cons tan t fo r  th e  d ay  then, th e  above expression is an ap
p a re n t so lar tid e  o f  species g iven  b y  p . T h a t is, we have rep laced th e  consti
tu e n t, w h a teve r its  speed, b y  an e q u iva le n t solar co n s titu e n t.

T he  same resu lts  fo llo w  fo r  a la rge  n um ber o f cons tituen ts  ta ke n  to ge the r 
so th a t  th e  in te rp o la tio n s  o f  th e  sequences o f  t id e  a t a g iven  ho u r o f  th e  day  
g ive  fo r  each day  24 reduced values o f h e ig h t w h ich  can be analyzed as tho u g h  
th e y  are de rived  fro m  pu re  solar cons tituen ts .

The extension, o f  these ideas to  th e  in te rp o la te d  values o f  tim es and he ights 
o f  h ig h  and lo w  w a te r is obvious, and i t  appears th a t  th e  in te rp o la te d  values 
m a y  be a ttr ib u te d  to  th e  e q u iva le n t solar cons tituen ts  on th e  d ay  in  question, 
w ith  a ll as tronom ica l cond itions  as a t zero h ou r o f  th e  day. The  processes o f 
ana lys is  are th u s  enorm ously  s im p lifie d .

I t  is recognized th a t  these ideas are som ew hat n ove l in  t id a l  th e o ry  and 
analysis, b u t th e y  can be re a d ily  tes ted  as has been done b y  th e  a u th o r, who 
has fo u n d  th a t  i f  th e  in te rp o la tio n s  are accu ra te ly  effected, th e n  th e y  are in  
e xa c t c o n fo rm ity  w ith  ca lcu la tions , w h e th e r on h o u r ly  he igh ts  o r on h ig h  and 
low waters. Small errors can, and do, occur when linear interpolation is used ; 

fo r  instance i f  tim es are passing th ro u g h  a m a x im u m  p o in t th e n  th e  in te rp o la te d  
va lue  w il l  be less th a n  th e  co rrec t va lue . As, how ever, th e  co rrec tion  fo r  
c u rv a tu re  w o u ld  be m uch  less th a n  th e  average errors o f obse rva tion  o r even 
o f  p re d ic tio n  i t  is ju d g ed  to  be unnecessary to  com p lica te  th e  m e thod  b y  
p ro v id in g  fo r  m ore exac t in te rp o la tio n s .

3. —  The analysis o f  mixed solar tides.
F o r th is  section th e  fo llo w in g  n o ta t io n  w i l l  be used :

Z  : th e  he igh t o f  h ig h  o r lo w  w a te r above o r be low  m ean sea le ve l fo r  
th e  day.

Z(s) : a sequence va lue  as de fined  in  P a r t I .
T  : th e  tim e  o f  h ig h  o r lo w  w a te r, re la t iv e ly  to  th e  corresponding 

tim e  o f th e  se m id iu rna l t id e  fo r  th e  d ay  (o r a p p ro x im a te ly  so), 
n  : a speed o f  360° pe r day . 
m  : h a lf  th e  species num be r, 
a, b  : co n s titu e n t num bers.



I t  is  ra re  fo r  T  to  exceed 0.08, as th e n  th e  d iu rn a l t id e  w i l l  be d o m in a n t, and 
th e  m ethods o f  P a rt I I I  w i l l  have to  be app lied . T h is  p resent p a r t  is dea ling  
w ith  tid e s  in  w h ic h  the re  are tw o  h ig h  w a te rs  and  tw o  lo w  w aters pe r day . W hen  
T  is la rge  i t  is due, n o t so m uch  to  th e  d iu rn a l t id e  becom ing v e ry  la rge , b u t to  
th e  sm allness o f  th e  se m id iu rn a l t id e , in  w h ic h  case th e  q u a rte r-d iu rn a l tides 
become v e ry  sm a ll indeed. H ence th e re  is no  need to  be tro u b le d  b y  th e  la rge  
coeffic ien ts o f  a 4 and b 4 w hen  T  is la rge .

R e tu rn in g  to  equa tion  (9), th is  can be re -w r it te n  as

S m b cos n T  —  Sm 2a sin  2 n T  =

Sm b (cos n T  —  cos 2m n T ) —  Sm a (m  s in  2 n T  —  sin  2m n T ) (14)

and on  d iv id in g  b y  cos n T  we o b ta in

Dm b —  2 sin n T . S m 2a =

Sm b (1 —  cos 2m nT  sec n T ) —  Sm a (2m  s in  n T  —  sin 2 m n T  sec n T ) (15) 

I t  is c o n ve n ie n t to  w r ite

2 s in  n T .S m 2a =  [ß ]

T he  coeffic ients on th e  r ig h t  o f  (15) are v e ry  sm a ll as a ru le , and th e  fo llo w in g  
ta b le  shows some specimen va lues, fo r  sequence s =  0.

W ith  th e  above n o ta t io n  we have th e  fo u r  so lar cons tituen ts  expressed b y

Z  =  S a cos 2 m n T  +  S b  s in  2 m n T  (9)

and  th e  c o n d itio n  fo r  h ig h  o r lo w  w a te r is

0 =  2m a  s in  2 m u T  —  Sm b cos 2 m n T  (10)

M u lt ip ly  (9) b y  cos 2nT  and  (10) b y  s in  2 n T  and add to g e th e r, to  g ive

Z cos 2 n T  =  2a (cos 2 m n T  cos 2nT  +  m  sin 2 n m T  s in  2 n T ) +

Sb (sin 2 m nT  cos 2nT  —  m  cos 2n m T  s in  2nT ) (11)

I t  is  co n ve n ie n t to  w r ite
Z  cos 2 n T  =  [a ]

The  m u lt ip lie rs  were chosen so as to  e lim in a te  a n y  c o n tr ib u tio n s  fro m  th e  
se m id iu rn a l t id e  to

Sa —  [a ] (12)

and i f  we ignore  th e  effects o f  th e  v e ry  sm a ll th ird -d iu rn a l t id e  we can consider
(12) to  be a lin e a r fu n c tio n  o f  ax, b x, a 4 and  b 4, w ith  sm a ll coeffic ients. I t  
su ffic ie n t to  use a p p ro x im a te  va lues o f  a and  b  in  the  
to  g ive  co rrections to  [a ]  to  y ie ld  Sa. T he  fo llo w in g  
va lues o f  th e  corrections fo r  th e  sequence s =  0.

C O R R E C T IO N S  T O  [a ]

C oeffic ients o f

expansion  o f  (12) so as 
ta b le  shows specimen
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T he  fo rm u la  (15) has p ra c t ic a lly  e lim in a te d  th e  d iu rn a l t id e , and  i f  the re  
is no q u a rte r-d iu rn a l tid e  th e n  b 2 is zero because th e  values o f  T  have been 
ta k e n  as re la tiv e  to  th e  a p p ro x im a te  tim e s  o f  h ig h  o r lo w  w a te r o f  th e  sem i
d iu rn a l tid e . In  p ra c tice  we can. o n ly  ta k e  th e  m ean o f  th e  fo u r tim es  each 
d a y  and  i t  needs to  be corrected  s l ig h t ly  on accoun t o f  th e  q u a rte rd iu rn a l tid e . 
I t  is s im p le r to  u t il iz e  th e  sm a ll va lu e  o f  b 2 in  th e  co rrections ra th e r  th a n  to  
rev ise  th e  ca lcu la tions  o f  T . T he  o n ly  im p o r ta n t corrections are those de rived  
fro m  th e  q u a rte rd iu rn a l t id e , b u t i t  m a y  be rem arked  th a t  T  can o n ly  be large 
fo r  one tid e  in  th e  d a y  and its  effects are spread ove r a ll th e  fo u r cons tituen ts  
b y  th e  processes o f  ana lysis so th a t  no serious e rrors can occur. I f ,  how ever, 
th e re  is  a n y  u n c e rta in ty  as to  th e  v a l id i t y  o f  th e  ope ra tion  on a n y  one d a y  i t  
can be o m itte d  and  th e  values fo r  th e  d a y  fil le d  in  b y  in te rp o la tio n .

I t  m a y  be no te d  th a t  th e  above fo rm u la e  have p o in ts  o f  com parison w ith  
th e  fo rm u lae  used in  P a r t I ,  b u t  th e y  are m ore accurate  since th e  new  fo rm u lae  
are f in ite  series and  th e  o lde r ones w ere p a rts  o f  in f in ite  series. T he  one can 
be used th ro u g h  a m uch  w id e r range o f  T  th a n  th e  o th e r, fo r  an in f in ite  series 
can o n ly  be c o n v e n ie n tly  used w h e n  th e  v a ria b le  is  sm all.

4. 一  The correction terms.
In s tru c t io n  X I  gives th e  fo rm u la  fo r  o b ta in in g  a p p ro x im a te  values o f  a 2, 

ax, b x, as a2, aL, a.\ fro m  [a ] on th e  assum p tion  th a t  th e  co rre c tio n  te im s  m a y  
be igno red  fo r  th e  a p p ro x im a tio n s . T h e  va lue  o f  a4 cou ld  also, a t f i r s t  s igh t, 
be o b ta in e d  b y  s im ila r m ethods, b u t  th e re  are v e ry  good reasons fo r  p re fe rr in g  
to  o b ta in  th is  q u a n t ity  fro m  th e  fo rm u la

a4 =  Xa^ (17)

T he  m e thod  used fo r  th e  d e te rm in a tio n  o f  X is  s im ila r to  th a t  used in  P a r t I ,  
and  the re  are fu l l  in s tru c tio n s  fo r  th e  ca lcu la tio n  in  In s tru c t io n  Y . T he  va lue  
o f  X so o b ta ined  m a y  be used in  (17) th o u g h  a2 d iffe rs  som ew hat fro m  e2.

T he  a p p ro x im a te  va lues o f  ß4 and ß2 are ob ta ined  as in  In s tru c t io n  X I I .  
The  d a ily  va lues o f  ß4 cou ld  be d e rive d  fro m  th e  d a ily  va lues o f  T (s) in  m uch  
th e  same w a y  as in  In s tru c t io n  X I I ,  b u t  th e y  w o u ld  req u ire  v e ry  com p lica ted  
correction, fo r  th e  effects o f  th e  d iu rn a l tid e s  and i t  is b e tte r  to  w o rk  fro m  th e  
m ean va lues o f  _T(s) fo r  th e  m o n th  and  to  assume th a t  ß4 va ries  w ith  th e  sem i
d iu rn a l tid e  accord ing  to  th e  fo rm u la

ß4 =  [xal (18)

T h is  a p p ro x im a tio n  is th e o re tic a lly  ju s t if ie d  on  th e  same basis as (17). The 
va lue  o f  ß2 is a lw ays sm all, and w o u ld  be zero b y  th e  choice o f  d a ily  tim e - 
o r ig in  i f  th e  q u a rte rd iu m a l tid e  w ere zero.

I t  m u s t be recognized th a t  these va lues o f  a and b  are o n ly  a p p ro x im a tio n s , 
and  i t  m a y  be discovered la te r  th a t  th e y  are n o t v e ry  good ones, b u t  i t  is a lw ays 
possible to  revise th e  ca lcu la tions  b y  us ing  b e tte r  a p p ro x im a tio n s .

5. —  Tables o f corrections to [a ]  and  [ß ].
T he  corrections to  [a ] and [ß ] are o b ta in e d  b y  th e  use o f  Tables 12 to  15. 

I t  w i l l  be no ted  th a t  these are g ive n  fo r  th e  fo u r sequences. The  fo rm u lae

C O R R E C T IO N S  T O  [ß ] 

C oeffic ients o f

b 2
0.02
0.10
0.22
0 .3 9

xi4
0 .2 3
0 .8 9
1.86
2 .9 7

a 4

-0 .03
-0.25
0 .8 0
-1.79

b i
0.00
0.00

0.00
0.00

a l

0.00
0.00

0.01
0 .0 3

T
0.02
0 .0 4
0 .0 6
0 .0 8



fo r  th e  co rrec tions  are g iven  on. th e  assum ption  th a t  th e  va lues o f  a and b  re fe r 
to  sequence 8 =  0, b u t w hen  we w ish  to  com pu te  co rrec tions  to  sequence 8 = 1  

we have to  replace [and b j  b y  b x and  —  slx w ith  s im ila r  changes fo r  th e  
o th e r sequences.

I t  is  conven ien t fo r  c o m p u ta tio n  to  g ive  these tab les fu l ly  so th a t  th e  
co m p u te r has n o t to  be tro u b le d  b y  th e  changes due to  th e  transfe rence  o f  
t im e  o r ig in  fro m  one sequence to  ano th e r.

Separate tab les  are g iven  fo r  p o s itiv e  and neg a tive  va lues o f  T , and  T  is 
g ive n  a t in te rv a ls  o f  0.003 o r 0.002 (the  reason, fo r  th is  be in g  th a t  th e  o r ig in a l ca l
cu la tio ns  on  w h ic h  these tab les were based w ere m ade fo r  va lues o f  n T  a t  in te r 
va ls  o f  one degree. I t  is n o t necessary to  in te rp o la te  in  th e  tab les, b u t  fo r  
a n y  g ive n  va lu e  o f  T  th e  nearest ta b u la r  e n try  shou ld  be ta ke n .

6. 一  The completion o f  the analysis.
T he re  are no  special com m ents to  m ake on, th e  la te r  processes o f  ana lys is , 

as these are s im ila r to  those used in  P a r t I .  T he  f i r s t  p rocedure  is to  tra n s fe r 
th e  te m p o ra ry  d a ily  tim e -o r ig in , w h ic h  has been ta k e n  as a p p ro x im a te ly  th e  
tim e  o f  h ig h  w a te r o f  th e  sem id iu rn a l t id e , to  zero h o u r o f  th e  day . T he  new  
co n s titu e n t-n u m b e rs  A  and B  are fu n c tio n s  o f  h a rm o n ic  te rm s  w h ic h  are ta k e n  
a t in te rv a ls  o f  a m ean so lar day, whereas th e  correspond ing  q u a n titie s  in  P a r t I
w ere ta k e n  a t in te rv a ls  o f  a lu n a r day . T he  co m b ina tions  o f  A p 0，A p ^ ........ to
g ive  R  cos r  and  R  s in  r  re q u ire  an a p p ro p ria te  set o f  tab les, and th e re  is  no 
advan tage  in  ca lcu la tin g  A 'p 。, ............. as in  P a r t I .

As usua l, th e  va lue  o f  mean sea le v e l fo r  th e  m o n th  can be ad jus ted  to  
a llo w  fo r  a n y  kn o w n  annua l and sem iannua l v a r ia tio n s , as experienced 
re g io n a lly .



THE ANALYSIS OF HIGH AN D  LO W  WATERS.
(P a rt I II  : D iu rna l T ides P redom inan t).

b y  D r A .T . D o o d s o n , F .R .S .

IN TR O D U C TIO N .

W hen th e  d iu rn a l tid e  is v e ry  la rge  re la t iv e ly  to  th e  sem id iu rna l tid e  the re  
are occasions w hen  th e  d iu rn a l tid e  is so p re d o m in a n t th a t  the re  are o n ly  one 
h ig h  w a te r and one lo w  w a te r per day. W h e n  th is  occurs i t  is n o t possible to  
use th e  m ethods o f  P a rt I I ,  fo r  th e  t im e  o f  se m i-d iu rna l h ig h  w a te r canno t be 
de te rm ined  on such occasions. F o r th is  reason a special m e thod  is here described. 
I t  can be adapted fo r  a ll th e  prob lem s h ith e r to  considered, b u t in  th is  P a rt i t  is 
app lied  o n ly  to  th e  analysis o f H ig h e r H ig h  W ate rs  and L o w e r L o w  W ate rs  
(H H W  and L L W ) .

I f  the re  are o n ly  tw o  he ights and tw o  tim es ava ilab le  in  th e  d a y  i t  is im poss
ib le  to  o b ta in  fro m  th e m  fo u r q u a n titie s  necessary to  specify th e  d iu rn a l and 
sem id iu rna l tides  and also to  o b ta in  a va lue  o f  mean, sea leve l, and i f  th e  tid e  
is ch a ra c te ris tica lly  d iu rn a l eve ry  day  th e n  a precise analysis is n o t possible. 
I f  the re  is a n y  evidence fro m  o th e r sources th e n  such m a y  be used to  specify 
mean sea le ve l ; fo r  instance i f  h o u r ly  he igh ts  fo r  a day o r tw o  are ava ilab le  
th e n  an a p p ro x im a te  va lue  o f mean sea le ve l m a y  be ob ta ined , o r i f  on any 
occasion th e  se m id iu rna l tides become e v id e n t th e n  the  fo u r tides o f the  day  be 
used. I f  the re  is no such, evidence th e n  a va lue  o f m ean sea le ve l m a y  be assumed, 
and ha rm on ic  constants m a y  be deduced, b u t a d iffe re n t assum ption  w il l  produce 
d iffe re n t resu lts . T he  associated constants m a y  be used to  g ive p red ic tions  
as th e y  w il l  reproduce th e  da ta , since a ll th e  d a ta  have been, fu l ly  used, and 
poss ib ly  i t  m ig h t be able to  say th a t  one set o f  constants is m ore reasonable 
th a n  ano the r, b u t  i t  is  n o t easy to  g ive  in s tru c tio n s  fo r do ing  th is . We sha ll 
the re fo re  assume th a t  the re  are e ith e r a fe w  days in  th e  m o n th  w hen the re  
are tw o  h ig h  and tw o  lo w  w aters each d ay , o r else h o u r ly  he ights fo r  a d a y  or 
tw o  are ava ilab le .

O b v io u s ly  i t  is e n tire ly  im possib le  to  de te rm ine  th e  th ir d  and q u a rte r 
d iu rn a l tid e s，so th a t  th e  m ethod, o f  ana lysis is s im p lifie d  on th a t  account.

Instructions fo r Analysis (Part 111).

(The tab les and sheets fo r  th is  p a r t  are num bered consecu tive ly  w ith  
those o f P a rts  I  and I I ) .

I .  (Sheet X I ) .  The in s tru c tio n s  fo r  e n te rin g  resu lts in  colum ns 1 to  16 
are the  same as in  P a rt I I ,  In s tru c tio n s  I  to  IY .  There  m a y  be some d if f ic u lty  
in  d e te rm in ing  th e  sequences as w ith  v e ry  large d iu rn a l tides  a ll the  sequences 
are d iscontinuous, b u t no rea l troub les  arise so long  as th e  obvious sequences 
are in  th e  colum ns p e rta in in g  to  h ig h  o r lo w  w a te r as the  case m a y  be. I t  is 
supposed th a t  fo r  a num ber o f  days in  th e  m o n th  the re  are tw o  h ig h  w aters 
and tw o  lo w  w aters in  the  day. I f  th e  tides are such as to  g ive o n ly  one tid e  
per d a y  fo r  th e  w ho le  o f th e  m o n th  th e  analysis cannot be made.

I I .  A fte r  o b ta in in g  th e  reduced tim es  and he igh ts  choose on each day 
one h ig h  w a te r and one lo w  w a te r, n o rm a lly  th e  h ighe r h ig h  w a te r and th e  low e r 
lo w  w a te r, and fo r  any  o th e r da ta  in  th e  d a y  enclose th e  values in. b racke ts  
to  show th a t  th e y  w il l  n o t be used excep t fo r  th e  d e te rm in a tio n  o f  mean sea 
leve l.



I I I .  O n th e  days fo r  w h ic h  the re  are tw o  h ig h  and tw o  lo w  w aters fo llo w  
th e  in s tru c tio n s  o f P a rt I I ,  In s tru c t io n  Y , fo r  a bou t five  o r s ix  o f  these days 
and com pute  e0, e2, e1? f L, and th e  corrections to  be added to  e0 to  g ive  a0. W e 
do n o t com pute  th e  q u a rte rd iu rn a l t id e , and w e o n ly  requ ire  th e  m ean va lue  
o f  a0. There  is p ro v is io n  on Sheet X I I  fo r  these ca lcu la tions.

IY .  S u b tra c t th e  va lue  o f  m ean sea le ve l fro m  th e  values o f  th e  reduced 
he igh ts  and en te r th e  resu lts  Z  in  co lum ns 17 and 18，fo r  H H W  and L L W . 
W hen  th e re  is a change o f  sequence in  H H W  o r L L W  in d ica te  th is  b y  a sepa
ra t in g  lin e  across th e  co lum n. S im ila r separa ting  lines  should  be used in  
co lum ns 19 - 32.

V . In. colum ns 19 and 20 en te r th e  reduced tim es  correspond ing  to  th e  
values o f  Z  fo r  H H W  and L L W . I t  is  essentia l to  ta ke  care th a t  th e  p rope r 
sequences are used. A lso , we desire to  m ake th e  H H W  tim e  g reater th a n  th e  
L L W  tim e  and to  do th is  we add 1.000 to  th e  H H W  tim e  w hereve r necessary.

Y I .  I n  co lum n 21 com pute  丫，equa l to  h a lf  th e  in te rv a l o f  tim e  fro m  H H W  
to  L L W .

V I I .  In. co lum n 22 com pute  t  b y  add ing  y to  th e  tim e  o f  L L W . Check 
these la s t opera tions b y  s u b tra c tin g  y fro m  th e  H H W  tim e , w h ic h  should g ive  t .

V I I I .  I n  co lum n 23 en te r th e  va lue  o f X ,  th e  sum  o f  th e  values o f  Z  fo r  
H H W  and L L W .

I X .  I n  co lum n 24 en te r th e  va lue  o f  Y ,  b y  s u b tra c tin g  th e  va lue  o f  Z  
fo r  L L W  fro m  th e  va lue  o f Z  fo r  H H W .

X .  (Sheet X I I ) .  In. co lum n 25 e n te r va lues o f X x, b y  m u lt ip ly in g  th e  
values o f X  in  co lum n  23 b y  fac to rs  g iven  in  T ab le  19 accord ing  to  th e  values 
o f  y in  co lum n  21.

X I .  S im ila r ly  com pute  Y x, X 2, and  Y 2, us ing  Tables 20 to  22, and enter 
th e  resu lts  in  colum ns 26, 29 and 30.

X I I .  F o llo w in g  th e  in s tru c tio n s  g iven  in  P a r t I I ,  X X I I I  and X X I Y ,  com pute  
Ci, c 2, and s2, from the value of t  and enter the results to three decimals in 
co lum ns 27, 28, 31，and 32. T he  values m a y  be checked as in d ica te d  in  P a r t I I ,  
X X V I .

X I I I .  I n  co lum ns 33 to  36 en te r th e  values o f  A  and B  fo r  th e  tw o  species, 
fro m  th e  fo rm u lae

A  =  X c  —  Y s  ， B  =  Y c  +  X s  

and check th e  resu lts  b y  

A  +  B  =  ( X  +  Y )c  +  ( X  —  Y )s .

X IY .  E xa m in e  th e  values o f  A  and B  fo r  sm oothness. O w ing  to  th e  
d iscon tinuous sequences no adequate check b y  smoothness can be app lied  u n t i l  
th is  stage is  reached. A n y  values o f  d o u b tfu l accuracy m a y  be checked b y  
re v is in g  th e  ca lcu la tions  in  th e  e a rlie r stages.

X V .  The  re m a in in g  processes are id e n tic a l w ith  those o f  P a r t I I ,e x c e p t 
th a t  o n ly  tw o  species o f  tides  are in v o lv e d . Sheet X I I I  is s im ila r to  Sheet X  
w ith  th e  co lum ns fo r  th e  th ird -d iu rn a l and  q u a rte r-d iu rn a l tid e s  o m itte d .

Remarks on the example of Analysis (Part III).
The d a ta  fo r  th is  exam ple are th e  same as in  P a r t I I  b u t  in  o rde r to  s im u la te  

th e  t id a l co nd itions  when, th e  t id e  becomes d iu rn a l in. cha rac te r a n u m be r o f 
observa tions g iven  in  P a r t I I  have been dele ted. I t  was ju d g e d  th a t  th is  
a r t if ic ia l exam ple  was m ore use fu l th a n  a n y  o th e r because i t  is possib le to



The m ean e rro r fo r  th e  sem id iu rna l constituen ts , in  any  a n a ly tic a l q u a n tity , 
is 0.03, and fo r  th e  d iu rn a l cons tituen ts  i t  is 0.09 ; th a t  is , th e  errors are abou t 
double  w h a t th e y  are b y  the  m e thod  o f P a rt I I ,  b u t we m u s t ta ke  in to  consi
de ra tio n  th e  h a lv in g  o f  th e  da ta  and also th e  fa c t th a t  th e  constituen ts  ob ta ined 
m u s t be p e rtu rbed  b y  th e  cons tituen ts  o f th e  species w h ic h  have had to  be ignored. 
The  resu lts m a y  be ta k e n  as be ing  v e ry  sa tis fac to ry .

The  va lue  o f  m ean sea le ve l was accu ra te ly  ob ta ined , and. i t  m ay  be noted 
th a t  th e  c o n s titu e n t J x is n o t o u ts ta n d in g  as regards errors o f de te rm in a tio n . 
I t  m a y  be ta ke n  th a t  th e  errors in  P a rts  I I  and I I I  are a lm ost w h o lly  due lo  
casual e rro r in  th e  observed q u a n titie s , and im p ro ve m e n t in  th e  values o f the  
ha rm on ic  constants de rived  b y  th e  analyses can o n ly  be ob ta ined  b y  using 
m ore observations. I n  th e  in tro d u c t io n  to  P a rt I  i t  was em phasized th a t  i t  
m u s t n o t be expected th a t  th e  resu lts  o f  analysis o f  h ig h  and lo w  w aters w il l  
be as accurate as fro m  the  analysis o f  h o u r ly  he igh ts , p a r t ly  fro m  th e  scantier 
da ta  in  a m o n th  o f  observa tion  and p a r t ly  because o f  th e  im p o s s ib ility  o f sepa
ra t io n  o f a ll species.

com pare th e  resu lts  o f  ana lysis b y  th e  tw o  m ethods. T he  exam ple has n o t 
been com pleted, as Sheet X I I I  is n o t g iven  because o f its  s im ila r ity  to  Sheet X .  
The  fo llo w in g  ta b le  gives th e  resu lts  o f  analysis as fa r  as R  cos r  and R  sin r  and 
i t  also gives th e  errors o f these q u a n titie s . ( In  com paring  w ith  th e  resu lts fo r P a rt 
I I  no te  th a t  th e  values o f  R  cos r  and R  sin r  given, the re  unde r th e  rem arks 
on  th e  exam ple are th e  exac t va lues ; th e  values fro m  th e  analysis are found  
on. Sheet X ) .

R  cos r  R  s in  r  E rrors R cos r R  s in Errors

38 0.11 0.15
35 0.04 0.15
,15 0.04 0.06
16 0.13 0.10

K x -3 .5 2
O x 1.34
q i  -0 .32
J x 0.28

1.34 0.06 0.01
0.43 0.18 0.02
0.33 0.04 0.00
0.18 0.00 0.03
0.03 0.03 0.01
0.02 0.00 0.02

2.49
-0 .74
-0 .4 9

0.04
0.02
0.02

M 2

S2

N 2
l 2



008 007 006 

(Apply negativ 

TABLE

TABLE

4 

6

3

9

3

2

0

1

5

6

3

7

Q
 

6

0

3

4

1

7

1

4

6

7

8

9

^

0

 

o
 

o 

1

2

3

3

4

4

4

4

4

4

4

5
 

o

3 

3

4

2

9

9

8

9

4

5

2

7

9
 

o 

2

3

1

6

0

3

5

7

8

9

9

9
 

o 

o 

1

2

3

3

4

4

4

4

4

4

4

4
 

o

2 

0

4

5

4

5

6

7

3

4

2

7

9
 

ß 

o 

1

2

0

6

0

3

5

7

8

9
 

9

9 

o 

o 

1

2

3

3

4

4

4

4

4

4

4

4
 

o

6

^

0

3

6

8

7

1

8

9

6

5
 

0

0 

9 

7

4

0

5

9

0

Q

9

7

6

1

2

5

9

3

3

8

6

9

8

7
 

O

0

9
 

7

4

1

6

9

1

1

Ö

5

2
 

7

7

6

6

6

6

5

4

4

3

2

0

6

2

3

7

2

7

9

5

5

0

0

0

0

0

9

7

5

1

6

0

2

3

2

0

7

6

5

4

3

2

1

0

9

8

7

6

5

3

3

3

3

3

3

3

3

2

2

2

2

2

■

•
_
•

•參

 

鲁

o

o

o

o

o

o

o

o

o

o

o

o

o

7

6

5

4

3

2

1

0

9

8

7

6

5

3

3

3

3

3

3

3

3

2

2

2

2

2

o

o

o

o

o

o

o

o

o

o

o

o

o

07

7

^

5

1

8

5

9

9

2

0

3

5

0
 

o 

0

0

9

8

5

2

7

1

4

5

4

2

0
 

o 

7

7

6

6

6

6

5

5

4

3

2

1

0
 

o

Í
/

)7
4

6

2

1

9

4
 

6

0

0

5

7

2
 

1
 

o
 

0

0

9

8

6

2

8

2

5

6

5

3

1
 

Q 

5 

7

7

6

6

6

6

5

5

4

3

2

1

0
 

o 

2•o

>7
)5
7 

4

3

3

9

2

9

0

6

9

5
 

2

>

 

0

0

9

8

6

3

8

3

5

7

6

4

2
 

o 

-
 

7

7

6

6

6

6

5

5

4

3

2

1

0
 

o 

vrr

々
>5
0

0

6

6

6

4

8

7

0

7

1

7

 

3 

2

 

0

0

9

8

6

3

9

3

6

8

7

6

3
 

o 

7

7

6

6

6

6

5

5

4

3

2

1

0
 

o 

3elu

7

5

9

7

8

0

9

5

5

9

8

3

0
 

4

a 

0

0

9

8

6

4

9

4

7

8

8

7

5
 

Ö

 

V 

7

7

6

6

6

6

5

5

4

3

2

1

0
 

o

(3

008007

C
D

 

0

9

5

9

3

5

7

8

9

9

9

0
 

Q

 

0

2

2

3

3

4

4

4

4

4

4

4

5

01

5

4

4

8

4

7

1

9

1

0

5

9

0
 

A 

6

9

8

4

9

2

5

6

8

9

9
 

Q
*
o 

o 

0

1

2

3

3

4

4

4

4

4

4

4

5
 

o

0

3

7

3

0

5

9

7

0

9

5

9

0
 

2 

5

8

7

4

9

2

4

6

8

8
 

0
* 

9

0 

Q

 

0 

1

2

3

3

4

4

4

4

4

4

4

5
 

Ö

4

2

9

7

6

2

7

6

9

8

5

8

0
 

3 

3

7

6

3

8

2

4

6

7

8

9

9

0
 

o 

0

1

2

3

3

4

4
 

A- 

4

4

4

4

5
 

o

<

<

7

1

1

1

2

9

5

4

8

7

4

^

0
 

o 

1

6

6

3

8

1

4

6

7

8

9

9

0
 

o 

0

1

2

3

3

4

4

4

4

4

4

4

5

o

)7
6

0

9

1

3

4

1

3

9

8

5

2

 

5 

6 

I 

5 

0

9

2

5

8

5

3

3

7

7
 

4 

8 

0 

5 

g

 

0

0

0

8

7

4

Q

5

8

9

9

8

6
 

o 

i 

o 

0

4

5

2

7

1

4

6

7

8

9

9

0
 

o 

o 

7

7

7

6

6

6

6

5

4

3

2

1

0
 

o 

8 

o 

o 

0

1

2

3

3

4
4'
4
 

4
4!
4'
4

5 

o

7

3

4

9

5

1

4

2

4

0

2

2
 

9 

幻 

o 

o 

9 

7 

5 

2 

7 

1 
3 

4 

3 

1 

o 

o 

7

7 

6

6

6

6

5

5

4

3

2

1

01

)0
^

>

^

5

1

8

5

9

9

2

0

3

5
 

)0
0
0
9
8
5
2
7
1
4
5
4
2

 

o 

7

7

^

6

6

6

5

5

4

3

2

1

2

3

4

5

6

7

8

9

0

1

2

3

4

 ̂

1

1

1

1

1

1

1

1

2

2

2

2

2

0
h
i
>
^
>
^
>
û0
y

û0
f

û0
^
>
ûê
oâ

5

5

9

9

^

3

5

2

3

1

6

9

A

-

1

9

5

0

3

5

7

8

Q

-

9

9

0

2

2

3

4

4

4

4

4

4

4

4

o 

8

0

9

5

9

3

5

7

8

9

9

9
 

o 

0

2

2

3

3

4

4

4

4

4

4

4

2

3

4

5

6

7

8

9

0

1

2

3

4
 

y

1

1

1

1

1

1

1

1

2

2

2

2

2

o*
o*
o*
&

ò

o*
o

o*
ò

o-
ò

o*
ò



X

7

6

5

4

3

2

1

0

9

8

7

6

5
 

r

3

3

3

3

3

3

3

3

2

2

2

2

2

0

0

0

0

0

0

0

0

0

0

0

0

0

9
5
6

 

6

7

1

7

3

0

5

7

5

6

0
 

5 

7 

9

1

4

6

9

2

4

6

8

9

0

)9
>6
4

4

5

9

4

1

7

2

5

3

5

0

 

)0
,5
7

9

1

3

6

9

1

4

6

8

9

0

 

o 

2

2

2

3

3

3

3

4

4

4

4
 

4 

5

砸

鋒

■ 

I  

I  

• 

■ 

I  

■ 

I  

t  

I  

着

§

6

2

2

3

7
 

2

8

5

0

3

2

4

0
 

5 

7 

9 

1

3
 

6

8

1

4

6

8

9

0
 

c 

2

2

2

3

3

3

3
 

4

^

4
 

4 

4

5

1  

讀 

I  

*  

I  

I  

I  

I  

I  

I  

I  

I  

I
>7
3

0

0

1 

4 

Q
- 

5

2

8

1

0

3

0
 

§

 

5

7

9

1

3

5

8

1

3

6

8

9

0
 

o 

2

2

2

3

3

3

3

4
 

A
- 

A
- 

d
- 

4

5

I 
t 

I 

■
 

I 

I 

■
 

I 

I 

t 

碰 

I 

鑛

5
5

 

2

8

8

9

2

7

3

9

5

9

8

2

9
 

g

 

5

6

8

0

3

5

8

0

3

5

7

9

9
 

o
 

2

2

2

3

3

3

3

4
 

A
- 

4

4

4

4

z

 

- 

I

 

1

 

I

 

I

 

I

0000!03

irat

7 008 00906

7

6

5

4

3

2

1

0

9

8

7

6

5
 

3

3

3

3

3

3

3

3

2

2

2

2

2
 

• 

•

•

•

•

•

•

•

•

•

•

•

•

o

o

o

o

o

o

o

o

o

o

o

o

o

2

9

8

3

9

4

5

0

8

9

2

6

0
 

4 

4

7

2

7

4

1)9
)6
(4
^

3

4

0
 

4
 

3

2

2

1

1

1

0
01
0

0

0-
0

3

7

4

7

3

7

7

2

0
^

^

-

7

2 

5

5

8

2

8

4

1)9
7

5

)3
1

0
 

A
* 

3

2

2

1

1

1

0

0

0

0

0

0

4

5

0

3

7

0

0

4

2

3

6

9

3
 

6

6

9

3

8

5

2
 

9 

7

5

3

1

0
 

4

3

2

2

1

1

1

0

0

0

0

0

0

6

4

7

8

1

4

3

7
 

A
- 

5

7

1

5
 

7

7

9

3

9

5

2
 

9 

7

5

3

2

0
 

4

3

2

2

1

1

1

&

C

O

O

O

O

8

3

3

3

5

7

5

9

7

7

9

2

6
 

8

8

0
 

4 

9

5

2

9

7

5

3

2

0
 

4

3

3

2

1

1

1

0

0

0

0

0

0

003 002 001 01004

0丨Oi

)0
7

6

7

9

4

0

7

2

7

7

1

9

 

5

6

8

0

2

5

8

0

3

5

7

9

9
 

2

2

2

3

3

3

3
 

A
- 

4 

A
- 

A
* 

4

4

_ 

I  

鑛

賺

 

I  

I  

t  

t  
I  

I  

I  

■
參

5 

A
- 

4

7

2

7

4

0

4

5

0

8
 

6

8

0

2

5

7

0

3

5

7

9

9
 

2

2

3

3

3

3

4

4

4

4

4

4

I  

I  

■ 

*  

I  

I  

I  

I  

*

 

錄
■
鑛

3

2

2

4

9

5

1

7

2

3

9

8
 

6

8

0

2

4

7

0

2

5

7

8

9
 

2

2

3

3

3

3

4
 

A
- 

4

4

4

4

I  

I  

I  

讀 

t

 

■
嫌

 

I  

嫌 

I  

I  

I

2

0

0

2

6

2

9

5

0

1

7

7
 

6

8

0

2

4

7

9
 

2 

5

7

8

9
 

2

2

3

3

3

3

3

 

4 

4

4

4

4

• 

I 

I 

I 

I 

I 

I 

I 

* 

二
 

I

0

8

8

0

4

9

6

2

7

9

6

7
 

6

7

9

2
 

A
- 

6

9

2

4

6

8

9
 

2

2

2

3

3

3

3
 

A
* 

4 

4

4

4

I

 

I

 

善 

I  

I  

I  

讀 

t  

婦 

I  

I

 

I

8

6

6

7

1

7

3

0

5

7

5

6

5

7

9

1

4

6

9

2

4

6

8

9

2

2

2

3

3

3

3

4

4

4

4

4

t  

• 

I  

二

 

•

二
 

二

二

2

3

4

5

6

7

8

9

0

1

2

3

4
 

1

1

1

1

1

1

1

1

2

2

2

2

2
 

♦ 

♦

参》

_

參

9

_

参《«
*暴

o

o

o

o

o

o

o

o

o

o

o

o

o

7008009

•L

02 003 004

0

2

1

8

0

0

8

2

9

9

1

4

8
 

5 

0

9

1
 

A
- 

0

6

2

0

7

5

4

2

0

 

o
 

5

3

3

2

2

1

1

1

0
 

0 

Ö

O

O
 

o

攻 
8

4

)4
-

4 

1

4
 

1

1

2

6

0
 

0

1

5

0

6

3

0
 

咚 
6

4

2

1
 

4

3

2

2

1

1

1OÍ
O

Ö

O

C

1

5

0

8

8

4

7

3

2

4

7

1

1

2

6

0

6

3

0

8

^

4

2

1

4

3

2

2

1

1

1

0

0

0

0

0

1

3

5

3

1

7

9

5

4

6

9

3
 

2

3

6

1

7

3

0

8

6
 

4 

2

1
 

4

3

2

2

1

1

1

0

0

Ö

0

&

008 007 006

u
 

u
 

u
 

i
j 

t 

0
 

u
 

ćc 
/c 
c
c 

4J 

C
«

o 

3

4

7

1

7

4

1

8

6

^

3

1
 

o 

o 

4

3

2

2

1

1

1

0

0

0

0

0
 

o

o 

4

4

7

2

7

4

1

0

6
 

4 

3

1
 

o
 

4

3

2

2

1

1

1

^

0

^

0

0

2

3

4

5

6

7

8

9

0

1

2

3

4

1

1

1

1

1

1

1

1

2

2

2

2

2

Ò

^

>

Ò

0-
<
^
0-
6

Ò

0*
Ò

0*
0*
Ò

(A pp ly  neg a tive  s ig n  "to va lues  f o r  ir >  0*250)



? yt

m
> » i ^  
f^fP

5 ? 0̂ ? 1 5 î  H  

? ” ” ？ m

t
^  IW N*  ̂
Ö p f  f r r r , r * î , ? r , î * » ' f

% «p. jg 

o 、浐
y ?

•1
•I b

h»
l i r

11 !

i l l H I Ü í

ü n i f l i !

★ t> <4 人
! ” 芝

O ^  ^  Q

f 2 1  ̂ S ? ^  K. ^  
”  1

r ^ î
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Theory and explanation (Part III).

1. Analysis o f M ixed  Solar Tides.
T he  fo llo w in g  n o ta t io n  w i l l  be used :

Z  : th e  h e ig h t o f  h ig h  o r lo w  w a te r above o r be low  m ean sea leve l, 
t  : th e  t im e  o f  h ig h  o r lo w  w a te r, in  u n its  o f  a day. 
t : a m ean tim e , 
n  : a speed o f  360° pe r day. 
p  : th e  species num be r.
Y : th e  t im e  in te rv a l fro m  th e  m ean t im e  to  th e  n e x t s ta tio n a ry  va lue .
A , B  : c o n s titu e n t num bers a t epoch zero h o u r.
C, D  : c o n s titu e n t num bers a t epoch x.

T he  tid e  w i l l  be expressed as :

Z =  S A p  cos p n t  +  S B p  sin  p u t  (1)

= S Cp cos p n ( t —  x) +  S D p  cos p u  ( t  一  t )  (2) 

and th e  co n d itio n  fo r  these rep resenting  h ig h  o r lo w  w a te r is :

0 =  S p  Cp s in  p n ( t  —  t) —  Sp D p  cos p n  ( t  —  t) (3)

L e t the re  be tw o  s ta t io n a ry  va lues a t tim e s  ( t  +  丫) and ( t  —  丫) and  le t
th e  correspond ing  he igh ts  be denoted b y  Z (丫) and  Z (— 丫) respec tive ly . T h e n  we 
re a d ily  fin d

X  =  Z (y ) +  Z (— 丫） =  2 S Cp cos p n y  ⑷

Y  =  Z ( 丫）一  Z (— y) =  2 S D p  sin  p u  y (5)

0 =  S pC p sin  p n y  (6)

0 =  S p D p  cos p u  y (7)

F ro m  these pa irs  o f  equa tions a co n s titu e n t w ith  p  =  q, say, can re a d ily  be 
e lim in a te d , y ie ld in g

q X  sin  q n y  =  — S [(p  +  q) s in  (p —  q )n y  +  (P —  q) s in  (p +  q )n y ]C p (8)

q Y  cos q n y  =  s  [(p  +  q) s in  ( p —  q ) n y —  ( p — q) s in  (p +  q )n 丫] D p  (9)

I t  is conven ien t to  w r ite

X i  2 sin 2 n  丫 Y x

X  3 s in  n 丫 +  s in  3 n y  Y

X  2 — sin n  丫 Y  a

X  3 s in  n 丫 +  s in  3 n y  Y

cos2nY (10)
3 s in  n y  —  sin 3 n 丫

cos n y  

sin n y  —  sin  3 n y
(H )

F o r th e  present we sha ll ignore  th e  te rm s in  (8) and (9) w h ic h  are n e ith e r 
d iu rn a l n o r sem id iu rna l, and i t  is  th e n  e v id e n t th a t  (10) and (11) g ive

X x =  Cx , Y x =  D x , X 2 =  C2 , Y 2 =  D 2 (12)

H ence, b y  ta k in g  a special t im e  o r ig in  h a lf  w a y  be tw een tw o  s ta tio n a ry  
va lues i t  is  possible to  p repare  tab les o f  m u lt ip lie rs  w h ic h  g ive  th e  ha rm o n ic  
num bers fo r  th e  d iu rn a l and se m id iu rn a l tides  w ith o u t a n y  fu r th e r  co rrec tion  
i f  th e  th ird -d iu rn a l and q u a rte rd iu m a l tides  can be ignored . T he  transference 
fro m  th e  special o r ig in  o f  tim e  to  zero h o u r o f  th e  so lar d ay  is a s tandard  process 
(see In s tru c t io n  X I I I ) .



2. Tables o f X J X ,  Y J Y ,  X 2/ X  and Y 2/Y .
These tab les are v e ry  eas ily  p repa red  in  te rm s o f  丫，w ith  n  =  360° and 丫 

in  u n its  o f  a solar day. T he  va^ue o f  丫 varies accord ing  to  th e  s ta tio n a ry  
values. The  th e o ry  ju s t  g iven  has n o t specified w h e th e r th e  s ta tio n a ry  values 
are tw o  h ig h  w aters or tw o  lo w  w ate rs , ad jacen t lo w  and h ig h  w ate rs , o r H H W  
and  L L W . I t  is a general th e o ry , b u t  in  th e  a p p lica tio n  we sha ll ta ke  th e  s ta t io 
n a ry  values as p e rta in in g  to  H H W  and L L W . The range o f va lues o f 丫 depends 
upon  th e  choice o f  s ta t io n a ry  va lues and in  those chosen here th e  va lue  
o f  丫 varies betw een 0.125 d ay  (3 hours) w hen  th e  se m id iu rna l t id e  is d o m in a n t 
to  0.25 d a y  w hen th e  d iu rn a l tid e  is d o m in a n t, b u t th e  in te rv a l m a y  be 0.375 
w ith  sem id iu rna l tides  and v a ry  to  0.25, accord ing  to  w h e th e r th e  tides  are 
ad jacen t o r are separated b y  L H W  and H L W . H ence th e  tab les are prepared 
fo r  th e  in te rv a l y =  0.125 to  0.375, b u t the re  is e ith e r s y m m e try  o r asym m etrd  
a b o u t y =  0.250. As th e y  are g ive n  a t in te rv a ls  o f  0.001 in  y the re  is no neey 
fo r  in te rp o la tio n s .

3. Remarks on the calculation o f  丫 and t .

I t  is essentia l to  no te  th a t  these tw o  q u a n titie s  are in t im a te ly  re la ted  and 
th e y  should n o t be com puted  in d e p e n d e n tly  o f  each o th e r. I t  is desirable 
to  have a conven tion  th a t  th e  H H W  should  fo llo w  th e  L L W , and th is  can 
a lw ays be assured b y  add ing  1.000 to  th e  va lue  o f  t  fo r  H H W . T h is  is pe rm is
sib le , o f  course, because we are dea ling  w ith  reduced tides , w h ic h  are solar in  
characte r, and the re fo re  repea t them se lves a fte r th e  in te rv a l o f  a day. The 
p rac tice  recom m ended in  th e  in s tru c tio n s  is f i r s t ly  to  com pute  丫 and th e n  to  
add  th is  to  th e  tim e  o f L L W . As a check, th e  va lue  o f  t  can also be com puted 
b y  su b tra c tin g  y fro m  th e  t im e  o f H H W .

4. Remarks on the sequences o f observations.
D isco n tin u itie s  in  th e  sequences o f  tides m a y  cause some p e rp le x ity , b u t 

i t  is o n ly  necessary to  ensure th a t  a h ig h  w a te r sequence is p laced unde r s =  0 
o r 2. I t  is  n o t necessary to  re la te  th e  sequence to  lu n a r tra n s its , and in  fa c t i t  
is  som etim es a lm ost im possib le  to  do so as th e  tim es  o f  h ig h  and lo w  w a te r 
m a y  change v e ry  q u ic k ly . The  o r ig in a l ve rs ion  o f  th is  m e thod  was in. lu n a r 
t im e  b u t so m a n y  d iff ic u ltie s  w ere encountered th a t  i t  was fo u n d  to  Be s im p lest 
to  w o rk  in  so lar tim e  as in  P a r t I I  and P a rt I I I .  The  choice o f  H H W  and 
L L W  m a y  also be p e rp lex ing , b u t th is  need n o t be so. I t  is n o t even necessary 
to  choose H H W  o r L L W . I t  m a y  happen th a t  a sequence o f  H H W  varies 
ra p id ly  a t beg inn ing  o r end ing . I f  th e re  is a n y  o th e r a lte rn a tiv e  i t  can be chosen, 
so long  as the re  is a reasonable separa tion  be tw een th e  he igh ts  o f  th e  tw o  s ta t io 
n a ry  values. I t  w o u ld  be fo o lish  to  a p p ly  th is  m e thod  to  L H W  and H L W , 
fo r  th e  difference in  h e ig h t is to o  sm a ll to  g ive accurate resu lts . There  is thus  
a measure o f  f le x ib i l i t y  in  th e  m e thod , th e  o n ly  essentia l th in g s  be ing  th a t  th e  
sequences m a y  be easily  in te rp o la te d , and th e  q u a n tit ie s  analysed separated 
reasonab ly in  tim e  and h e ig h t, and th a t  th e  tim es and he igh ts  be ta ke n  to g e th e r 
( th a t is, th e y  p e rta in  to  one ano the r).



s in  3 n  丫）X13 =  
sin 3 n y ) X14 =  

sin. 3 n 丫）X23 =  
sin 3 n y )  X24 =

T h e  above equations are de rived  fo r  a p a ir  o f  s ta tio n a ry  values b u t as th e re  are 
n o rm a lly  tw o  such pa irs in  th e  day  we sha ll denote th e  second p a ir  b y  va riab les  
w ith  single dashes. In  o rder to  com bine th e  tw o  sets o f  resu lts  i t  is necessary 
to  have a com m on and ce n tra l tim e  o r ig in . T h is  w i l l  be th e  m ean va lue  o f  th e  
tw o  tim es t and t ' ，and we m a y  denote i t  b y

THE ANALYSIS OF H IG H  A N D  LO W  WATERS. 

Appendix : An Outline of a General Method.

1. In troduction.
I t  was s ta ted  in  th e  in tro d u c tio n  to  P a rt I I  th a t  th e  m e thod  th e re  g iven  

is  m ore general th a n  th e  m e thod  o f P a rt I ,  and th a t  i t  can deal w ith  th e  prob lem s 
d e a lt w ith  in  P a rt I ,  b u t th a t  i t  cou ld  n o t cope w ith  th e  prob lem s considered 
in. P a r t  I I I .  I n  th e  same w ay , th e  m e thod  o f  P a rt I I I  can be adap ted  as a 
genera l m e thod  capable o f  dea ling  w ith  a ll th e  types o f p rob lem s considered 
in  th e  th ree  P arts . I t  was w ith  some re luctance  th a t th e  a u th o r gave th re e  d i f 
fe re n t m ethods, and before do ing  so he spent m uch  tim e  searching fo r  and 
deve lop ing  a m ore general m e thod , b u t  had to  decide th a t  i t  was n o t p ra c tica b le  
to  use i t  w ith o u t m a k in g  ava ilab le  some extens ive  tab les. The ac tua l opera tions 
re q u ire d  b y  th e  m ethod  are n o t a p p re c ia b ly  m ore com p lica ted  th a n  those 
o f  P a r t I I  b u t i t  was th o u g h t w e ll to  have sim ple m ethods w ith  re s tr ic te d  fie ld s  
o f  a p p lic a tio n  ra th e r th a n  one a p p a re n tly  com p lex m e thod  covering  th e  w ho le  
fie ld . I n  v ie w  o f th e  im po rtance  o f  th e  sub ject, how ever, i t  seems desirable 
to  in d ica te  th e  w a y  in  w h ic h  th e  genera l p ro b le m  m a y  be solved.

The General Equations.
T he general so lu tion  is con ta ined  in  th e  expressions g iven

m
in e  ge: 

P a rt I I I .
(8) to  (11)

I f  we ta ke  q =  2 in  (8) and m u lt ip ly  th e  e q u a tio n  b y  th e  d e n o m in a to r 
o f  X x/ X  in  (10), we have an e q ua tion  w h ic h  is  independen t o f th e  se m id iu rn a l 
t id e  b u t in vo lve s  th e  th ir d  and q u a rte rd iu rn a l tides. L e t th e  coeffic ients o f 
C 3 and C4 in  the  equa tion  be denoted b y  X13 and X14 ; th e n  we have

and s im ila r ly

X ! == C l + 入 13C3 + 入 14C4

Y x =  D 1 + ^13^3 +

x 2 =- C2 + 入 23C3 +

Y 2 =: d 2 + ^23^3 + ^24^4

(i)

(2)

⑶

(4)

The  values o f th e  coeffic ients are g iven  b y  th e  equations

(5 sin n 丫 一  s in  5 n y ) 
(6 s in  2 n y  —  2 s in  6 n y ) 
(4 s in  2 n y  —  2 s in  4 n y ) 
(5 s in  3 n y  —  3 s in  5 n y )

(3 s in  n y  —  sin  3 n y ) ^13
(3 s in  n y  —  sin 3 n 丫）(jl14 
(3 s in  n 丫 一  s in 3 n y ) (x23 
(3 sin. n y  —  sin  3 n y ) ^24

(3 sin n  丫 +
(3 sin n y  -j-
(3 s in  n y  +
(3 s in  n y  +

(5 s in  n y  +  sin 5 ny>
(6 s in  2 n y  +  2 s in 6 n y )
(4 s in  2 u 丫 +  2 sin 4 n y )
(5 s in  3 n 丫 3 sin 5 n y )



W e m a y  also w r ite  丫"  fo r  h a lf  th e  t im e  in te rv a l betw een t  and t " ，and so th a t

c/ —  丫" (8)

L e t E , F  be th e  ha rm on ic  num bers a t epoch ; so th a t

E p  =  Cp cos p y 7 +  D p  sin ，Fp =  —  Cp sin +  D p  cos (9)
o r

Cp =  E p  cos p y 7 —  F p  sin. py^  , D p  =  E p  sin p y^  +  Fp  cos •pY/ (10)

W e no w  su b s titu te  b y  (10) in to  equa tions  (1) to  (4) and th e n  e lim in a te  E x o r 
F l t  E a o r F a b y  th e  fo llo w in g  com b in a tio n s  :

and o b ta in

^ ib

G 26

Gia  =  X x cos n f  +  Y i  sin. nY / \
=  Y i  cos n 丫〃 一  X x sin  n Y / I

G 2a =  X 2 cos 2 el丫〃 +  Y 2 s in  2 n 丫〃 í
G 26 =  Y 2 cos  2 ixY/ —  X 2 s in  2 n — j

E i  +  L 13aE 3 +  L 135F 3 +  L 14aE 4 +  L 14&F4 

F i  +  M 13öE 3 M 13& F3 - f  M 14aE 4 +  M 146F 4 
E 2 +  L 230E 3 +  L 235F 3 +  Ł 24aE 4 +  L 24&F4 

F 2 +  M 23aE 3 +  M 235F 3 +  M 24aE 4 +  m 24& f 4

(U)

(12)

T he  d e fin itio n s  o f  L  and M  are g iven  b e lo w  in  te rm s o f 1, m ，and n f ,  w here

(入 (13)

L 13(I =  113 cos 2ny// +  m 18 cos 
L ia6 =  —  (113 s in  2 n丫"  +  m 13 sin 4 n y〃） 
L 14tt =  (114 cos 3nY〃 +  m 14 cos Sny77) 
L i d  =  一  ( l i4 s in  3 n丫〃 +  m 14 s in  5 n丫〃）

L aaa =  l 93cos nY〃 +  m 33cos S ny" 
L 23& =  一  (1í 3 s in  n Y / +  m 23 s in  5 h y ") 
L i ia  =  124 cos 2nyf/ +  m 24 cos 6nyff 
L “ & =  —  (124 sin  +  m 24sin 6nYf )

M lsa =  113 s in  2n 丫〃 一  m 13 s in  4<nY/ 
M 13ft =  113 cos 2 n r // —  m 13 cos 4n  丫"  
M 14a =  114 s in  3n 丫〃 一  m 14 s in 
M 145 =  114 cos 3 n丫〃 一  m 14 cos S ny"

M 23a =  l 23sin  nY , —  m 23 s in  Sny^ 
M 236 =  I 23COS —  m 23 cos SnY/ 
M 24a =  124 s in  2 n 丫〃 一  m 24 s in  óny^ 
M 246 =  l 24cos 2n 丫〃 一  m 24cos 6n 丫〃

The above expressions are g iven  fo r  one p a ir  o f  s ta tio n a ry  va lues, and fo r  
th e  o th e r p a ir , in d ica te d  b y  dashed va ria b le s , we get s im ila r expressions to  those 
g iven  above, in  te rm s  o f  \ J  and M 7, V and  m '，and — in  place o f  丫〃.

I t  w i l l  be no ted  th a t  G ia  and G / ia  each have E x as th e  p r in c ip a l te rm  and 
we the re fo re  w r ite  w ith  app ro p ria te  suffixes

H G (15)

and th u s  o b ta in  fo u r  equations fo r  E 3, F 3, E 4, and F 4. The  coeffic ients o f  these 
equations are to o  com p lex fo r  tr ig o n o m e tr ic a l ana lysis, and th e  s im p lest procedure 
is  to  o b ta in  num e rica l so lu tions in  te rm s  o f  丫，y7, and These so lu tions are 
in  te rm s  o f  H ia , H j ，H 2a，and H 26 ; and  th e  so lu tions are effected once fo r  a ll, 
and ta b u la te d  fo r  use b y  th e  com puters.

S im ila r ly  we m a y  w r ite , w ith  a p p ro p ria te  suffixes,

J  =  G ' +  G (16)

and th u s  o b ta in  fo u r  equations fo r  E x, F x, E 2, and F 2 in  te rm s  o f J  and  th e  fo u r 
values o f  H . T h e  so lu tions are ta b u la te d  once fo r  a ll in  te rm s o f 丫，丫'，and 丫〃• 
The  tab les are the re fo re  tr ip le -e n try  tab les . F in a lly , th e  tim e  o r ig in  is tra n s 
fe rred  b ack  again to  zero ho u r o f  th e  d a y  to  g ive  A  and B  as in  P a r t I I .



3. Remarks on the numerical analysis.
T he  processes o f  ana lysis are b y  no  means so com p lica ted  as th e  th e o ry  

suggests. T he  e a r ly  processes are th e  same as in  P a r t I I  as fa r  as X x, Y x, 
X 2, and Y 2, excep t th a t  in  th e  genera l m e thod  we m a y  have tw o  h ig h  w a te rs  
and  tw o  lo w  w a te rs  each day. I n  th e  n o rm a l m e th o d  w e ta k e  th e  tw o  h ig h  
w ate rs  fo r  one p a ir  o f  s ta t io n a ry  va lues and th e  tw o  lo w  w a te rs  fo r  th e  second 
p a ir . T h is  avo ids th e  p o s s ib ility  o f  co m b in in g  a h ig h  w a te r and  a lo w  w a te r 
w h ic h  are a lm os t m erged. T he  tab les fo r  th e  c o m p u ta tio n  o f  X j / X ,  e tc ., need 
to  be ex tended  as th e  range o f  丫 is increased. T he  re q u ire d  tab les have a ll 
been com pu ted  b y  th e  a u th o r, as w e ll as th e  tab les fo r  E  and F  fo r  th e  fo u r  
species o f  tides , and  th e  m e thod  has been p ro ve d  to  be s im p le  eDough in  opera
tio n . T he  o n ly  d if f ic u lty  is th e  re -p ro d u c tio n  o f  th e  tab les. T h e y  are necessarily  
som ew hat b u lk y  as in te rp o la tio n s  in  t r ip le -e n try  tab les  are n o t to  be recom 
m ended. F ro m  th e  co m p u te r’s p o in t o f  v ie w  th e  m e th o d  is  as s im p le  as th a t  
o f  P a r t I I ，and i t  has th e  m e r it  o f  b e in g  genera l and avo ids th e  use o f  a p p ro x i
m a te  va lues in  th e  corrections.
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