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ABSTRACT

Modern echo sounders and detailed bathymetric surveying have dem-
onstrated the need for the theoretical treatment of echo traces that
would be expected from geometrical features on the sea flor, thereby
giving an insight into the interpretation of the true feature. The two basic
features that govern the interpretation are (1) the relationship of the true
and recorded sea floor slopes, respectively tan 6 and tan ¢, shown by
P. de VaNssay de Bravous (1933) :

sin § = tan ¢

and (2) that any sharp projection above the sea floor gives a hyperbolic
echo trace (HorFrman, 1957). Using these principles, the following figures
are examined mathematically, both two-dimensionally and three-dimen-
sionally as being representative of possible features on the sea floor : in-
clined plane, cone, hemisphere, hyperbola, and parabola. A semi-ellipse
was analyzed two-dimensionally. Some depressions were analyzed also. In
all except the parabola, hyperbolic echo traces were prominent, differing by
differing constants. The parabola and the semi-ellipse also gave parabolic
echo traces. Other features were examined but found to have echo traces
with complex characters.

Three complicating factors were examined. (1) The motion effect —
the effect of the forward motion of the ship whereby the echo is not received
where the sound pulse was emitted; (2) the correction due to sound velocity
variation in the sea; and (3) the effect of the refraction of the sound ray
due to the sound velocity variation. The first and last factors are shown
to be negligible in generai. Tables exist to correct for the second factor.
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I. — FORWARD

With the increasing activity in bathymetric surveying and deep-sea
research, echo sounding profiles are being scrutinized ever more closely
to find the true configuration of the sea floor. Before 1940, the main
interest in bathymetry was the charting of the sea floor. The true shapes
of seamounts and ridges were of little importance because the slope correc-
tions were less than the allowable charting errors. Most of the principles
of echo sounding were well laid down in the early 1930°’s by SHALOWITZ
(1930), P. de Vanssay de Bravous (1930, 1933) and Haves (1933).

During the 1940’s new types of recording fathometers were developed
and specific features of the sea floor were being well surveyed, focusing
interest on large features on the sea floor. Finally in 1956, the Precision
Depth Recorder (LuskIN and ISrRAEL, 1956) was developed which allowed
for the first time in the United States accurate examination of small relief
on the large features of the sea floor. For correct interpretation of the
features, precise knowledge as to the true form of the feature must be
known. This paper will discuss some of the echo traces to be expected from
simple geometric forms on the sea floor. Nature, of course, will seldom
take such pure forms. However, these pure forms may be used to approx-
imate natural features and to understand what information may be obtained
from the echogram.

II. — PRINCIPLES

Only two basic concepts govern the analysis of the echogram — the
recorded sea floor slope and the hyperbolic echo trace. The sound pulse
spreads as a sphere from the transducer. Assuming the sea bottom to be
a mirror, the ship will receive an echo from any part of the sea floor that
is tangent to the spherical wave front (including sharp points) as long as
the reflection takes place within the half-angle of the transducer. Beyond
that half-angle, the energy level of the sound ray is too low to activate the
transducer on its return. This half-angle is measured from downward ver-
tical and is assumed to be 30° for the Epo depth recorder. Transducers with
a much narrower half-angle are now coming into use and the results have
been described by CoHEN (1959). Such transducers almost measure the sea
depth directly, and slope corrections are generally small. However, these
transducers work only to intermediate depths. In general, the material in
this paper will be valid for both types of transducers.

The assumptions of (1) a half-angle of 30°, (2) a spherical wave front,
and (3) a mirror-like sea floor are all close approximations to the truth.
Specular reflection (i.e. reflection from points away from the perpendicular
between the ship and the sea floor) does occur but arrives later than the
plane reflection and is weaker. A few other complications are discussed
near the end of this paper. These complications however may in general be
neglected.

Where the sea floor is sloping or hilly, the echo will not in general be
detected from vertically bencath the ship but will return from any slope
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(if the slope is less than the transducer half-angle) which is perpendicular
to the sound ray. Such a point is the nearest point to the ship. Sound would
still be returned by specular reflection from the sea floor directly below
the ship but it would be of less intensity and would arrive later than the
plane echo.

1. — Recorded Sea Floor Slope

P. de VaNssay de BrLavous and J.D. Nares (1933) showed that for a
sea floor with a constant slope, the slope of the echo trace was less than
the sea floor slope and related by (fig. 1) :

sin § = tan ¢ ¢y

where tan § = true slope of bottom,
tan ¢ = slope of echo trace.

<7 SEA LEVEL

SEA FLOOR

Fic. 1. — Echo sounding profile of a sea floor with a constant slope.

This relationship is illustrated by figure 2. Note that up to a 15° slope,
tan § and tan ¢ are very close. Even up to 30°, the departure is not very
great compared to standard charting errors. In this discussion, it is assumed
that the ship is moving directly up or down the slope.

For the true depth (z,) beneath the ship for a constant slope is :

r r
2z, = = 2

cos 0 \/1—tanZ¢

where r = recorded depth.

In general, the sea floor does not have a constant slope. To obtain the
true position and slope of a point from the echogram, we must work with
the sea floor at the point of reflection rather than directly beneath the
ship (fig. 3). Therefore the information for point A is recorded while the
ship is at point B, not at point C. The true depth at point A is :

zy=r \/T—1anZo 3

where tan ¢ = slope of echo trace at point D, z, = true depth at point of
reflection.
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Fic. 3. — Echo sounding profile of a sea floor with varying slope.
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The horizontal distance D from point B to point C is :
D=rtane CY)

This is plotted in figure 4. Note for example that for a 15° slope, the displace-
ment is 1 kilometre at a depth of 3 700 metres. We can use the graph for
finding the maximum width of features which would be hidden beneath the
hyperbolic echoes (see discussion below) from their peaks (i. e. the recorded
echo from the sides of the features would be masked by the echo from the
flat sea floor). By checking on the graph a given depth and a given slope
and then doubling the horizontal distance thereby obtained, we obtain the
maximum width of a feature at that depth and of that slope which would
be hidden beneath the hyperbolic echo trace.
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Fig. 4. — Plot of equation (4). Horizontal displacement

is distance BC in figure 3. Graph gives the displacement

in terms of the true depth and slope or in terms of the

recorded depth and the recorded slope. The displacement

is found by projecting the intersection of the depth and
the slope to the ordinant.

The true sea floor of course may also be found from the recorded trace
(or vice versa) by graphically swinging arcs as did P. de Vanssay de Bra-
vous (1933) using the positions of the ship as the centre of the ares.
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2. — Hyperbolic Echo Trace

As nicely shown by HorFman (1957), any seapeak or sharp change in
slope will give a hyperbolic echo trace (fig. 5) of the form :
(z + n)? m?2

=1 )
n2 n2

where n = depth to apex hyperbola;
7z’ = depth of a point on the hyperbola beneath the apex;
m = horizontal distance of the point on the curve from the apex.

x
SL
n
ECHO TRACE
;‘/ - ~
~ ™~ ~
~
7
SEAMOUNT
FiG. 5. — Echo trace from a sharp sea peak.

With these two characteristics in mind, all of the following forms
were derived.

III. — THEORY OF ECHO TRACES OF GEOMETRICAL FEATURES

(1) The relationship between the slope of the sea floor and the slope
of the echo trace (eq. 1) was derived by P. de VaNssay de Bravous for a
sea floor with constant slope. It will be shown that the relationship holds
for any sea floor slope as long as corresponding points are compared on the
curves — that is, the point of reflection on the bottom is compared to the
reflected ray from that point.
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In fig. 6, let the depth (z) of the sea floor be some two-dimensional
function of the horizontal distance (x) from an origin and let the ship move
directly up or down the slope :

z=f(x) (6)
Now, since :
2y
r— 7
cos 0
m=—ux, +z, tant ®)
then
r2=(m—ux,)?% 4 z,2 (9)
where :

r = recorded depth ;
x, = horizontal coordinate of point of reflection ;
m = horizontal coordinate of ship.

SEA FLOOR

Fig. 6. — Echo sounding relations over a sea floor with varying slope.

Differentiating eq. (9) :
2rdr =2 (my — ;) (dm — dxy) + 22z, dz, (10)

Combining the above equations :
rdr = (r cos 6 tan §) dm — (r sin 6) dx,; - (r cos 6§ tan 6) dx, (10a)

which simplifies to :
dr

=sin 11
am (11)
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r
p is the slope (tan ¢) of the echogram, the universality of the
m

equation of P. de Vanssay de BLavous is proven.

Since

(2) In order to obtain an equation of the echogram, we want the echo
depth (r) as a function of the horizontal distance (m) measured on the
echogram from some origin.

The slope of the sea floor (tan 6) is the derivative of z with respect
to x :

dz
tan 6 = 12
. (12)
or by definition :
dz
=f(x) 13)
dx

Now, eq. (10) may be rewritten by trigonometric transformation :
r=z /T4 tanZ (14)
Finally, combining eq. (11) with eq. (6), (12) and (13) :
m=uzx -+ f) f(x) (15)
and combining eq. (14) with eq. (6), (12) and (13) :
r=f@x T+ [f@]* (16)

These are the required equations. To check eq. (15) and (16), we
reverse the process and differentiate eq. (15) :

dm =dzx + [f(@®)]2dx }- f(@) f’ (@) dx (17)
and eq. (16) :

dr =

f @

{14+ [f@]12+ f@ f"(x)) dx (18)
VITTF@T
Combining eq. (17) and (18), we obtain the slope of the echo trace :

dr f (@
dm V1I+ [f@)]2
Because :
f(x) =tang (20)
and :
. tan 6
sinp——— ——— @2n

/1T tan?§

then eq. (19) is the same as eq. (11), and therefore (15) and (16) are valid.

Now, in order to describe the echo trace we are looking for an equation
with (r) as a function of (m) or, less desirably, (n) as a function of (r).
Therefore we must be able to solve either eq. (15) or (16) for (x), the hori-
zontal coordinate of the reflection point, and then substitute this into the
other equation.

In order both (1) to solve the equations and (2) to obtain a simple
resultant equation, it turns out that the equation for the sea bottom must
be simple. Solutions have been worked out for the following two-dimen-
sional features :



INTERPRETATION OF ECHO SOUNDING PROFILES 73

. Incline
Wedge-shaped ridge
. Semicircle

. Inverse parabola
Semi-ellipse

. Hyperbola

A o

and for the following three-dimensional seamounts :

1. Inclined plane
2. Cone

3. Hemisphere
4. Paraboloid

5. Hyperboloid

Solutions have also been worked out for some depressions.
Attempts were made on several seemingly simple figures but their
equations were too complex to give simple echo traces.

IV. — ANALYSIS OF SUBMARINE FEATURES

1. — Monocline

a. Three dimensional

For an inclined plane (fig. 7) :

tan p = sin o tan § (22)
where tan p = slope of sea floor along track,
o = course relative to parallel along slope,
tan § = maximum slope of bottom.
SHIP'S TRACK

SEA SURFACE . /

PROJECTION OF
SHIP'S TRACK
ON SEA FLOOR

T TRACK OF REFLECTION
7 POINT
VYA AN
SEA FLOOR
Fis. 7. — Oblique crossing of a monocline.

Now, the track of the point of reflection across the floor of a mono-
cline does not correspond with the downward projection of the ship’s track
on the sea floor, but lies upslope of the projection of the ship’s track.
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Where the reflection occurs on the slope, the equation of the recorded echo

trace is :
r = m sin o sin § - z, cos ¢ (23)

where :

r = echo depth,
m = distance of ship travel from where it crossed the top of the

slope.
z, = depth to top of the slope.

The slope (tan ¢) of the recorded echo trace is :
tan ¢ = sin o sin 6 (24)

Fig. 8. — Vertical section along ship’s track of an oblique crossing
of a monocline.

Now as the ship crosses the break in slope, moving, say, out over a
slope, a hyperbola is recorded from that break in slope until the sound ray
impinges perpendicular to the slope as shown in the following (fig. 8):

Because :
y=msino (25)
X =mcos o (26)
and :
r?=uy? -4 z2 (27)
then :
r? =m?sin? o -+ z¢ (28)

Eq. (28) represents a hyperbola and is the recorded echo trace.

m = horizontal distance along course from break in slope;

x = horizontal distance along break in slope from point of crossing;
z, = depth of flat;

r = echo depth to break in slope.



b. Incline- two dimensional

When the ship’s track is perpendicular to the break in slope and the
echo track goes directly up or down slope, then ®= 90° and the problem
simplifies to two dimensions.

Simple incline

This is a typical and widespread feature on the sea floor (fig. 9).
Figure 10 shows a true echogram of such a situation.

The principles behind the above figures are well known and are given
here merely for completeness :

1. Echo KL is a hyperbola (fig. 9) :

r2—m2= z$ (29)

Then :
FG = z0tan 6 (30)
FK = z0\/l -(-tan26 (31)

Where z0 = the depth of the shoaler flat sea floor.

Fig. 9. — Crossing perpendicular to an incline.

2. Echo HK is a straight line so that :
tan = sin 6 (32)
and :
r—Zg\/l -|- tan26 (33)

Therefore the horizontal displacement D of the recording position from
the true position of the reflection point is :

. tan 0
D= rsin0=r (34)

VI + tan20

The vertical difference between the true depth (z8 beneath the ship and
the recorded depth (r) is :

r—z= r(l—V 1+ tan26) (35)



Fig. 10. — Actual fathogram showing a situation similar to figure 9.

Depth range of the fathogram is 1200-1 600 fathoms with reference

lines 20 fathoms apart. Breaks in reference lines are 0.5 mile apart.
Vertical exaggeration is 20 x.

3. Echo HJ is a hyperbola and can be calculated as in case § 1.

4. The horizontal displacement (1J) of the nickpoint for the above flat
bottom is :

1l - z3tan? (36)
and :
1— >/1 — tan2o9
1J=23 (37)
tan @
where z3 = depth of deeper flat bottom.
F o
or 6 < 30°, . tan ®
1J_ ZBX—EY (37a)

Intersection of two slopes

We wish here to find the horizontal displacement (AB) of the recorded
nickpoint (fig. 11).

Now :
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where tan A = true slope of lower slope and BD = true depth of the nick-
point.

A B SL
7~
yd
Pall
©
Fic. 11. — Echo sounding profile over an intersection of two different slopes.
The depth (AC) on the recorded nickpoint is :
1
cos - ®—2N
AC=BDX ———— (39)

1
cos—2—(0 + N

The horizontal displacement (AB) of the recorded nickpoint in terms
of the recorded depth (AC) of the same is :
(1 —+/T—tan%g) tanp + (1 —/T—tan?p) tang
tan g tanp + (1 —/T—1tan?g) (1 —/T—tan?y)

where tan p = recorded slope of true lower slope.
For angles < 30°, eq. (40) simplifies to (with less than 5 % error) :
__2(tang + tanp)

AB = AC (41)
4 - tan ¢ tan p.

AB = AC (40)

This is plotted in fig. 12.

2. — Conical Seamount

a. Crossing of a conical seamount so that the echo comes from its side

As will be shown, any crossing of a cone will produce a hyperbola,
albeit a hyperbola rather different from the hyperbolic highlight of its
peak.
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AB _ 2(TAN G+ TAN u) Py

AC 4+TAN G TANp

Fic. 12, — Plot of equation (41). AB is the horizontal displacement

of the recorded nickpoint with a recorded depth "AC (see figure 11).
w and § are the slopes of the recorded echo trace of the sea floor.

Using fig. 13, the equation for the recorded echo trace is derived as
follows :
The recorded depth (r) :

r=J4+H (42)
Now :
J=(E—G)sin9 43)
where tan § = maximum slope of the seamount.
n

H= 44

cos
E—_7" 45)

sin o

where (w) = horizontal angle to the projection of peak of the seamount
on the sea surface from the ship relative to the ship’s track.
Also :
G=ntan (46)
and :
4

VI

Combining, we obtain the desired relation :

r==ncos 0 + \/pF F m? sin 0 (48)

sin @ = 47)



Fig. 13. — Configuration over a conical seamount with the ship’s
track passing a distance p from the projection of the peak at
the sea surface.

or
(r— ncos 0)2 m2
p2sin20 p2
(p) = nearest horizontal approach of the ship to the peak of the seamount;
(m) = distance to the ship along the ship’s track from the place where (p)
is measured.
This is the formula of a hyperbola and shows that the echo trace will
be a hyperbola whose shape depends on (p) and (0) and whose position
depends on (n) and (0). The depth (c) of the apex of the hyperbola is :

(49)

c= psin0-fn cosO (50)
True depth (zg beneath the ship :
J+ H r
(51)
cos 0 COS 0
= n-f VP2+ m2tan (52)

Alternately :
(zg— n)2 nv
p2tan20 p2

Again this is a hyperbola as projected on the fathogram. The actual
path of the reflection point on the bottom is not a hyperbola as will be seen.

The horizontal displacement of the reflection point parallel to the
ship’s track is :

=1 (53)

n m .
K= —sin 20 X -----s=s=mmemeer—- (-m sin20 (54)
2 VP2+ m~



The displacement perpendicular to the track is :

n . P
= —sin20 X -
2 \/Ip2+ m2
The total horizontal displacement is :
D= —sin20-(-sin20 p2 m2 (56)
2
The difference in depth between the true depth beneath the ship and
the recorded depth is :
zs—r= (1—cos0) (n—\/p2-(-m2tan 0) (57)
As can be seen, the following quantities are generally unknown : p, 0
and n.

All is not lost, however, for we can solve for these quantities when
given a conical seamount. The general formula for a hyperbola is (fig. 14):
— k)2 — )2
Al I DL (58)
L2 M2
where (k) and (/) = position of the centre of the hyperbola, L/M = slope
of asymptote.

Now by substituting :

r=y (59)
k= dcosO (60)
L= psin0 (61)
M—p (62)
We obtain eq. (63) which is equivalent to eq. (49) :
(r— k)2— m2sin20= p2sin20 (63)
Now let :
A= L-fk (64)

where (A) is the depth to the vertex of the echo.
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Now measure two points on the recorded hyperbola (m;, r;, and m,, r.).
Substituting these values into eq. (63) :

(ry — k)2 — m?sin? § — (A — k)2 (65)
(ry — k)2 — mj sin2? § = (A — k)2 (66)
Solving :
2 Yy — A 2 _ 2 2 A2
. mi (ro ) mj (r3 ) 67)
2 [m2 (r;— A) — mg2 (1, — A) ]
and :

ri—A) [A(r ry) — ro(ry—re
Sin? 8 — (r, ‘)[ (ry + ry) —ra(ry —13)] (68)
m3 (r; —A) —m} (r.— A)
Since the quantities on the right of the last two equations are known,
we obtain k and sin 6. The asymptotes cross at depth (k) with a slope of

(sin §).

The semi-axis (L) is :

L=A—k (69)
The depth (n) of the peak is :
n=— ———L~— (70)
VI—sinZ §
The horizontal offset (p) from the track to the peak is
L

p = (71)

sin §

A—Fk
Gl (12)

sin @
The slope (tan §) of this conical sea peak is :
sin 8
tan g = —— (73)
/1 —sinZ 9

THE TRACE OF THE REFLECTION ON THE CONE

We have seen so far what we will record as we pass over a conical sea
peak to one side of its peak. Let us see now what path the reflecting beam
takes over the sides of the sea peak in order to find out what part of the
bottom we are sampling.

The equation of a conical sea peak with origin centered over the cone
on the sea surface will be (fig. 15) :

_(z_——n_)2+12+x2_0 (74)
tan? ¢ y
Now, where n = depth of peak and § = maximum slope of the sea peak,
the equation of a line is :
rT—x Y- z—z
v _ Y Yo 1 (75)
Lo — Iy Yyo— 1 Zy—— 2y
The equation of line AB is therefore :
r—m y— z
S A - (76)

Lo — M y;:_‘P 2y
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where x, y, z, = coordinates of the reflection point, and we are shown by
eq. (48) :

r=ncos § - sin 6 \/p? + m? (77
- 1 f
P
n—e w t
A m A {
SHIP'S TRACK
(m,p,0) /
Y I'n
z

SEAMOUNT

T p¥a2;)

F16. 15. — Crossing of a conical seamount within a distance p of the
projection of the peak at the sea surface.

Now from the geometry :

Yo =p—rsingsin e (78)
and :
[ . ncos § ; )
=pl1l—sinb (——-— + sin 0) 79
B VP + m? -
and :
Ip=m —rsin § cos © (80)
B . ncos § ) N
=nm 1—sm0<———}—sm0> (81)
L N PE T+ m2 A
and :
Zy =TI COS § (82)
=n cos? § | sin § cos 0 \/p% - m? 83

Combining these equations we obtain a better equation for line AB :

—msing —psing ~/p® + mZcosf

Now since the ship is moving :

m=p-_— (85)
y
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Substituting eq. (84) into eq. (85) we get :
@ +y) (p—y?
y? tan2 ¢ o
This is the formula for the surface traced by the path of the reflecting ray.

z? (86)

In order to obtain the track of the point of refiection across the conical
sea peak, we equate the equation of the ray surface, eq. (86), with the
equation of the seamount, eq. (74).

In order to obtain an insight into what equations (74) and (86) re-
present, let us project the track of the point of reflection onto the three
horizontal and vertical planes : yz, xy, and xz.

e P N
| =l
o, T Yy &—sL
n SHIP'S TRACK/
z
J y'
SEAMOUNT 2
TRACK OF \
REFLECTION
POINT —d'/A\
1
Fia. 16. — Track of the reflection point of the acoustic beam over a conical

seamount in the yz plane (perpendicular to the ship’s track).

First let us project the track on the yz plane (x = 0, i. e. looking down
the ship’s track, fig. 16). Combining eq. (74) and (86) and eliminating (z) :
yzsec? § —ny—pz+ np =20 87
By moving the origin (x,, y,, z,) to (0, p cos? 6, n cos? 0), eq. (87) transforms
to : y’ 2’ = — np sin2 § cos? § (88)
This represents a section of a rectangular hyperbola whose closest
distance to the new origin is : sin § cos 6 \/2 np.
Second, let us project the track of the reflection point on the sea sur-
face (xy plane, z =0, fig. 17).

Combining eq. (74) and (86) and eliminating (z) :

x? [y sec? § — p]? = y? [n* tan® 6 — (y sec? § — p)2] (89)
Shifting terms, eq. (89) becomes :
(x? 4+ y?) (y sec? § — p)2 —y?(n?tan2 §) =0 (90)

This is the equation of a conchoid, specifically the Conchoid of Nicomedes
(a conchoid of a line).

Lastly, let us project the track of the reflection point on the xz plane
(y =0, fig. 18).
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Combining equations (74) and (86) and eliminating (y) :
(z—n)2 [(z sec? § — n)2 — p? tan2 ¢]

x? = (91)
(zsec? § — n)2 tanz ¢

EDGE OF SEAMOUNT
y P

TRACK OF

SHIP'S TRACK
Fic. 17. — Track of the reflection point over a conical seamount
in the xy plane (a view from above).
SHIP'S TRACK\
‘< T sL

z n

SEAMOUNT

-
_~—" TRACK OF
- REFLECTION POINT

Fia. 18. — Track of the reflection point over a conical seamount in the zz plane

(parallel to the ship’s track).

This does not represent a simple curve although when n = 0, the figure

is a hyperbola. When (8) is small, the figure approximates a hyperbola.
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b. Crossing a very steep conical sea peak to one side of its peak (fig. 19).

In this specific case, the echo comes only from the summit of the sea
peak. For this to occur, the summit must be within the half-angle of the
sound cone. As long as the following relation holds :

tan 6 > Al (92)
n

(where 0 is the maximum slope of the seamount and m, n, p are defined
in fig. 19), the echo is a highlight from the summit. When the two sides of
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Fic. 19. — Crossing of a very steep conical sea peak to one side
of its peak.

eq. (92) become equal, the relations already described for the conical sea-
mount become the governing rules. If the summit is not in the sound cone
and eq. (92) holds, then the echo returns from the side of the seamount
where the edge of the sound cone first hits the seamount and a complex
situation develops which will not be described here. In the case of a high-
light from the peak, the recorded distance (r) to the peak from the ship is :

r? =m? + p% 4 n? (93)

r2 m2
p? + n? o P2 + n2
which is the formula for the echo trace and which is a hyperbola.

It may be seen that the form of the hyperbola does not specify the
depth to the peak because the hyperbola of the echo trace has the same
form as long as : p? 4 n? = constant (95). (n) may vary up to (~\/3 p) for
a sound cone with a half angle of 30°. (n) may therefore be 15 % shoaler
(as a maximum) than shown on the record.

This is alternatively :
=1 (94)
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c. Section of wedge-shaped ridge.

This is a two dimensional figure (fig. 20) and may be regarded as a
crossing of a cone directly over its axis or a crossing of a wedge-shaped
ridge at right angles to its axis.

Fic. 20. — Echo trace of a wedge-shaped ridge.

The formula for the hyperbolic section of the echo trace (between
points B and E) follows from eq. (5) and eq. (94) where p = 0 and is :
r? m?

n? n?
At points B and E, the hyperbolic echo from the peak merges with the
plane echo from the sides. This intersection occurs as soon as the sound
ray becomes perpendicular to the side of the ridge. At point B then :

r=ntanb on

=1 (96)

and the echo below point B has the form :

n
(98)

r —

cos 6

Now if the summit depth and/or height of the ridge is such that the
depth to the flat sea floor is less than the echo distance given by eq. (98), the
usable recorded echo of the ridge consists entirely of the hyperbolic echo
and none of the plane echo from the sides (fig. 21).

The echo is then plane between points A and B and hyperbolic between
points B and E. However, the hyperbola does not emerge from the flat sea
floor except between points C and D. We can therefore find from the
observable echo a minimum average slope of the ridge, but not the true
slope, because the intersections at points B and E are likely hidden in the
sea floor echo. This is in itself useful however. The slope of the ridge is
then :

CO '
tan 6 > tan 9,, = —— (99)
n

where CO = half width of the usable hyperbola and tan 6, = minimum
slope of the ridge as discernible from the echo trace.
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Fig. 21. — Echo trace of a steep wedge-shaped ridge.
The maximum base of the ridge is then :
h
= (100)
tan g,
Now the relationships in eq. (99) may be rewritten :
- tan g,
CO=zp——— (101)

\/1-Ftan? 9,
where z, is the water depth of the flat sea floor.

The interaction of the echo from the side of the ridge and from the
sea floor is discussed in a previous section.

d) Comparison of hyperbolae

We can compare the hyperbolae we obtain from a conical seamount
in order to test their differences (table 1).

Note that in the fourth case, the slope of the seamount can be derived
from the slope of the asymptote.

In general, the feature crossed will not be directly beneath the track
line. The hyperbola in the second case, however, is indistinguishable from
the hyperbola in the third case. Therefore, if it is assumed that the depth
to the top (vertex) of the recorded hyperbola is the depth to the top of the

seamount, that depth will be deeper by the amount that \/p? + nZ is greater
than the true summit depth (n). This error is roughly proportional to (p?)
and inversely proportional to (n) :

p2

p?+ n?—n= (102)
VI F T+ 1

3. — Hemispheric Seamount

a) Sound properties

The formula for the hemispheric seamount in fig. 22 is :

22 4 y2 + [(h + n) — 212 = k2 (103)
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where x, y, z = coordinates of a point on the seamount in respect to an
origin at the sea surface centered over the seamount; h = radius of hemi-
sphere; n = depth of top of hemisphere.
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Fic. 22. — Crossing of a hemispherical seamount to one side of its peak.

The true depth (z,) beneath the ship is :

z,=(h 4+ n) — —(m J (104)
The recorded depth beneath the ship is :
r=—h+4~\/h+nZz+ n?+F p?H (105)
The depth at the point of reflection is :
zZ=rcosf (106)

where tan 6 is the slope of the seamount at the point of reflection. We
now transform eq. (183) into measurable quantities.

Since : h+n
cos s — (107)
VBT T FmT T p?
then : _ [—h+VEF T T mEF p? (h+ n) (108)
VP

The total horizontal displacement (D) of the point of reflection from
the point of recording is :

D=rsinb (109)

_ R VEF R R P VT P 410

VEF R F R F P
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The horizontal displacement (F) perpendicular to the track is :
F=Dsinow (111)

— h z 2 2
_ _pl—h - VEF T m? A PP (112)

VEFREF P
Finally the horizontal displacement (K) parallel to the track is :
K=Dcoso (113)
m [— h -+ EF T F m )

_ (114)
VI F mE T pP
=l SL
HEMISPHERE PROJECTED TO PLANE
BENEATH SHIP
ECHO TRACE
L ]
TRUE DEPTH HEMISPHERE AS SEEN BY
BENEATH SHIP ECHO SOUNDER
Fic. 23. — Pertinent features of a hemispheric seamount as projected to
a vertical plane that is parallel to the ship’s track.
The trace of the recorded depth on the fathogram is (fig. 23):
h 2 2
r+h? m —1 (115)
(h 4 n)? + p? (h + n)® + p?
This represents a rectangular hyperbola with a centre at (m =0, d, = —a)

and with asymptotes of the formula : == m =r 4 h. The shallowest depth
(A) of the hyperbola is :

A=—h+ AT F P2 (115a)

If we allow h = 0, eq. (115) becomes indentical to eq. (9), the equation'
of the echo trace from a very sharp peak.

The trace of the true depth (z,) beneath the ship is :
[z, —(h + n)]2 + m? = h%— p? (116)
This is a circle with its origin at z,=h + n, m =0, its diameter

=+/RZ—=p? and the shallowest depth = (h + n) —~/h> — P
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Figure 23 illustrates the various tracks and figures as projected hori-
zontally onto the vertical plane beneath the ship’s track in a specific
example.

SLOPE

The slope ¢ of the recorded trace of the seamount is :

m
tan ¢ = 117

VR R m
The slope (tan §,) of the circular section that is perpendicularly below the
ship’s track is :

m
tan 9, = (118)

RZ—(m2 F p2

The maximum slope at the point of reflection is :

7"m+p (119)
h-+n

and the maximum slope tan 9, of the seamount below the ship’s position

is :

tan § =

ViR TP (120)
VE—m T )

tan 6, =

b) Solving for the sphere from the hyperbolic echo trace

We may use the recorded echo trace to find the sphere (assuming we
are dealing with a sphere) by two methods : (1) determining the position
of the asymptotes to the hyperbola and (2) computation from measured
depths. The asymptotic method consists of locating the intersection of the

asymptotes which is then \/{h - n)Z - p? above the vertex of the hyper-
bolic echo trace. However, the asymptotes may be difficult -to position accu-
rately. Therefore, the computation method is illustrated below.
Eq. (115) may be solved to obtain the radius of the hemispheric sea-
mount. To begin, rearrange eq. (115) so that :
(r+h)2—m2=(h+ n)2 -4 p? (121
Picking off two points on the echogram (m;, r;) and (ing, r;) and inserting
these in eq. (121) :
(ry + h)2—mi=(h + n)?2 + p? (122)
(ry+h2—mi=(h + n)? 4 p? (123)
Dividing eq. (122) by eq. (123) and solving :
T rE A mi —m3 a24)
2(ry —1y)
Now with this information (h, A and m), we can solve eq. (113) for the
displacement of the reflection point parallel to the track :

— VT F 2 F m?
m{—h -+ m?} (125)
B /(a H)E m2

where A = depth of vertex of the hyperbola.

K =
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However the position of the seamount is still undecipherable from the
echogram because of the interdependence of (n) and (p). If we differentiate
eq. (121) we find that we can change either (n) or (p) such that :

h
Rk An (126)

Ap=—
where Ap = change in horizontal offset (p) of track,
An = change in depth (n) of seamount

and the fathogram will be unchanged.

Similarly, the fathogram will be unchanged for small changes involving
the radius of the seamount if :

h
an=Rtm (127)
r—n
and :
P
Ah — Ap (128)
r—n

¢) Track of the reflection point (fig. 22)

As we have proceeded for the cone, we obtain the equation of the
reflected ray from the hemisphere through points (m, p, o) which is the
position of ship and (x, y, z) which is the position of the reflection point :

r—m — z
_y=r _* (129)
To— m Yo—p Z
This line is perpendicular to the sphere so that
Xy—=m—rsing cos o (130)
mh
= (131)
VEF DT F mEF P
Similarly :
. h
yo — P (132)
V@ + n)? + m2 + p?
and
h —h - h 2 2 2
22___( +n [ +V(h 4 n)2 + m? - p?] (133)
VEF T F P
Combining eq. (129), (130), (132) and (133) :
m—x:p—y: z (134)
m P h+n
The combination of this line and the ship’s track (x = m) gives :
P—y f —o (135)

p h +n
This plane passes through the centre of the hemispherical seamount so
therefore the track of the reflection point is a circle. The projection of this
circle on the sea surface is an ellipse :
[p* + (h 4 n)?
a? + Pt p2+ : y:=nh2 (136)




INTERPRETATION OF ECHO SOUNDING PROFILES 93

The projection on the xz plane is also an ellipse :
2 (A n)2
g T EEDE e asn
(h +- n)?
and the projection on the yz plane is a straight line with the same equation
as eq. (135).

d) Semicircular ridge

This two dimensional figure (fig. 24) may be considered to be either
a crossing of a hemisphere directly over its crest or a crossing at right
angles to a ridge with a semicircular section. The derived equations are
analogues of the equations derived for the hemisphere except that some of
the constants equal zero.
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Fic. 24. — Echo trace of a semicircular ridge.

The formula for a semicircular ridge is the same as eq. (104) except
that y=0:
22+ (h+n—2)2=h? (138)
where (x, z) are points on the seamount, (h) is the radius and height, and
(n) the depth of ridge.

The true slope (tan 8) of the ridge is the same as found by eq. (120)
except that p (the offset) = 0.

The slope of the echo trace is found by eq. (117) where p = 0.

The true slope beneath the ship may be found by eq. (118) except
again that p = 0.
The trace of the recorded depth (r) is shown by eq. (115) using p=10:
(r + h)? m?
(h+n2 (h+4 n)?
This is a rectangular hyperbola with a mathematical centre at (m =0,
r = —") and with asymptotes of the formula :

=m=r-+h. (140)

=1 (139)
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Standard properties are :
True depth (z,) beneath the ship is shown by eq. (104} using p = 0.
Depth at point of reflection (z) may be derived by eq. (108) where
p=0.
The horizontal displacement (D) of the point of reflection from
the position of the ship is given by eq. (112) where p = 0.

4, — Seamount in the Shape of a Paraboloid

To deal with this, the centre of the parabola must be at the surface
(fig. 25). With this restriction the cquation of the seamount is :

x? 4y = =
16 52

where s = focal length of the parabola. We will now derive the equation
of the echo trace to be expected from this figure. First, let :

R? — 22 | g2 (142)

f
A P SHIP'S TRACK

SEAMOUNT

(141)

Fie. 25. — Crossing of a paraboloid to one side of its peak.

where R = radius of revolution of the paraboloid at depth y. Now, because
the maximum slope of the seamount will be along radius (R) outward from
the axis of the seamount, we define the differential :

T tang (143)
= tan
dR
Then at the point of reflection (x,, y,, z,) the slope is :
2s
tan § = — (144)
Z2
and therefore
22
cos$ f — ————— (145)
z s2

Now from figure 25 : :
D=z, tan § = 2s (146)
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and
m—x,=Dcoso (147)

and

cos @ —— (148)

N
where D = horizontal displacement of reflection point. Combining equations
(146), (147) and (148) :

2s
Ty=m (1 — —————> (149)
Now :
Z2
r = (150)
cos 6

Then combining equation (150) and (145) :

r2:z§+4s2 (151)
and combining equations (141) and (151) :
(rz —4s2)2 .
Since :
P
Yp=— Xy (153)
m
then equation (152) becomes :
(rz2 — 4s2)2 T3
= m2 2 (154)
16 s2 m?2 (m? + P

Finally combining equations (149) and (154) we obtain the desired equation

of the echo trace (for \/m? + p% > 2s) :
(r2 + 4s2)2 = 1652 (m? 4 p?) (155)

This relatively simple curve approximates a parabola where m » p or
becomes a true parabola where it is plotted r vs. \/m? | p2.

Ideally, for p < 2s, the reflection comes from the peak and has the
form :

r=-\/m p? (156)

In practice however, true reflections would not occur from slopes > tan 30°

and the recorded echo trace for the upper part of the seamount would not

be represented by either equation (155) or (156) but by a more complex

form. This is discussed somewhat more under the two-dimensional figure.

Preparatory to finding the track of the reflection point across the
seamount, we must find the surface traced by the reflected sound ray as
the ship moves along. Now the equation of a line passing through the posi-
tion of the ship (m. p, 0) and the point of reflection is :

r—m_9—pF_* (157)

Xo—m yz—p“ Zs
As in equation (153) :

m=p-— (158)
y
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Now, Yy, is derived in a similar manner to x, in equation (149) so that :

Yo=17p <1 ————28——~> (159)
Vm*E+p?
Combining equation (157) with equation (159) :
y—p _ P—UYy Ny (160)
Ys—p 2 ps
Combining equations (141), (149) and (157) :

z z
Z = (161)

Zy 2 (s\/m? | p? — 2s2)1/2
Finally, by equating equations (161) and (160) and substituting equa-
tion (158) and then juggling terms we obtain :

J sG]
B y _

x? 3
po—pr(+1)?
¥

This is the equation of the ray surface. This combined with equation (141),
the equation of the seamount, is sufficient to describe the path of the
reflection point of the echo over the seamount. This path may be projected
onto the three coordinate planes (xy, yz, xz) for clearer presentation. How-
ever, since none of the three projections are simple curves, their mathemat-
ical descriptions are not given.

=1 (162)

Ridge in shape of inverse parabola

This two dimensional figure (fig. 26) may be regarded as the crossing
of a parabolic seamount directly over its peak or the crossing of a ridge at
right angles to its axis. This parabola is lying so that its axis is horizontal.

!

X =t SL
'
IMAGINARY HALF 7 ™ _ y
OF PARABOLA N

" RIDGE

Fi16. 26. — Echo trace of a parabolic ridge.
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We only use the part below that axis. The other half of the ridge is a
mirror image of the first half. The general formula for the figure is :

45 (T + pg) = = (z— ngy)? (163)

where s == focal length of the parabola, p, and n, = horizontal and vertical
coordinates, respectively, of the vertex of the parabola.

However, for ny, > 0, the above equation cannot be analysed in a simple
manner. Therefore, let us begin the analysis of this problem by letting p,,
n, = 0 so that the crest is at the sea surface and at the origin of the coor-
dinate system. Its formula is :

4dsx— =+ 22 (164)
Let us analyse the rest of the problem only for + 22 in order to clarify the
-+ and — quantities.

The echo trace would be the same as that of the paraboloid where
p = 0. Equation (155) then gives the desired echo trace :

P — 4 (m—s) (165)

This is a parabola of the same shape as the ridge but shifted s units left.
There are several limitations to equation (165).

First of all, equation (149) informs us, if p =0, that :
m-—zx; =2s (166)

Therefore, for the purposes of equation (149), m can never be less than
2s. Ideally, for m < 2s, the following equation holds :
r=m (167)

because the reflection is coming from the crest of the ridge.

In actuality, with a transducer with a true 30° half-angle, the sound
ray will not be reflected perpendicularly for m < 6s. For m < 5s, the
sound would be reflected diffusely from the point where the edge of the
sound cone intersects the ridge. The special formula for this latter echo
trace is :

125 <m + :"’;f) — (r + 3s)2 (168)

This is also a parabola, though different in shape and position from the
previously studied ones. The standard properties of the curve for m > 5s
are :
— slope of echo trace (tang) :
2 s
r m—s

(169)

— true slope beneath the ship (tan §,) :

+
tan §, — \/— (170)
m

— true depth (z,) beneath the ship :
z, = 2+/sm (171)
— depth at the point of reflection :

Zo = 2/s (m — 25) (172)
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For another example of an idealized parabolic ridge, let us move the
above parabola 3s units to the right giving an equation :
4s (x + 3s) =22 (173)
Further let us eliminate the figure for x < 0 and replace it by a mirror
image of the figure for x > 0. This then gives us a parabolic ridge (fig. 10)
with a peak at a depth z = 25+/3 and a maximum slope at the peak of tan
30°. For — 2s = m > 2s, the equation of the echo trace would be :
+rz2=4s(m + 2s) 174)
For 2s > m > — 2s, the equation of the echo trace would be the hyper-
bolic equation of the highlight from the peak :
r? m?

_ =1 (175)
1252 12 s2

Note :

The focus of this ridge is at * = s, z = 0 for the above case. For sound
travelling through the sea horizontally at any horizon, it is all focused at
point (s, 0); ergo, put a listening device there. Conversely for any submarine
sound emitter (like a volcano or a submarine) at the focus, the sound will
be reflected horizontally at all horizons. In the real sea however, the ver-
tical variation of velocity will greatly disturb this horizontal propagation
of sound.

5. — Seamount in Shape of a Hyperboloid

In order that this seamount (fig. 27) yield to a straight-forward anal-
ysis, its centre must be at the origin and the origin be at the surface.
Such a seamount would look like an atoll (for our purposes). Its equation
is :
a2 2 22
Ty (176)
q2 q2 u2

where ¢ = diameter of atoll, u = shape determining constant.

‘<_q__,.1
L

P

7
. SHIP'S TRACK

HYPERBOLIC
SEAMOUNT

Nt —— —— —

Fie. 27. — Crossing of a hyperboloid to one side of its peak.
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To begin the analysis of the echo trace, we define :

2+ g2 =Rz 177
where R = radius of revolution of the seamount at a depth z. Therefore :
z2
Re — g2 <_ i 1) (178)
u2
Now the maximum slope (tan §) is defined as the differential :
d
tan b — —— 179
dR
Differentiating equation (178) :
dz q* R
= (180)

dR u? z
Now :

D=2z tané (181)
where (zg, Y2, z,) == coordinates of the reflection point, D = horizontal
displacement of the reflection point. Now by inspection of figure 30 :

m-—x,=Dcos (182)
P—Yy:=Dsinw (183)
and :
€08 @ = (184)
vm? I p?
sin @ = ———— (185)
m p?
and :
go =Lz, (186)
m
Combining the above equations :
9*m
Tg=—— (187)
¢+ u?
Similarly :
*p
— 188)
P et (
Note that (y,) is a constant. Continuing :
z
r= (189)
cos §
and by trigonometry and equation (180) :
9*z
cos § = (190)
q*z ut R?
Therefore :
z
r=YLETE (191)
q

Combining equation (191) with the preceeding analysis and juggling terms
we obtain the desired equation :
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m?2 (q2 + u2) r2
u2(q2+u2___p2) q2+u2_p2
This is the equation for the recorded echo and is itself a hyperbola. If

P? > q% -+ u?, the axes of the hyperbolic echo trace are rotated 90°. There
are certain limitations however. The echo begins to come from the rim of

the atoll when : V@EF =g p?
m —

q
so long as pq < q? 4 w?. Within these limits, the echo will ideally continue
to come from the rim as the ship approaches the atoll and will have the

form : r + 2 S

p> p?
This is also a hyperbola. In practice, however, the echo probably will not
be recorded as a perpendicular reflection from a slope > tan 30°. The echo
therefore would come from the point where the edge of the sound cone
cuts the seamount and for the upper portions of the seamount neither
equation (192) nor equation (194) would hold. This will be noted in the
two-dimensional case.

=1 (192)

(193)

=1 (194)

Track of the reflection point

Because (y,) is a constant, the track of the reflection point is in a
*p

q2 + u? )

We can therefore directly substitute equation (189) into equation (176),

the equation of the hyperboloid. This gives the track of the reflection point
over the seamount :

vertical (xz) plane passing through y =

x2? z2
— =1 (195)
q2 [(q2 + u?)2 — 2 p?) u? [(q2 4 u?)? — q2 p2)
(q2 _+_ H2)2 (q2 + u2)2

This is a hyperbola with the same slope as the basic hyperbola of the
seamount but with a different vertex distance. Depending on the size of
the constants, the axes of equation (195) may be rotated 90°. The appli-
cation of equation (195) is subject to the limitations noted above.

6. — Hyperbolic Ridge

These two-dimensional figures may be regarded as the crossings of
hyperbolic seamounts directly over the peaks or the crossings of hyperbolic
ridges at right angles to their long axes.

The hyperbolic ridge may be split into several cases, depending on the
orientation of the hyperbola. In the following, four cases are present. In
the first three cases, the hyperbolae are in different orientations. The fourth
case differs from the second case in using an arbitrary origin. In general,
the choice of an arbitrary origin yields echoes that are not simple figures.
Therefore, a hyperbolic ridge may be analyzed only under special condi-
tions if a simple echo trace is to be obtained.
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Case 1 (fig. 28) 22 z2

=1 (196)
n2 q2

where n/q = a ratio determining the shape of the hyperbola, and n = depth

to the top of the ridge.

X,mﬁ"f I errer :“ "'/NIT.-‘.--.:SL

ECHO TRACE ONCENES
N 7. ~

ST
A7 77 ASYMPTOTES

Ve e
///._' [
Z
-4 P zZ,r
~ ’{’ ,,'/.'.'Z;". ea
,/ .'./'.t/ '-'
aT

Fic. 28. — Echo trace of a hyperbolic ridge. Case #1.

The asymptotes to the seamount slope :
n
tan §, = — 197)
q

Now in order to obtain the figure of the echo trace we proceed as in
the theoretical treatment of section III and obtain (r) as a function of (x).

By definition from equation (12),

f) = % VEFZ (198)
and from equation (13) :
f @ = R — (199)
q V@E+2
From equations (15), (198) and (199) :
2
m=:c(1 _*_Ii_> (200)
q2
and ¢ m
= (201)
q? + n2

From equations (16), (198) and (199) :
n 2 n2) x2 4
ML AAC R Pt | (202)
q2
Substituting equation (201) into equation (202), we obtain the desired rela-
tions :

r2 m?2

S ——— | 3
n2 q? + n? (203)



102 INTERNATIONAL HYDROGRAPHIC REVIEW

The echo trace is therefore a hyperbola with asymptotes sloping :

n
tan gy —=———— (204)

VT
This relation holds only where the depth (n) to the summit of the
seamount corresponds to the constant (n) of the hyperbola.

Case 2 (fig. 29)

The equation of this ridge is :

x? z2

pe = = 1 (205)

where q and u are constants determining the shape of the hyperbola.

- m -

A
b

SL

A

X, M= ﬂ

Fic. 29. — Echo trace of a hyperbolic ridge. Case #2.
The asymptotes to the seamount slope :
u
tan 0, = — (206)
q

The equation of the recorded echo trace may be obtained from that
of the hyperboloid by letting p = 0. Equation (193) then gives :

m? r2
S | (207)
q2 + u2 u2
This echo trace is again a hyperbola with asymptotes sloping :
u
tan g = ——— (208)
VEF
Equation (188) is valid here and may be rewritten :
2 u2
me TTw (209)

q2
Because x can never be less than ¢ in this case, equation (207) holds for
2 u2
m éii_———. For m less than this position which is the focal point, the
q
reflection ideally comes only from the edge of the ridge at sea level and

has the equation :
r=m (210)
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In practice, of course, the echo sounder probably will not record direct
reflections from slopes greater than tan 30°. Therefore, the reflections will

. : q* +u? .
cease being perpendicular at m = —————— For m less than this, the
q*—ou
reflection point will be that point where the edge of the sound cone inter-
sects the ridge. The special equation for this part of the echo trace would

be :
m r>2—q2 2y D 211)
(m—t) = (= 5e)

The equation of this escarpment is :

q2

Case 3 (fig. 30)

(212)

X,M —= 0O SL
_ q/‘[f

Fic. 30. — Echo trace of a hyperbolic ridge. Case #3.

We begin the analysis from equation (12) by a definition;

q2
f@) = (213)
2x
and from equation (13)
q2
'(x) = — 214
'@ 222 (214)
From equations (15), (213) and (214) :
= 215)
m _——_—
43 ¢
and from equations (16), (213) and (214) :
2
r= 4qx3 VIFEF ¢ (216)

This has no simple solution.
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Case 4 (fig. 31)

The equation of this ridge (a sunken atoll) is :
(x — py)? (z+n)2

q2 u2

1 217)
The asymptotes slope :
u
tan §, = — (218)
q

|
e
/’ eu 4,0

i

ASYMPTOTE

(3

Fic. 31. — Echo trace of a hyperbolic ridge. Case #4.

We begin the analysis from equation (12) by the definition :
T —pg?
f(x):~n+u\/f-21’-°)—_1 (219)
q

and from equation (13) :

f@ = ne = po) (220)
INE— PP
From equations (15), (219) and (220) :
m:x+_____u(x—po) (i“ n )
q q VT =P — @ / (222)

This has a solution only where d « x and is therefore significant only
where d = 0 (i.e. atoll at sea level).

7. — Semi-Elliptical Ridge

The equation of a semi-elliptical ridge (fig. 32) is :
a2 (th4+ n—2)?
T 2 -
[/} h
The nature of this figure precludes it from a simple analysis. However,
it has been analyzed from a numerical point of view and certain features
emerge worth considering. For the numerical solutions, assume that we
know the depth to the ridge (z,) :

1 (223)
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The horizontal position of the reflection point (x;) is :

2, = % VE—HRFrn—z)7 (224)

SL

X, m -« ] O
{m,0)
n
r

r Z

Fia. 32. — Echo trace of a semi-elliptical ridge.

The horizontal position of the ship (m) is :

bz, +1 (225)
m=zx
‘[g2<h+n—zl> ]
and the echo depth (r) is :
r=~/zf F n —a;? (226)

Two examples are shown in figure (33) and figure (34). They are
somewhat realistic and easy to calculate. Figure (33) shows the echo for
constants : h —=e, g = 2e, and n = 0 (i.e. at sea level). e is a unit measu-
rement.

Notice that in figure (33) the trace of the echo is very close to that
of a parabola out to the limit of detection (m = 5), where the parabola is :

m

2
+ 3e (227)
a

r —

e
.0728
The trace is also similar to a hyperbola out to m = 2, where :
r+ a,)? m?2
b? c?
where a, = 2e, by, = 2be2, ¢, =33 1/3 e2.
Figure (34), the sea level case, gives a trace that resembles both a

parabola and a hyperbola (out to m = 2), slightly favoring the parabola.
The equations are :

where a; = =+

=1 (228)

0.127 m2
Parabola : dy———— (229)
e
d, + a?  m? ,
Hyperbola : =1 (230)
a3 a3

where a; = 3.5 e.
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X, M T T T T T O
2 2_ .2
SEMIELLIPTICAL SEAMOUNT X + {de—=z o |
4et e?
O PARABOLA r= 0128 2, 3,
2 2
A HYPERBOLA r2e _ _m .
25e¢ {00 2

1 1 | 1 Il 1 1

SEA LEVEL

e UNITS

DEPTH N

6 5 4 3 2 1 (o]
DISTANCE IN e UNITS
Fic. 33. — Echo trace of a certain semi-eiliptical ridge at a depth

of 3 e units.

T T T n T

SEMIELLIPTICAL SEAMOUNT

2 2

X e-2 =
4_e7+‘_¢:2')"l
7

t x,m -—— SEA LEVEL

PARABOLA = °-'ez m2
2 2
HYPERBOLA rs35¢) _ _m__
(3.5¢)2 {3.5¢)

0
=
z
=]
= 1
. . @
z
L / 12 &
. Y 2y
s z,r u
i { 1 1 1 1 3
5 4 3 2 ol 0
DISTANCE IN e UNITS
Fic. 34. — Echo trace of a certain semi-elliptical ridge at the sea surface.
These relationships are logical, as may be seen by the following.
Equation (226) may be rewritten :
r2 = (2’ + n)2 4 (m — x)? (231)

where z7 = depth from the top of the ridge.
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This equation represents a hyperbola where :
(a) 7 + n are constant. This is for n » 2z’ orm « &; or m » ;.
(b) m/x are nearly constant.

From a different point of view, the equation of the line that is the echo
distance is :

m-—x, V41
= (232)
h? x, g?th+n—z)

From this :
gmh+n—zp)
T z; + ¢*th + n—z)
Combining equations (226) and (223) :
h2 2
—z) (r -+ zy) = m? (234
) @) [h2zl+g2(h+n—zl)] )
Now when (n) is large, (z') is small for small values of x and for r = z,.
Equation (234) then simplifies for small values of (z) to :

(233)

X,

m2
r—z, = (235)
ay
Since also z == n, then :
m2
r—n=— (236)
ay

This is the equation for a parabola fulfilling the requirements for figure 33.
As long as n » 7’ and r == z,, the function is a parabola.
For figure 34 : z; = r == n and z; « h, g. Equation (234) then becomes :

m?z,

(237)

r—2z,=

a3
As long as m is small, z; changes slowly and equation (237) represents a
parabola.

V. — DEPRESSIONS

P. de Vanssay de Bravous (1930) and F. ScHilLER (1952) illustrated
some examples of the behavior of the recorded echoes of depressions in the
sea floor. We shall go into more detail concerning two specific depressions
— a V-notch and a circular depression. However, some of the other figures
which have already been presented have application here. Both the hyper-
bolic and parabolic seamounts may under certain circumstances be used
to represent depressions. We shall deal with two-dimensional features and
cross them at right angles to their long axis.

1. — V-shaped Symmetrical Notch (i.e. simplified trench) (fig. 35)

Let the half-width of the notch be (w,) and (m) be the horizontal posi-
tion of the ship. Then, for m > w,, z=2, For the region, ws > m >z,
where :

T, =w,— 2z tan g (238)
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the echo trace is hyperbolic :

r2 — (wy, — m)? = z2 (239)

X, M < O T SL

ECHO TRACE —, = — ] i =y
> ' l ™
e ~
IL‘ X3 '1

z,r

Fic. 35. — Echo trace of a “ V ”-shaped depression.

For the region, x; > m > x,, the echo trace is a straight line which
carries on beyond (x,) to (x3) :

r=2zyc08 0 -+ wysin—msin 6 (240)
In terms of the recorded slope of that recorded echo (tan ¢) :

r=2zy\/T—tan?¢ | (w,—m) tan ¢ (241)
The difference in depth between the crossover depth (ry) and the true depth

(z;) at the axis of the notch is :
(zy—ry) = (2o + wo tan §) (1 — cos §) (242)
In terms of the slope of the echo :

(zy—1y) = (Zo + w,

tan ¢

—— ) (1 —«/1—tan?g) (243)
Vv1—tan? ¢

If we place the origin over the rim (at sea level) instead of over the axis,
equation (239) becomes :

r2—m?=z? (244)
and equation (240) becomes :
r=2zycos b + msin 6 (245)
2. — Semicircular Depression (fig. 36)

a) Entire depression

This is the first of three examples dealing with this type of depression.
Let the diameter of circle be (h) and the position of the ship be (m, 0).
Then the formula for the trough is :

22 4 (z—zg)2 = h? (246)
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To find the character of the echo trace from the semi-circular depression
(the lowest trace) we use the relations from equations (15) and (16) and
find that it is a hyperbola :

(r—h)2—m2 =z (247)

X, M — O— ] SL

r4

F1e. 36. — Echo trace of a semicircular depression.

The reflections from the rim of the depression give a hyperbolic echo trace
(note that this echo trace continues to infinity) :

12— (h 4+ m)? = z§ (248)
At the crossover of the highlight echoes over the axis of the depression,

the depth is :
r2 = z¢ + h? (249)

The difference in depth between that of equation (249) and the bottom of
the hole (z;) is :

Z1;—r=2zy+ h—~/7z, + h? (250)
b) A portion of a semicircular depression (fig. 37)

The equation for this depression is :
24 [z—(zy+B—h)]2=h? (251)
where B = depth of trough and h = radius of trough. The width (w) of

the trough is :
w? =B (2h — B) (252)

The slope (tan §) at the rim is :

tan p — ———— (253)
h—B
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The distance (x;) to the end of the hyperbolic echo traces is :

_ (zy+B—h)VBERE—B)

T 254
3 h—B (254)
X, M~ O y SL

z,r 2,
7
i‘
Fic. 37. — Echo trace of a portion of a semicircular depression.
The depth (d;) of the end of the trace at (z;) is :
d hz (255)
* h—B
The equation of the echo trace from the depression is :
(r—h)?2—m2=(zy + B—h)? (256)
The equation for the hyperbolic highlight echo trace from the rim is :
r2—(h 4+ m)? = z} (2567)
The crossover depth (ry) of the highlight at the centre of the basin is :
r¢ =23 | h? (268)

The difference of depth between the crossover depth and the depth of the
basin (z,) is :

The conclusion is that we can never directly see the bottom of a semicir-
cular depression unless d < a—b.

¢) A shallow trough depression (fig. 38)

The formula for this trough is :
224 [z 4+ h—(zp 4 B)}2=h? (260)

Note that this is the same as equation (251). In thé case of figure 38, the
echo trace is coherent throughout. For the highlight echo trace from the
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w
rim, the trace is hyperbolic for ry > m > x;, where (m, 0) is the ship’s

position and the width of the trough is :

w=\/B(@h—B) (261)
and
h—z,—B B2h—B
z, = ( Zy h)\]/3 ) (262)

The equation for this echo trace is :
r?—(h—m)2 =z} (263)

X, M — I St
zr
Fic. 38. — Echo trace of a shallow portion of a semicircular depression.

For x; > x > 0, the echo trace is from the true bottom and the hyper-

bola that is recorded is obtained through equations (15) and (16) :
(r—h)?—m?2=(zy +B—h)? (264)
Note that the form of the equation is the same as equation (256).

In the three-dimensional case, a crossing off-center of a hemispheric
basin compares with the hemispheric seamount and will merely change the
constants of the foregoing equations but will not change the basic character
of the echogram. For example, the three-dimensional analogue of equation
(247) is :

(r —h)2—m? =z} + p? (265)
where p = shortest horizontal distance between the ship’s track and the
axis of the basin.

VI. — COMPLICATING FACTORS

1. — Motion Effect

The general equation for the motion effect will be given. This effect
is the change in recorded depth of the sea floor due to the vessel’s forward
motion. The difference is caused by the ship moving from the place where
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the sound was emitted to a different position where it receives the returning
echo, and thereby changing the distance to the bottom from the ship. The

analysis is as follows.
M
Al “
N

L

2

Fic. 39. — Echo sounding elements for determining motion effect.

In figure 39, the signal is emitted at position (1) and received at posi-
tion (2) or vice versa. Now the controlling condition is that the travel times

must be equal :
t,=1# + & (266)
where t, — time for ship to move distance M,
t, = travel time of signal to bottom,
t, = travel time of signal from bottom.

Therefore :
M P, P
—_— ==+ = (267)
v.? v(l U(l
where M is distance ship travels in time £,
v, is ship’s speed,
P; = ray path distance to bottom,
P, = ray path distance from bottom,
v, = velocity of sound,
and :
M=M, + M, (268)
where M; and M, = segments of distance M cut by perpendicular r from
point of reflection on the bottom. .
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Now in figure 35 by construction N; and N, are perpendicular to r:
therefore

N; =P;siny (269)
and
N,
M, = 270)
cos 6

where y = angle of reflection at bottom
6 = slope of sea floor

Combining equations (269) and (270) :

Ml == Pl (271)
cos §
Similarly : .
sin
M, = Py — % (272)
cos 9

Combining equations (267), (268), (271) and (272), we get for the angle of
reflection :

. UB
sin y = cos § — (273)
Uﬂ
Now by geometry :
r+ M,;sin§, =P;cosy (274)
and
r— Mysin§ =Py cosy (275)
Combining equations (273) and (274) :
1}
r+ —=P;sing="P,cosvy (276)
D(L
Similarly :
Uﬂ' .
r—- P, sin 6 = P, cos ¥ 277)

a

By simple trigonometry from equation (273) :

—r——
cos y == \/1———5cos2e (278)
D .
By geometry : ’
z
r=-——" 279)
cos §

where z; = true depth at point of reflection.

Combining equations (276), (278), and (279) we obtain for the travel
paths :

Z 1
P, = X (280)
cos 6 v v,
\/1 — — 0820 — —sin b
vZ U,
2 1
P, = X (281)

cos 0 v v, .
1——cos?20 4 —sin§
v: v,
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The combined travel paths are :

vi
9 \/ 1— = cos? §
z v2
- J O — - (282)
cos 6 1 v/
T
Now the recorded depth r’ is :
P P
r=1 —; 2 (283)
v
\/1 — —cos2 6
21 H
r= ~ (284)
cos § ; v;
v

For the record :

Subtracting eq. (280) and (281) and obtaining the difference between
the ray paths :
v8
2z, —tan

vd

Pl e P2 - (285)
UH
1—

vg
The difference between the recorded depth and the true perpendicular depth

is :
—

v3
1 —= cos? §

Z4 Vg
r—r= —1 (286)
cos 6 v
1— ¢
v;
U8 . .
Since for vessels, — is small (i.e. ¢ 1) :
v(l
Vi 1 »?
1——cos2f=¢1—-——cos26 (287)
v2 2 v?
Eq. (288) then simplifies to :
2 cos? §
IR S (288)
cosf v 2

In numerical terms eq. (288) is insignificant. For example for z; = 2 500
fathoms, v, = 12 knots, v, — 4 800 feet/second and 6= 30°, the evalua-
tion of eq. (288) gives r'—r = .19 feet. However, there are still more
aspects to the problem.

Now from eq. (267) and (282) :

g
YIE: e
2 08 Zl vﬂ

M= X X . (289)
v, cos § v}




INTERPRETATION OF ECHO SOUNDING PROFILES 1] b3

Combining eq. (287) and (289) :

v2cos 6
9 2
M2y B v 2 (290)
v, cos 6 ) v7
)
_ 2, 24 ' 291)
v, cos 6
Using the data above for an example of eq. (290) :
M = 144 feet.

Now the signal is received 72 feet horizontally from the perpendicular (r).
The difference (Ar) between recorded depth and the true perpendicular to
the sea floor at the receiving position is termed the motion effect :

1 U,
Ar=—2—Ms1n6 = —z, tan . (292)
U(l

Given the above data :

Ar = 36 feet = 6 fathoms.
This information says that the recorded depth is insignificantly different
from the depth at the midpoint of the travel time but that the difference
of depth at the point recorded can be significant.

MOTION EFFECT IN FATHOMS (OR METERS)

1 4 7 8 9
ot ¢ ¢ ¢t 3 ¢ T
\ [
(v
1000 r
@ L
a — -
w 4
[
w = L
= : [
2000 [
g -
® 4
= B
[=] 4
X
= L
e B L
w ] -
z ] SEA FLOOR [
13009 SLOPE |-
x L
Y L
w < L
a 4 -
a 300 [
L
4000 "
1 = 234 K’ 10& I15° 20°\ 25'\
T I T 1 I T T T

Fic. 40. — Plot of motion effect versus the depth and slope
of the sea floor.
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This means that when approaching the given hill, the depths are
6 fathoms too great, and when leaving the hill, the depths are 6 fathoms
too small. Therefore at equivalent positions on the two sides of the sea-
mount, the echoes will be 12 fathoms different in depth. However, since at
12 knots the ship will travel over such a depth change in 6 seconds for
this seamount, the correction is insignificant. Note that doubling the ship’s
speed will double the motion effect.

Hyperbolae resulting from highlights are affected in a like manner
and will be slightly offset. The motion effect increases with increasing width
of the hyperbola, being a minimum over the peak.

The motion effect has been computed for specific examples to illustrate
the problem and has been plotted in fig. 40 assuming a ship’s speed of
12 knots. All distances are in fathoms (or metres if one wishes to compare
lengths in that unit). Note that the correction is insignificant in general.

2, — Correction for Sound Velocity

Each fathometer prints its depth based on the actual travel time of
the sound signal times the assumed velocity. In the U.S., the assumed
sound velocity is usually 4800 feet per second. For this section, it is assumed
that the sea floor is horizontal and the sound is reflected vertically.

Now, in order to find the depth correction due to sound velocity, we
first find :

ty
Z; = Dy — (293)
2
ty
r=u, 5 (294)
z; = true depth,
v, = true sound velocity,
t, = true total travel time to sea floor,
r = recorded depth,
v, = assumed sound velocity.
Ua
r=—z (295)
Dy
and :
b}
2, =7 (296)
D,
Now :
vy =0, + Av (297)
where Av = total velocity correction.
L 2
r=————Xz; = (298)

v, + Av

and :

21:<1—+— A")r (299)
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Difference in depth (AZ) due to difference in sound velocity :

Av
AZ =2z —r= r (300)
vll
Now :
24 v
— r (301)

i
where 3v = difference between the true and assumed velocity per depth
interval,
i = number of depth intervals,

the depth correction is :

Z,; dv

i,
Various tables exist giving the sound velocity corrections. For example,
there are the tables by MATTHEWS (1939).

AZ = r. (302)

3. — Effect of Refraction of Sound Ray by Sound Velocity Changes in the Ocean

Because of the vertical variation of sound velocity in the ocean, a
sound ray path in the sea is not straight. Depending on the depth, the ray
bounces off a sloping bottom at a point other than the geometrical perpen-

V>V,

V
L INTERFACE

Ve
- A
SOUND RAY
Fic. 41. — Sound ray showing refraction at an interface between two water

masses with sound velocities V, and V, respectively.

dicular from the ship. Knowing the sound ray profile, certain quantities
can be calculated. The principles involved in the following are well known,
but are included to make the discussion of this paper complete.
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The calculations depend on SNELL’s law (fig. 41) :
D sin «

= - (303)
vy sing
where v, and v, = sound velocities in a substance having regions of diffe-
rent velocity separated by an interface.

The equation is valid regardless of the number of velocity zones and
interfaces. In this case, the parameters would be of the top layer and of
the lowest layer observed. We are assuming that the sound ray bounces
vertically at its reflection point on the bottom. Therefore, at the bottom, the
slope of the sea floor (tan §) equals the slope of the sound ray (tan §).

Since : by = vy + A (304)
where (Av) = change in sound velocity,

then :
Av .
g = sin—1 [(1 -+ ) sin a] (305)
Dy

Now from the geometry from fig. 42 :
S = 3ztan B (306)

where :
3z = a uniform depth increment,
3x = its horizontal projection.

be—— x, —>

X, ° SL

F16. 42. — Echo sounding elements used in computing the
effect of refraction of the echo sounding ray.



The total horizontal projection G0 of the sound ray is :
a0= 2 (fix) (307)
Similarly, the incremental length of the sound ray (8r) is :
§r= — (308)
cos $
and the total length of the sound ray (rQ is :
rO= £(Sr) (309)

SOUND VELOCITY IN METERS/SECOND

Fig. 43. — Plot of sound velocity versus depth at the Carnegie stations
No. 128 and 129.

Now, perpendiculars (Si) and (S2 are constructed from the ship and
from the reflection point respectively. The horizontal separation (Xj) at
the sea surface between these perpendiculars gives the horizontal separa-
tion of the true point of reflection from the assumed point of reflection used
in the main part of this paper.

X1= a&— Ztan 0 (310)
where zx is the water depth at the point of reflection.
The difference in length (AS) between the two perpendiculars shows
the difference between the assumed and real perpendiculars :
AS = Xi sin O (311)
The difference in length (AU) between the sound ray (rO and the assumed
perpendicular (Si) is :



The difference in length (AV) between the sound ray (r0 and the true per-
pendicular (S2 is :

AV = rQ--— (313)

Finally, the difference in depth (AW) between the point of reflection and
the assumed perpendicular is :

AW = X1sin 9 cos 6 (314)

Fig. 44. — Plot of the effects of the refraction of the
echo sounding ray for a sea floor slope of 5°.

By using a standard length of = 100 fathoms and combining pro-
files § 128 and § 129 from the Carnegie Cruise (fig. 43), we have arithmet-
ically computed the above quantities for two examples : a0O= 5° and 20°
where (a0 is the angle of incidence of the sound ray at the ship’s transducer.
The parameters are plotted on figures 44 and 45. Under these circumstances,
any sea depth may be used as long as that sea floor has a slope equal to
tan Jof the sound ray at that depth.

Note that as long as the bottom slope is changing slowly, the effects of
refraction are insignificant for angles less than 20° and somewhat larger.
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Fig. 45. — Plot of the effects of the refraction of the
echo sounding ray for a sea floor slope of 20°.

VIl. CONCLUSION

In general, the complications that we have mentioned are insignificant
except for very detailed and specialized studies. Although, as ship speeds
increase, the motion effect will increase in direct proportion to the speed,
the increased distance covered per unit time will tend to make the correction
impractical.

The section on the simple geometric figures is intended to give an
insight in the interpretation of the fathometer records and to form a theoret-
ical basis for such interpretations. Although the figures are highly ideal-
ized, the treatment shows the limitations of fathometer records as well as
what may be seen. Despite some of the unrealistic figures, such as the
hemisphere, some of the others bear a real resemblance to some submarine
features. In general, of course, submarine features are not such simple
figures. Yet using the basic principles, especially the slope relationships, we
can show that the true feature is materially different from its echo trace.
Terraces, for example, show up much more clearly on the corrected plots.



The hyperbola is obviously the dominant feature on the echograms,
both theoretically and in nature. These hyperbolae are not the same. To
illustrate, echo traces of three different figures are plotted in fig. 46.

DISTANCE UNITS

i i i I =1 EE 3 1 EE

Fig. 46. — Comparative plots of the hyperbolic echo traces from a highlight,
a cone to one side of the ship’s track and a hemisphere.

Of some interest is the fact this study applies equally well to vertical
radar navigation by airplane.
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