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INTRODUCTION

The practice of publishing tidal differences for « secondary » ports, 
based on « standard ports », is an old but invaluable method of concisely 
representing tidal data. Differences have commonly been taken at Full and 
Change of the moon and also at Quadrature for time differences, and at 
springs and neaps for height differences, and it has been generally assumed 
that for intermediate and extreme conditions interpolation and extrapola
tion respectively are satisfactory. Such differences are generally acknowl
edged to be only approximate, and this investigation examines the nature 
of the approximation and reveals the fallacy of assuming that interpolation 
and extrapolation are satisfactory tools.

Two approaches are used, one depending upon the mathematical 
expressions for the combined constituents M2 and S2, and the other the 
numerical method of combining these constituents given in Admiralty Tide 
Tables Part III. The mathematical method shows that time differences are 
not simply related to H.W.F. & C. or to springs and neaps, and the same 
holds for height differences. Both methods show that both sets of differen
ces are uniquely determined in terms of high water time but not in terms 
of high water height. In fact, if the differences are plotted in terms of height 
then approximately oval curves are obtained, and for any given height of 
tide the differences depend upon whether the tide is increasing from neaps 
to springs or decreasing from springs to neaps.

The investigation is then extended to include a third harmonic constit
uent (N2). The mathematical method then becomes extremely complex, 
and only the second method is used. The results show that there is no 
simple law of variation as regards the use of either high water time or 
height as variable. The general conclusion is that the best approximation 
for both time and height differences is obtained by using high water time 
as a basis, though the author is well aware that such a change in standard 
procedure is unlikely to be readily adopted.

The difference variations caused by these constituents can nevertheless 
be uniquely represented without great difficulty or labour by using the 
phase differences between two pairs of the corresponding equilibrium tide 
constituents as co-ordinates, and plotting the time and height differences 
as contours. An example is given, and it is considered that this method 
might well be adopted, in the absence of a tide predicting machine, if 
considerations of accuracy require the inclusion of N2 in variable differences.

The difficulties arising from shallow water conditions or from varia
tions between standard and secondary ports in the diurnal tide have not



been considered in this paper. Their existence serves to emphazise the 
need for caution in the use of differences.

INVESTIGATION FOR TWO CONSTITUENTS

Let time be measured from syzygy.
Then

M2 =  M cos (m t —  M° )
S2 =  Scos ( s t ~  S°2) = S c o s (m f — M° +  $)

where
$  =  (s — nx) t —  (S° — M°)

Then the compound tide is given by
Z2 =  (M +  S cos ¢) cos (m t —  M °) — S sin $  sin (mt — M°)

=  Z cos (mt — M° —  n) (1)

S sin $
tan r, = ------ — —------—  (2 )

M +  S cos $
z  /  S S2 (3)— =  ( 1 + 2  —  cos$  +  ^  1 ;

where

M V M ' M2
]Vt ̂  j

In (1) Z is the apparent amplitude of tide, and —-— -  is the time of
m

high water, yj is the phase difference between M2 and Z2.
It can be shown that

1 1
t] =  —  r sin $  -|------r2 sin 2$ --------r3 sin 3$  + .....

2 3
Z 1 1
— =  1 4- r cos $  -j----- r2 sin2 $ --------r3 sin2 $  cos $  + .......
M 2 2

S
where r =  — .

M
We shall use the symbol 8 to denote differences between the standard 

and secondary ports, and by the ordinary process of taking differentials 
we have

8¾) =  (— sin $  - f  r sin 2$  —  r2 sin 3$ +  ...) dr

+  (—  cos $  - f  r cos 2$ — r2 cos 3$ +  —) 8̂$ (4)
§ (  — \ =  (cos ¢) +  r sin2 #  -(- ...) §r -f- (—  sin $  -4- —  r sin 2$ 4- ...) (5) 

\ M / 2
Z\ Z

and SZ =  M S — M ------ ÎM (6)
\M /  M

These results at once show that time and height differences are not 
simply related to H.W.F. & C. (which is proportional to ¢).

A t spring tides $  = 0 at the standard port, and (4), (5) and (6) give



Similarly, at neap tides ($  =  180°) we have 

8tj =  0  +  r2 +  r3 +  ...) 8$
1 —  r

8$

== —  8r
M

Z
M

1 — r (S)

8Z =  — M • 8r +  (1 — r) 8M 
These show clearly the changes in time and height differences for 

springs and neaps.
A t mean tide between springs and n ea p s: ¢  =  90°

8tq =  (—  1 -f- r2 —  ....) 8r — r2 8$

— J =  r • 8r —  r • 8$ 
M

Z 1
—  =  1 H----- r2
M 2 (9)

8(Z) ==M(r8r - r 8$) + (  1 + 8M

A t mean tide between neaps and springs : $  =  270' 
8yj =  (1 — r2 +  ....) 8r — r2 8$

Z \ Z 1
== r • 8r +- r • 8$ — ==1 + -  r2

M M (10)

8Z == M(r8r +  r 8$) +  ^1 +  y r 2^ 8M

If the time and height differences were functions of the height (Z) of 
the compound tide at the standard port, we should expect results (9) and 
(10) to agree. They do not, the time differences varying by ±  (1 — r2) 8r 
and the height differences by ±  Mr 8$  (=  ±  S*8$). Hence the departures 
from linearity with Z depend upon 8r for times and 8$  for heights, and 
upon r for both. Both, however, are independent of time, and we may 
therefore conclude that there is no justification for the use of heights as 
a reference for differences, but that differences should be expressed in 
terms of time.

Tables 1(a) and 1(b) afford some idea of the errors which can be 
incurred for average tides by assuming a linear law of variation between 
springs and neaps.

T a b l e  I

(a)
Maximum time errors 

± ( 1  — r2) 8r 
in minutes of time.

(b)
Maximum height 

±  S-8$ 
in feet.

errors

hr
— 5 % 
r

10 % 15 % 8$
$

5 % 10 % 15 % 20 %

r S
0.2 1 2 3 1 ft 0.1 0.2 0.3 0.3
0.4 2 4 6 3 ft 0.3 0.5 0.8 1.0

0.6 2 4 7 5 ft 0.4 0.9 1.3 1.7



These and later points which will arise may be advantageously illus
trated by numerical examples. We take two ports « A » (the secondary port) 
and « B » (the standard port), and assume values of the harmonic constit
uents for M2 and S2 as in Table II. The values approximate to those at 
Portsmouth (A) and Devonport (B).

By using Table 3 of Admiralty Tide Tables Part III, we may combine 
M2 and S2 into a compound constituent at intervals of 30° in ¢. This is 
equivalent to intervals of 1.2304 day, and we can cover the complete 
spring/neap cycle with twelve applications of the table for each port. To 
reduce confusion, it should be pointed out that in Admiralty Tide Tables 
Part III the compound tide is referred to S2 as a standard, whereas in the 
foregoing exposition M2 has been the reference constituent. In consequence, 
we have the following alterations in notation and hence in procedure :
Admiralty Tide Tables 
Part III

d
Z2 =  F cos (st —  S°2-

D =  M/S
D sin dtan e — --------------------

1 +  D cos d
E =  F/S

This paper

$
Z2 =  Z cos (mt —  M° — y)) 

r =  S/M
r sin $

tan r) = ------------------------
1 -)- r cos $
Z/M

( 1 1 )

It should be added that the original calculations for. Table 3 were used 
for the numerical examples, so affording an extra decimal place in the 
calculations.

Table II illustrates the calculations for Ports A and B. We commence 
the calculations with t =  0 at syzygy, i.e. d =  M° — S °. and §F represent 
the time and height differences for Port A on Port B. These are plotted in 
figures 1(a) - 1(d) both as functions of high water time at B (which differs 
from e by only a constant amount) and amplitude of tide at B. It is at once 
apparent that there is a simple law of variation in terms of e, but not in 
terms of F.

These simple variations approximate to sine curves, and an important 
feature of each is that its maximum and minimum do not coincide with 
either spring or neap tides. Indeed, it may be shown mathematically that 
in general neither Srj nor §Z have their maxima or minima at springs or 
neaps.

It should further be noted that the practice of giving the ratio of sec
ondary port ranges to standard port ranges suffers from the defect that 
has been remarked with regard to the use of F as a reference. This may be 
seen from an examination of the values of F at each port in Table II.

Reference to Tables 1(a) and 1(b) and figures 1(c) and 1(d) shows 
agreement between theory and the numerical indications in so far as the 
possible errors in differences for average tides are concerned.

EXTENSION OF THE INVESTIGATION 
TO INCLUDE OTHER HARMONIC CONSTITUENTS

We have seen that even if we postulate only the simplest possible tidal 
combination, that of M2 and S2, the commonly accepted method of referring



FIGURE 1(a)

FIGURE 1(b)

height differences to tidal height is unreliable if a linear interpolation 
between springs and neaps is employed. In practice, of course, it is seldom 
possible to ignore N2 or K2, and the question arises as to how a third 
constituent affects the typical diagrams of figures 1(a) -(d ).

The extension of the theoretical analysis to these constituents becomes 
extremely complicated, and it is much simpler to consider three constituents 
by an extension of the numerical method of combination. We shall use M2, 
S2 and N2. It has been stated (11) that if we have M2 and S2 represented by

M2 =  M cos (m t — M p  
S2 =  S cos (st — S°)

then Table 3 of the Admiralty Tide Tables Part III gives the compound tide 
as

Z2 =  F cos (st
where

D sin d
tan e

S2 e)

—  =  {1 +  2D cosd +  D2}^ s 1 +  D cos d
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FIGURE iCc)

FIGURE 1(d)
Now with

N2 =  N cos (n t —  N° +  a) 
where the phase of N2 at syzygy is a — N2, put

d' =  (s —  n )t +  (N° —  S2° ) ~ e  —  a
and the compound tide (M2 —|— S2 —)— N2) is given by

F cos (s t  — S 2—  e) +  N cos (st
=  F' cos (st — S° ■— e -(- e')

S° — e — d’)

( 1 2 )

(13)

(14)



e + e' at B 

FIGURE 2 (a )

e + e at 8

FIGURE 2 (b)

where

2 Ü'
F

i
{1 - f  2D' cos d' +  D'2} =  E' 

D' sin d'tan e'
1 - f  D' cos d' 

N
\y =

(15)

(16)

From the above, it is apparent that by calculating D' and d' and using 
Table 3 we may obtain § (e -f- e'), which represents the difference between 
ports A and B of the phase shift of the compound tide on S2, and §F', the 
height difference of the compound tides at A and B. The computations are 
given in Table III. Commencing with the first line of the M2 +  Ŝ . compu
tation, at t —  0 , increments of (s —  n)t are computed, and hence d' -)- a for 
each port is obtained. Two examples are given, one for a = 1 5 °  corre
sponding to équinoxial spring tides (M +  S +  N) at port B (rf' =  0° when 
d =  0°), and one for a =  112°, i.e. the combination (M —  S -(- N) at port B



F'at B 

FIGURE 2(d)



(d' =  0o when d =  180°). The calculations of Table II covered a complete 
cycle of M2 +  S2 ; those of Table III have been slightly extended beyond this 
cycle to give a better idea of the results for M ±  S +  N, which have been 
plotted in figures 2(a)-2(d). For comparison purposes figures 1(a), 1(b) 
and 1(d) have been superposed on figures 2 (a), 2(b) and 2 (d).

These calculations and diagrams make it quite clear that the inclusion 
of another constituent makes the law of variation of differences, with 
respect to either time or height of tide, extremely complicated. Referring, 
for example, to figure 2 (d), we see that for any abscissa other than the two 
extremes represented by M +  S +  N ( =  8.3 ft) and M —  S —  N ( =  2.1 ft), 
there can never be less than two values of 8F', and in general there will be 
as many values as there are ways of phasing M2, S2 and N2.

DIFFERENCES AS FUNCTIONS OF THE EQUILIBRIUM TIDE

This paper would not be complete without an indication as to how the 
effects of all possible combinations of M2, S2 and N2 upon time and height 
differences can be uniquely represented, if so desired, in terms of the 
phases of the corresponding equilibrium tide constituents.

It is obvious that the compound tide M2 -f- S2 +  N2 at any place (and 
hence the time and height differences between two places), is a function of 
the phases of the individual constituents. If we plot time (or height) 
differences between A and B in the form of contours, with the differences 
in phase of S2 and M2 at the standard port (B) as abscissae and the differ
ences in phase of S2 and N2 at B as ordinates, we then have a unique 
representation of all possible variations of these differences. We do not 
need to know the exact phases at any given time of any particular constit
uent; all that is required is the value of V, the phase of the corresponding 
equilibrium tide constituent for a given time.

In practice, given a series of time and height differences at high and/or 
low water, tabulations of (V of S2) —  (V of M2) and (V of S2) —  (V of N2) 
are required. These are readily available for zero hour of any day from 
Schureman’s « Manual of Harmonic Analysis and Prediction of Tides » 
(U.S. Coast and Geodetic Survey Special Publication No. 98), and the 
corresponding increments appropriate to the time of high or low water at 
the standard port have to be added. It is considerably quicker, however, 
to use Tables 4 and 5 in Volume 2 of the Deutsches Hydrographisches 
Institute « Gezeitentafeln », published annually, in which may be found (a) 
the values of V for the major harmonic tidal constituents for zero hour of 
each day of the year, and (b) the increment in each, at 10 minute intervals, 
up to 24 hours.

We may illustrate the type of result from the examples already given. 
At syzygy, V of M2 =  V of S2 =  0. With this initial condition, values of 
(V of S2) —  (V of M2) are equal to the values of (s —  m)t. For any given 
value of a, values of (V of S2) —  (V of N2) were computed from (s — n)t — a.

Figures 3(a) and 3(b) illustrate the contours of 8 (e -f- e') and 8F' 
respectively, with (s —  m )t and (s —  n)t —  a as abscissae and ordinates 
respectively. The decimal point of each entry indicates its position on the 
graph, and data for « =  195° and 292° have been included with those for 
a =  15° and 112° computed in the previous examples. Contour lines have



been drawn at intervals of 2° in 5 (e - f  e') and 0.2 ft in 8F', without great 
difficulty.

It is conceivable that in the absence of a harmonic tide predicting ma
chine this type of diagram may be seriously considered for predicting tides 
by differences, to a greater accuracy than the normally accepted methods 
can permit. Reliable and sufficient observations are indispensable for any 
wholly satisfactory method of prediction, be it by differences or predicting 
machine, but, having stated this, let us examine how such a scheme could 
be applied in practice.

From the relative speeds of M2, S2 and N2, we may deduce that the 
coverage obtained in figures 3(a) and 3(b) is equivalent to two sets of 
observations, each covering one month, and separated by about 3 months. 
These data would enable contours to be drawn, and the amount of calcula
tion required in connexion with the phases of the equilibrium tide would 
be small. It is doubtful, however, whether contours based on two months’ 
observations would be reliable enough to justify the labour involved in 
their production, for a sufficiently long span of records must be used to 
ensure that the effects of constituents other than M2, S2, and N2 have been 
averaged out.

(s -  m)t

O0 30° 60° 90° 120° 150° 180° 210° 240° 270° 300° 330° 360°

CONTOURS of *(e  + e')



Having obtained such contours, predictions could be readily prepared 
by using a transparent mask with dots marked at intervals of 12°.62 in 
abscissa and 19°.38 in ordinate. These values correspond to intervals of 12 
hour 25 minutes, the period of M2, which we assume to predominate» If we 
also assume that the period of the actual tide is the same, the differences 
for successive tides may be read off the contours against successive dots; 
the error involved in this last assumption is negligible. As the transparent 
mask can easily be dotted to cover one month’s tides, and as only one 
calculation of the equilibrium phases is required each month (to fix the 
position relative to the contour sheet of the first dot on the mask), it will 
be appreciated that the use of such a method could be speedy and labour 
saving.

In the absence of shallow water effects only one contour sheet would 
be required for high and low water time differences, and another for high 
and low water height differences. Otherwise a separate sheet would be 
required for each.

The author wishes to acknowledge his indebtedness to Dr. A.T. 
Doodson for suggesting this paper and for making available results of 
earlier unpublished work on the combination of two harmonic constituents.

(s-m )t

FIGURE 3(b) 
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1 1 1 " " 7 7 1 1 1 1

f c

^t't'OTN^'JHOOIOOHMlOlOOO
f ) t ^ o q i n » 0 5 0 i f | H T j i q v n « ) q q

«©«j^ïCvOTjîcoeôoQPîrjî'iî'^irsvri b
I ^ M O O M M O H i n ^ O O N O O O X f N
O i i O f f i r t 0 0 n q q q n i H r « T H f j »

^ i n i ô ® i o i ô ^ ^ ' w ^ ' i ô w œ d i s

W H H H H r H H O O O o a s i o o o o e ç
H H H H H r l H H H H W

o s ^ o i ^ c i o o ^ a o t B r t B H i o o i
M o s q q r t H r i N n N f i H r t q a

1—IHr(»-li—(1—( i—(r-<!-*i—1 r* t-<

A

V

ç D r ^ v c i o ^ # r ^ a 5 C ^ o o ° q o ^ i q ^ i >

iocîc>coçDoSciçd«o^cîoa«5rHĈI l  rH r-( j «j
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