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The developm ent of instrum ents and  of procedures for distance m eas
urem ents by m eans of high-frequency-m odulated light or by m eans of 
electrom agnetic waves has m ade significant progress w ith in  the past few 
years. Since Germ any has had but little share in  th is w ork and in  testing 
the new geodetic m ethods of m easuring, we w anted to present for the first 
tim e practical experience w ith the T ellurom eter m easurem ents reported 
here, particu larly  about :

(1) fixation of the netw ork by m eans of pure distance m easurem ent;
(2) determ ination of the possible accuracy for trila téra tion  lines and 

for the point positions;
(3) investigation of influence of m eteorological conditions and of 

ground form ation on the m easurem ent of the tran s it tim e of 
electrom agnetic waves.

The m easurem ents were perform ed in 14 days in the au tum n of 1958. 
All the lines of the extension netw ork (fig. 1) and a second line of the 
p rim ary  triangu la tion  were m easured; the lengths were 8.2 to 56.3 km. 
To determ ine changes, if any, of the instrum ent, one line (baseline north- 
baseline south) was m easured at the beginning, in  the middle, and at the 
end of the observations. The complete m easurem ent of the first extension 
triangle showed no differences between the m easurem ents in  opposite 
directions; hence fu rth e r re tu rn  observations were not made, in view of 
the hom ogeneous ground conditions in the whole netw ork. On all stations 
four complete m easurem ents were carried through. It was found th a t the 
best observation conditions, and consequently the tim e requirem ents, 
depend p rim arily  on the w eather and on the tim e of day. Overcast, m ist, 
and ra in  are all favorable; w ith bright sunlight satisfactory  m easurem ents 
were possible only in the m orning and in  the late afternoon.

The oblique distance D' was derived from  the m easured tran s it tim es 
and the m eteorological data in  the usual way, according to

(*) Reprint from Journal of Geophysical Research  (The Scientific Publication of the  
American G eophysical Union), Vol. 65, No. 2, February 1960.



1 1
D' =  —  9 c —

2 n
w ith

(n —  1)-106 

K =

103,46
273 +  T 
4744

(B +  K )

where
B
e

T

273 +  T

(2)

(3)

air pressure, m m  Hg.
vapor p ressure  of air, mm Hg.
a ir tem peratu re , °C.



The vapor pressure e was derived from
T — t

e =  E —  0,48---------------B (4)
610 —  t

where E is the saturated  w ater vapor for the wet-bulb tem perature t. F or 
the light velocity c in  vacuo the value 299 792.5 km /sec  recom m ended by 
the In ternational Association of Geodesy was used. As fa r as accuracy of 
the oblique distances is concerned, it m ade no difference w hether the 
repeated m easurem ents of one line were perform ed on the same day, on 
different days, in  different directions, or w ith highly different atm ospheric 
conditions; the resu lts differed only by a few centim etres. A graph of the 
m ean errors com puted from  the repeated m easurem ents shows no apparent 
dependence of the m ean errors on the distances; the m axim um  m ean errors 
occur w ith the m easurem ents perform ed on sunny days.

One line, M unich to baseline south, caused great difficulties. The 
precise readings oscillated highly (Amax =  5.10-9 sec == 0.35 m etre) and it 
was found th a t the available range of the carrier frequency was too small 
for the m easurem ent (the carrier frequency of 3 000 M c/s is varied in 12 
steps over a range of ±  10 M c/s). No explanation for th is has been found; 
an ad jacent line w ith sim ilar ground contour could be m easured w ithout 
difficulties under the same w eather conditions.

The following expression is sufficiently accurate for the reduction of 
the m easured oblique distances D ' to the com putation reference surface :

s  ) '"+ A H H D ' —  AH F  (DO3

i +  5 i W i  +  5 ^  24 R2 (5)
R J \  R 

where

AH =  difference of elevation.
H x =  elevation above sea level.
R =  curvatu re radius of the reference surface.
S =  length of the geodetic line.

The num erical calculation is conveniently perform ed in three steps, 
(5) being used in the form

S =  D' +  K, +  K2 +  K3 (6)
where

K l K , =  - D . ^ L .  K 3 = ^ 2 L  (7)
1 2D' R 24 R2

This neglects only the small difference between chord and arc of the 
ray, w hich am ounts to only a few m illim etres for m easurable triangle sides, 
even under extrem e atm ospheric conditions.

The accuracy w ith w hich the quantities AH, Hm and R are to be 
in troduced in to  the reductions, if the partia l errors caused by errors dAH, 
dHm, and dR are to become sm aller th an  5 mm in all reductions, is im 
portant.

There results, for instance, the condition for Kx :
AHdAH

0,005 m > ---------—----- (8)
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Assum ing g?AH =  0.5 m etre resu lts in  the values shown as follows for 
m axim um  adm issible differences of elevation AH for various lengths :

L e n g th ......................... 1 5 10 20 30 40 50 km

AH a d m is s ib le ........... 10 50 100 200 300 400 500 m

The accuracy of Hm necessary for K2 can be found in the sam e way :
D

0.005 m  > ------- dHm (9)
R

Admissible errors dHm calculated for various lengths are shown as 
follows :

L e n g th ........................ 1 10 20 30 40 50 km

d¥Lm a d m is s ib le ......... 31.85 3.18 1.59 1.06 0.80 0.64 m

Hence it can be seen th a t the use of barom etrically determ ined 
elevations will be satisfactory only in a few rare cases, even these being 
m easured very carefully.

F or the necessary accuracy of R there results

- 1— Hm D rfR <  0.005 m (10)
R 2

from  w hich the following can be com puted :

D 0.5 km 0.6 km 0.7 km 0.8 km 0.9 km 1.0 km 1.1 km

10 km  
20 km 
30 km  
40 km  
50 km

40.7 km 
20.3 km  
13.6 km  
10.2 km

33.9 km 
17.0 km  
11.3 km

29.1 km 
14.5 km

25.4 km  
12.7 km

22.6 km 
11.3 km

20.3 km  
10.2 km

18.5 km

dR adm issible <  10 km

Generally it will be necessary to determ ine the curvature rad ius Ra 
for the m ean latitude and the azim uth  a of the side. The use of a Gauss 
curvature rad ius R =  >/MN is possible only for short sides, because 
(Ra —  \/M N ) a tta in s on the average 10 km  for the m ean latitudes 45° to 
50°.

Com parison of two sides w ith the B avarian prim ary triangu lation  was 
interesting. The resu lt of a base extension (m easured by Clauss in  1920) 
for the side M unich-Schweitenkirchen is shown in Table 1.

W hereas the Tellurom eter m easurem ent and the base extension by 
Clauss are in  good agreement, a scale difference of about 5 X  10-6 arises 
relative to the p rim ary  triangulation. However, it was decided not to derive 
a correction for the prim ary triangulation, or a correction coefficient for 
the quartz frequency of the Tellurom eter, because of the low num ber of 
com parison values. For the following ad justm ent there were used the 
directly  m easured side lengths and those equalized to the p rim ary  tr ia n 
gulation in  accordance w ith

i>mw =  —  24 —  4,81 X S * .  (11)



T a b l e  1

Side

Telluro
meter

Measu
rement

(1)

Bavarian
Prim ary

Triangula
tion
(2)

Base
Extension
Network

(3)

Differences

(2 ) - (1 ) (3 ) - (1 )

M unich-
Schweitenkirchen ...........
Munich-
H ohenpeissenbert .........

40974.775

56364.225

40974.554

56363.93

40974.764 — 0.221 

— 0.295

—  0.011

For the ad justm ent of the trila té ra tio n  netw ork it was a t firs t necessary 
to select a proper com putation reference surface. The netw ork was designed 
in  a plane m apping (Gauss-Krüger projection) because it became possible to 
com pute sufficiently precise coordinates for all the points of the netw ork 
and hence rigorous side reductions Asik. This im plies essential sim plifica
tions against the otherw ise necessary com putation on the spheroid or on a 
Gauss sphere. T hus the m easured side lengths m ean the planed values 5 of 
the spheroidal side lengths S.

s ik =  Sifc -(- Asik (12)
The following considerations w ere decisive for the selection of the 

ad justm en t m ethod : Corresponding to the
r  =  s — (2/} — 3) =  4

surp lus sides there resu lt four norm al equations w ith  ad justm ent by 
variation  of coordinates. The tim e factor was not decisive for the selection 
of the m ethod, because a program -controlled relay com puting m achine Z l l  
was available for the solution of the norm al equations. Thus the ad justm ent 
by varia tion  of coordinates was preferred  for the following reasons :

(a) the procedure is easier to  survey, and the erro r equations are 
sim pler to establish th an  the  condition equations;

(b ) the resu lt is given directly in  term s of the coordinates of the new 
points, w hereas otherw ise they can only be com puted from  the 
ad justed  side lengths.

The error equation in  term s of plane coordinates has the form  
vik =  Aiji sin Tki +  AXi cos l u  +  Aijk sin7ifc 

+  Axk c o s l ifc +  Sifc — sik (13)

w here T  and ~s are the values for direction angle and side length derived 
from  the approxim ate (adopted) coordinates. All the m easured sides were 
taken  w ith  the same weights (pik =  1).

The ad justm ent was perform ed in  four different ways :

I. M easured side lengths
II. Side lengths equalized to the p rim 

ary  triangulation  according to 
equation 11

III. M easured side lengths
IV. Equalized side lengths

Form  of the base extension 
netw ork w ithout station 
D eutenhausen

Complete netw ork



Only the side lengths and the corrections ensuing from  the ad justm ents 
are given as resu lts, because they indicate the in trin sic  accuracy of the 
T ellurom eter m easurem ent :

Side

Plane Side Lengths, m Corrections for Adjustm ent, m

Measured

Equalized  
according 
to Equa

tion 11

I II III IV

1.2 20 056.975 056.855 —  0.054 —  0.049
1.3 40 975.237 975.016 —  0.012 — 0.003 +  0.042 +  0.036
1.4 28 090.262 090.033 +  0.012 +  0.024 +  0.012 +  0.024
1.5 19 053.527 053.411 —  0.038 —  0.038 —  0.038 —  0.038
1.6 28 100.454 100.295 +  0.029 +  0.015 +  0.029 +  0.015
1.7 26 838.807 838.654 — 0.008 —  0.001 —  0.008 —  0.002
2.3 20 918.424 918.299 — — —  0.005 —  0.043
2.4 20 003.804 003.584 — — - +  0.001 +  0.005
3.4 29 206.183 206.018 —  0.052 —  0.059 —  0.058 —  0.066
3.6 46 348.713 348.466 +  0.070 +  0.066 +  0.074 +  0.067
4.5 17 009.573 009.467 —  0.002 +  0.006 — 0.002 +  0.007
4.6 17 623.069 622.960 —  0.070 —  0.068 —  0.090 —  0.068
5.6 9 047.662 047.594 — 0.044 —  0.034 —  0.044 —  0.035
5.7 10 337.583 337.509 +  0.010 —  0.002 +  0.010 —  0.002
6.7 8 231.927 231.863 — 0.009 +  0.003 —  0.008 +  0.004

On the average the corrections for the m easured sides am ount to ±  3.5 
cm. T hus the geom etrical netw ork conditions are well fu lfilled; gross 
system atical erro rs  do not occur. F urtherm ore, the correctness of the d is
trib u tio n  of w eights is proved; large and sm all corrections occur w ith  the 
sam e frequency for the long and short sides. T hus accuracy is not a 
function  of length. Such fu rth e r factors as ground or unfavorable atm o
spheric conditions w hich are reflected in  the deviations of the individual 
m easurem ents can evidently not be used for assignm ent of weights. The 
m ean erro r of a m easured side after ad justm en t is ±  0.07 m etre. Com pari
son w ith  the m ean errors derived from  repeated observations suggests an 
additional e rro r affecting the m easurem ents, which, however, cannot be 
explained. The average position accuracy of the new points fixed by pure  
distance m easurem ents am ounts to ±  0.1 m etre. Evaluation of the external 
accuracy and eventual scale errors will be reserved for la ter com parison 
w ith the resu lts of baseline m easurem ent and triangulation .


