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1. Introduction

This paper deals with the least square adjustm ent of an aerial trian ­
gulation strip by the Verdin-Moreau method, to which have been introduced 
some sound sim plifications.

It is well known that, in almost all methods of adjustm ent, corrections 
are computed for the m achine-coordinates; then the corrected m achine- 
coordinates are transform ed into ground-coordinates. However, in the 
Verdin-Moreau method, adjusted transform ation elem ents are found for 
each stereo-model so that the m achine-coordinates x , y  and z can be 
directly transform ed into ground-coordinates X , Y  and Z, without any 
previous corrections.

In the original method, the adjusted horizontal ground-coordinates 
of the points observed along the strip are found in  term s of the adjusted 
values of the azim uth A and the scale denom inator K, computed for each 
stereo-model, and the adjusted heights o f these points are obtained in 
term s of the adjusted values of the general tip $  and the general tilt Q, 
for each pair.

As the com putations were somewhat extensive in their original form , 
the authors tried to sim plify them, as described in the Belgian review 
“ Photogram m étrie ” (no. 43, March 1956), in an article by A. V e r d i n  and 
E. M o r e a u .  In  fact, they pointed out th at the horizontal adjustm ent is 
considerably sim plified if  the strips have a N-S or E -W  direction. In 
addition, the height adjustm ent can always be sim plified if  $  and Q are 
&mall, as they usually are.

It will be shown later on that, if w eights are not used, the sim plification 
devised by the authors is a general one and not a special case of strips 
in a N-S or F—W  direction. In  this article will be given the complete theory 
as well as the practical application of the sim plified method, which has 
been in  use for some years in  Brazil.

To sim plify further development, it is convenient to explain how to 
find $  for each stereo-model of the strip, both in  the aerial-levelling and 
in the bz =  0  method.

To generalize the application of the method, the form ulas w ill be 
derived in such a way that they can be applied to the three usual bridging



methods, i.e., the aero-levelling, the aerial-traverse (bz =  0 ) and the aero- 
polygon, in which no values of bz are known beforehand (*>. Thus the 
general form ulas will be derived to compute the successive values of the 
general tip O for the stereo-models by considering the aero-levelling and 
the aerial-traverse. In this way the aero-polygon can be looked upon as a 
particular case of the above-mentioned bridging methods.

It is well known that in both the aerial-levelling and the bz  =  0 method 
it is always necessary, in each stereo-model, to modify the tip 9  of the rear 
projecting cam era, in order to elim inate the y paralaxes. Accordingly, 
pro jector i will have a cp tip in the [(/— 1 ), i] stereo-model, and a cp' tip 
in  the [1,(1 +  1)J model. The difference cp' —  9  =  Sep is the $  difference 
for the two stereo-models, as can be seen in fig. 1.1. If we designate by 0 12 
the residual tip of the first model 1-2, the tip of the model 2-3 will be :

¢ 2 3  =  *X>12 +  8<p2 +  A $ 2

where A$ 2 is the accidental error in the §<p2 determination. By extension 
of the same reasoning, we have :

¢2 3  == ¢ 1 2  +  5<p2 +  A®2
¢34  =  ¢ 2 3  +  S93  +  AOs (lfl)
¢45  =  ¢ 3 4  +  S94  +  A$4

In the aero-levelling, the 8 cp values are approximately equal to the angle y 
between the earth’s rays correspondent to the positions of two successive 
exposures. In the bz  =  0 method, this angle is also included in y  I n the 
aero-polygon, we have approxim ately =  y. Thus we can see from 
expressions ( la )  that each value of ¢) contains the system atic accum ulation 
of y in all three methods of bridging. The effect of y> ° r  of any sim ilar

(*) The aero-levelling is performed by using bz values as given by the statoscope; 
the aerial-traverse is the Poivilliers method “Cheminement photographique à altitude 
constante” and the aero-polygon is the conventional method of bridging.



system atic error, can be ignored as they are elim inated in the adjustm ent 
process. Thus, in the expressions ( la ) , the values of 8 9  are the cp differences 
read on the instrum ent’s scale and will be zero for the free bridging.

2. Least square absolute orientation of the end pairs

The following development is concerned with a  strip in which control 
points are available only on the first and last stereo-models. Therefore, the 
transform ation form ulas will be derived, and they w ill show which elem ents 
are to be determined in function of the ground control.

If  x , y  and z are the m achine-coordinates of any observed point, and 
if K is the scale denominator of the stereo-model, the lengths on the ground 
will be Kx, Ky and K z. I f  X, Y and Z are the ground-coordinates of the 
considered point, fig. 2.1 represents the instrum ent xO'y coordinate system 
in relation to the ground XO Y system for the planim etry, and fig. 2.2 shows 
the instrum ent plane xO y  which is the datum  for the height m easurem ents. 
From  fig. 2.1, the following form ulas are im m ediately obtained for 
transform ation of the plane coordinates :

X  =  P  -)- K x cos A -j- K y sin A
Y  =  Q —  Kx sin A -)- K y  cos A (2 a)

or, by putting
K cos A =  e  
K sin A =  f,

X  =  P  +  ex  +  fy
Y =  Q +  ey  —  fx

(2b)

(2 c)

Y
y

Y

p o

X
O

F ig . 2.1

Fig . 2.2 shows th at the plane xOy is inclined to the horizontal plane 
and that the com ponents of the inclination are O and Q. Hence, the true



V

height of a point V is given with sufficient approximation by :
Z =  R -j- Kz +  Kx tan 0  +  Ky tan Q

Now, as <I> and Q are small, their tangents can be substituted by their 
respective arcs and the above expression can be written as follows :

Z =  R +  Kz +  K $ x  +  KQ y
or, by putting

K0> =  E
KQ =  F , (2d)

Z =  R +  Kz +  E x  +  F y  (2 e )

Hence, if  we determine P, Q, R, e, f. E  and F  in function of the ground 
control points, expressions (2 b), (2 c), (2d) and (2 e) can be used to find the 
ground coordinates of any other observed point of the stereo-model.

If more than two planim etric ground control points are known, P, Q, 
e  and f  can be determined by the least square method. Sim ilarly, it may be 
used for R, E  and F , if  more than three ground control points are known. 
As the values of 3) and Q are always very small, the horizontal and vertical 
adjustm ent can be treated independently. However, as the reasoning is the 
same for both problems, they will be treated together.

Let (X j, Y j) , (X 2, Y2), etc., be the horizontal ground coordinates of n 
points and Z „ Z2, etc., the true heights of n points, not necessarily the 
same. Then, if (x*, y^), (x2, y2), etc., are the horizontal m achine-coordinates, 
and z x, z2, etc., are the instrum ental heights, we obtain from (2 c) and (2e) :
X t =  P -)- exj - j-  fy i  Y x =  Q  -(- e y r —  fx x Z j  —  K z j  =  R -(- E x j -)- F y x 
X s =  P -(-  ex 2 -)- fy 2 Y 2 =  Q -f- e y 2—  fx 2 Z2 —  Kr^ =  R -(- E x2 +  F y 2



......................................................................................................................................................... (2 /)

x„ =  p +  ex n 4- fy n Yn =  Q +  e y n—  fx n ZB —  Kzn =  R +  E xn +  F y n

The sum of each of the above groups of expressions gives us the 
following expressions, where the Gaussian symbol for sum m ation is used :

[X ] = 7 J P +  e [ x ]  +  f [ y ]
[Y ] = n Q  +  e [ y ] — f[ x ]

[Z  —  Kz] =  * R  +  E [x ]  +  F [y ]

Now, dividing by n and putting

[X ]/ n  == X a [ x ] / n = x g
[Y ]/ n  =  Y , L y ] /n = = y g (2y)
[ Z ] /n  — Zs [z ] / n = z g

we have
X„ =  P +  ex g +  fy g
Y„ =  Q +  e y g —  fx g (2/i)

Zg —  Kzg — R -f- E x s -)- F y ff

Hence, if  we introduce in (2/) the values of P, Q and R taken from  (2/i), 
and we put

X  —  X , =  X ' x  —  x„ =  x'
Y  —  Y , =  Y ' y —  y g =  y' (2 «)
Z —  Z„ =  Z ' 2 —  Zg =  zf

then expressions (2 /) may be sim plified as follows :

X/ =  ex ' +  fy [  Y [ =  ey (  —  f x {  Z {  —  K z; =  E xJ +  F y i
X 2 =  ea£ +  / ^  Y2'  =  ej/2 —  /*2 Z 2' —  Kz2' =  Ex£ +  F y '2

X ; =  ex '  +  fy '  Y 4 =  ey'n —  fx '  Z ' ~  K z '=  E x ' +  F y '

The groups of expressions in X ' and Y ' are the condition equations for the 
horizontal ad justm ent and the group in Z ' the condition equation for the 
height ad justm ent. Thus we have the following system  of norm al equations 
for the horizontal ad justm ent :

( [ x '* ' ]  +  [y 'y '] )  e =  [x f X '] +  [y' Y ']
(2 j){ ( [ ^ 1  +  [y'y'Vf  = — [x'Y'] +  [y'X']

Sim ilarly, we obtain for the height ad justm ent the follow ing system  of 
normal equations :

[xT x'] E  +  [x' y'l F  =  [x' (Z' —  K 2 ') ]
[xT y'] E  +  [y' y'] F  =  [y' (Z ' —  K2 O ] }

The solutions of (2j )  and (2A:) give us all the term s of (2g), except P , Q 
and R. Hence values of P, Q and R can be com puted afterw ards. F orm s 2-1 
and 2-II show the com plete solution of the problem . Some readily 
com prehensible checking operations can be seen there.

{



Form 2 -1

F i r s t  p a i r

P O I N T S X y X 1 = X  -  X ç y ' = y - y 9 X Y X '  = X  - X , Y 1 = Y  -  Y,

P F P  16 
P F M  3 3 A 
P F P  14 
A P  15

1 6 8 0 . 8 0  
4  1 41 .  80  
4  0 4 9 .  50  
1 6 2 1 . 5 0

- 5 9 0 1 . 1 0
-  5 6 6 1 .  00
- 1 17 8.  00
-  1 3 7 5 .  10

- 1  1 9 2 . 6 0  
+1 2 6 8 . 4 0  
+ 1 1 7 6 .  10 
- 1  2 5 1 . 9 0

- 2  3 7 2 . 3 0  
- 2  1 3 2 . 2 0  
+2 35 0 .  80  
+2 1 5 3 . 7 0

67 7 0 4 . 9 9  
66 1 5 3 . 2 4
6 8  158.  17
69 70 7 .  21

2 0 9  1 6 6 . 3 5  
2 0 7  93 6 .  77 
2 0 4  96 2 .  43  
2 0 6  1 4 6 . 4 0

2 2 5 . 9 1  
-  1 7 7 7 . 6 6  
+ 2 2 7 . 2 7  
+ 1 7 7 6 . 3 1

+2 1 1 3 . 3 6  
+ 8 8 3 . 7 8  
- 2  0 9 0 . 5 6  
-  9 0 6 . 5 9 -

S U M S 11 4 9 3 . 6 0 - 1 4  1 1 5 . 2 0 0.  0 0 .  0 31 7 2 3 . 6 1 8 2 8  2 1 1 .  95 + 0 . 0 1 0 .  01

M E A N 2 8 7 3 . 4 0 -  3 5 2 8 .  80 M E A N 7 9 3 0 .  90 2 0 7  0 5 2 .  99 «—  (x 9, y 9)

S 2 = [ x  ' x ' ]  + ! y ' y ' 3  = 2 6  3 2 0  3 6 6 .  60  e  -  S tJ S s = 0 .  6 7 2 7 4 1  K 2 = e 2 + f 5 = 0 . 6 4 0 4 8 4 4 9
5 2 = [ x ' X ' l  + [ y ' Y ' ]  = -  17 7 0 6  7 6 4 . 9 0  f  = S , / S ,  = + 0 . 4 3 3 4 7 9  K  = 0 . 8 0 0 3 0 3
5 3 = - [ x ' Y ' ]  + [ y ' X ' l  = 11 4 0 9  3 1 2 . 2 7  t g A  = S , / S 2 = 0 . 6 4 4 3 4 7  A  = 32” 4 7 '  4 4 "

C H E C K

X ,  = 67  9 3 0 .  90  Y ,  = 2 0 7  0 5 2 . 9 9  X t = P  + e x  + fy
-  e x ,  = + 1 9 3 3 . 0 5  -  ey,  = - 2 3 7 3  9 7  Y  = Q + e y  -  fx

f y,  = + 1 5 2 9 . 6 6  f x ,  = + 1 2 4 5 . 5 6  [v], = [v )r = 0

P  = 71 3 9 3 .  61 Q  = 2 0 5  9 2 4 . 5 8

P O I N T S e x fy x c v = X  -  X e e y - f x Y c v  = Y  -  Y'

- 1  1 3 0 . 7 4  
- 2  7 8 6 . 3 6  
- 2  7 2 4 . 2 6  
- 1  0 9 0 . 8 5

-  2  5 5 8 . 0 0
-  2 4 5 3 . 9 2

5 1 0 . 6 4
5 9 6 . 0 8

7 7 0 4 . 8 7  
6 1 5 3 . 3 3
8 1 5 8 . 7L
9 7 0 6 . 6 8

+ 0.  12 
0 .  09  
0.  54 

+ 0 .  53

- 3  9 6 9 . 9 1  
■+3 8 0 8 .  38 
4 7 9 2 . 4 9  
+ 9 2 5 , 0 8

+ 72 8 .  59
- 1 7 9 5 . 3 8
- 1 75 5 .  37 
4  7 0 2 . 8 9

2 0 9  1 6 5 . 8 9  
2 0 7  9 3 7 . 5 7  
2 0 4  9 6 1 . 6 9  
2 0 6  1 4 6 . 7 5

+  0 . 4 6  
0 . 8 0  

+ 0 . 7 4  
0 . 3 5

L a s t  p a i r

P O I N T S x y x '  = x -  x 9 y ’ =y  -  y, X Y X*  = X  * X 9 Y*  = Y  -  Y,

P F A  
P F  23  
P  19 
P F P  2 0

2 7  3 98 .  10 
2 9  4 5 5 .  80  
2 9  2 4 9 .  30  
2 7  4 0 9 .  4 0

-  5 6 4 6 . 4 0
-  5  8 19 .  2 0

9 2 3 . 4  0
-  1 5 0 3 . 7 0

-  9 8 0 . 0 5  
+1 0 7 7 . 6 5  
+ 8 7 1 . 1 5
-  9 6 8 . 7 5

- 2  1 7 3 . 2 3  
- 2  3 4 6 . 0 3  
+2 54 9 .  77  
+1 9 6 9 . 4 7

50 4 3 6 , 1 5  
4 8  9 7 0 . 6 0
51 2 4 6 . 8 7
52 2 4 0 . 8 5

197 8 2 2 . 3 6  
197 0 4 0 . 9 3  
193 8 1 6 . 0 2  
195 0 1 4 . 3 7

2 8 7 . 4 7  
-  1 7 5 3 . 0 2  
+ 5 2 3 . 2 5  
+ 1 5 1 7 . 2 3

+ 1 8 9 8 .  94 
+1 1 1 7 . 5 1  
- 2  1 0 7 . 4 0  
-  9 0 9 . 0 5

S U M S 113 5 1 2 . 6 0 - 1 3  8 9 2 . 7 0 0 0.  02 20 2  8 9 4 , 4 7 78 3  6 9 3 . 6 8 0.  01 0

M E A N 2 8  3 78 .  15 -  3 4 7 3 .  17 <x9, y 4) M E A N 5 0  7 2 3 , 6 2 195 9 2 3 . 4 2 ( X , . Y , >

= [ x ’ x ’J + [ y ' y ’ J = 2 4  4 2 6  1 3 0 . 9 4  e  = S j S ,  = -  0 . 6 7 6 8 8 5  K 2 = (e* + f 2) = 0 . 6 4 9 0 5 1 4 8 0 4 1
S ,  = [ x 1 X ' )  + [ y ‘ Y ’ ] = -  16 5 3 3  6 7 1 .  72 f = S j / S ,  = + 0.  4 3 6 8 9 6  K  = 0.  8 0 5 6 3 7
S 3 = - [ x ’ Y ' )  + [ y ' X ’ l = + 10 67 1  6 7 2 . 8 8  t g A = S 3/ S 2 = 0 . 6 4 5 4 5 0  A  = 32° 5 0 '  2 5 "

C H E C K

X , =  5 0  7 2 3 .  62 Y ,  = 195  9 2 3 , 4 2  X ,  = P  + e x + f y
- e x ,  = + 1 9  2 0 8 .  74  - e y ,  *  - 2 3 5 0 . 9 4  Yc = Q  + e y  -  fx
-  f y ,  = + 1 5 1 7 .  41  f x ,  = + 12 3 9 8 .  30  [v], = [v]( = 0

P  = 71 4 4 9 . 7 7  Q  = 2 0 5  9 7 0 . 7 8

P O I N T S e x fy X t v  = X  - X t ey - f x v  = Y  -  Ye

- 1 8  5 4 5 .  36 
- 1 9  9 3 8 .  19 
- 1 9  7 9 8 . 4 1  
- 1 8  5 5 3 .  01

- 2  4 6 6 . 8 8
- 2  5 4 2 . 3 8

4 0 3 . 4 3
6 5 6 . 9 6

5 0  4 3 7 . 5 3  
4 8  9 6 9 .  2 0
51  2 4 7 . 9 3
52 2 3 9 .  80

1 . 3 8  
+ 1 . 4 0  

1.  06 
+ 1.  05

+3 8 2 1 .  96 
43  9 3 8 .  93 
4  6 2 5 . 0 4  
41 01 7 .  83

- 1 1  9 7 0 . 1 2  
- 1 2  8 69 .  12 
- 1 2  7 7 8 .  90 
- 1 1  9 7 5 . 0 6

197 82 2 .  62 
19 7  0 4 0 . 5 9  
19 3  8 1 6 . 9 2  
19 5  0 1 3 . 5 5

0 . 2 6  
4  0 .  34 

0 .  90  
4  0 .  82
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3. Adjustment of the strip

Before the derivation of the condition equations it is possible to 
introduce a considerable simplification into the development concerning 
the horizontal adjustm ent. As we have shown in section 2, if the adjusted 
values of P, Q, e and f  are known for a stereo-model, then the ground- 
coordinates of every point observed can be computed by the expression (2a). 
Hence it will be very convenient to use the variables e and f, as did V e r d i n  
in his interpolation method. But A and K are independent variables and 
expressions (26) show that both e and f  are functions of A and K. 
However if we assign equal weights to A and K, it is very easy to prove 
that e and / also have equal weights and are correlation free, which seems 
paradoxical.

If we designate by AA, AK, Ae and Af, the corrections to be applied 
to A, K, e and / respectively, we can differentiate the expressions (26) and 
substitute the corrections for the differentials. Thus we have :

Ae =  —  K sin A A A -(- cos A A K 
A f  — K cos A A A - ) -  sin A A K

Now, if  we put 

we can write
A K/K =  AX ,

Ae =  —  K sin A A A - f  K cos A A X 
Af  — K cos A A A -)- K sin A A X

or, according to (26),
Ae =  —  f  A A -)- e A X 
Af — e A A +  / A X

(3a)

If we compute the weight numbers by T ienstra’s symbolic method, we 
have to substitute Ae, Af, AA and AX in (3a) by the symbols Qe, Qf, QA 
and Qx respectively. Thus,

Hence,

Qe — —  /Q a +  eQx 
Qf =  e Qx +  fQx

Qee =  PQaa +  e2Qxx —  2e/QAx 
Q„ =  e2QAA +  PQxx +  2e/QAX 
Qe, =  —  e f  ( Q a a  —  Qxx) +  (e2 —  f )  QAx

Now, as A and X are correlation free and we assign equal weights to A 
and X, we have QAA =  Qxx and QAx =  0. Thus we can conclude that

Qee - QIt and Qer =  0
Consequently, e and f  also have equal weights and are correlation free. 
Therefore, it is possible to adjust directly the values of e and f.

Now we are in a position to derive the condition equations. If  we 
look at form 2-1, we see that the values of P, Q, e  and f  differ in the first



and last stereo-models. Thus we can w rite the JiteraJ form of the closing 
errors :

U7p = p -1 >. « —  P 12
= = Q (n --11. n —  Q l2

U),, = e ln--1), n e12
IV ,  = f  tn--1). n —  /12

In addition, form  2-II gives im m ediately the closing errors :

=  R ( n — 1). n R ] 2  (3c)
w r — F|„_1 ) n —  F 12

But the difference E fn_ u n —  E 12 is not a closing error, except in the case 
of the aero-polygon. In fact, we have from  (In) and (2d) :

E 23 =  E 12 -)- 5E 2 -)- AE2

E 34 =  E 23 -)- 6 E 3 -)- AE3 (3d)
E 45 =  E 34 +  s e 4 +  a e 4

where
SE =  KS(p (3e)

Thus, i f  we add the expressions (2d), we obtain :

=  E12 +  [SEJ*-i +  [AE,]<-i

F or the whole strip we have i =  n, and the sum of all values of AE will 
be the closing error. Hence

wE =  E (n_ 1) „ —  E 12 —  [SE ] (3/)

Now the ground-coordinates X , Y  and Z can be considered free from  
errors. Therefore, if we differentiate the expressions (2c) and (2e), the 
results will be as follows :

AP = —  xA .e  — y A/
AQ =  y A e  — x A f  (3 g)
AR = —  z A K - x A E - Y A F

These errors have a cum ulative effect; consequently if we add all the values 
for the whole strip, the sum of AP w ill be equal to w P. W ith  the sam e 
reasoning we can w rite the following condition equations for the horizontal 
adjustm ent.

—  [xAe]  —  [yA/] =  top 
[yAe]  —  [xA/3 =  » q 

T he other two equations are obviously

E*!! “  "•  < 3 0[A/] - w,

F o r the height ad justm ent we have, from  the last expression of (3gr) :
—  [zAK] —  [xA E] —  [yA F] =  wn (3 j )



and the other two will be :
[ AE ]  =  w K

<3*>[ A F ]  =  w v

All the condition equations are now derived and the adjustm ent problem 
can be resolved in a special m anner. The method of solution that we 
have chosen, adjustm ent in two groups, was described by W r i g h t  and 
H a y f o r d  in their book, “A djustm ent of O bservations”, (1906). The method 
was successfully used by the authors to ad just a central point polygon. 
But the so called “solution in two groups” was generalized by T i e n s t r a  
as follows :

“ Every problem of adjustm ent may be divided into an arbitrary 
number of phases, provided that in each succeeding phase the co-factors 
resulting from  the preceding phase(s) are used ”.

This possibility was considered by T i e n s t r a  as the principal property 
of the least square method. W e  shall use this property as the means of 
obtaining some im portant sim plifications, in the same way as W r i g h t  and 
H a y f o r d  succeeded in doing in the adjustm ent of the central point 
polygon.

The first phase of the adjustm ent can be worked out by considering 
only equations (3/) and (3 k ). Each one of these equations is independent 
of the others, thence they may be adjusted independently. Thus a first 
group of corrections is found in  the usual m anner :

de  =  w e /  (n —  2)
~df =  w , /  (n —  2) (3/)
c/E =  ivK / (n  —  2) 
dF =  w F / (n —  2)

where n is the num ber of photographs in the strip. It is easy to understand 
th at these first corrections elim inate any system atic error, such as the 
above-m entioned one resulting from  the curvature of the earth.

Now a new correction is needed to take into account the condition 
equations (3ft) and (3j ) .  Hence the total corrections can be written as 
follows :

Ae =  d e  -)- de

u = * t  +  ± _  a,™ ,
AE == rfE +  d E  
AF =  tfF +  dF

These values can  be introduced in  (3ft), (3/) and (3 k ), and the results will 
be :

—  [x  d e) —  [y d f ] — d e [x ]  —  d f [ y ] =  wP 
[y de ] —  [x  d f  ] ~\-de [y] — d f [ x ] =  wQ

[d e]  =  0
[d f]  =  0



for the horizontal adjustm ent, and

—  [ i A K ]  —  [x dE] —  [y  d F] —  d E [x ] —  d F [y ] =  w R 
[dE] =  0 
[dF] = 0

for the height adjustm ent. B u t i f  we put

w P +  d e [x ]  +  d f [ y ]  =  w'P
w Q —  d e [y ]  +  d f [ x ]  =  i»Q' (3 n)

i»b +  l> A K] +  d E [x ] +  d F [y ] =  w  ̂

the final condition equations will be :
—  [x  d e ]  —  [y  d f]  =  w[>

[y d e ]  —  [x  d f]  =
[d e ]  =  0
[d f]  =  0

for the horizontal adjustm ent, and
—  [x  dE] —  [y d F] =  w'R

[d E ] =  0 (3 p) 
[d F ] =  0

for the height adjustm ent. If we designate Clt C2, C3 and C4 as the correlative 
factors for the horizontal ad justm ent and C[, C'2 and (¾ as the correlative 
factors for the height adjustm ent, we can  write the correlative equations 
as follows :
d e <2 =  x 2Cx -|- y2C2 “I-  C3 dE2 =  —  x2C{ -f- C2
de3 =  -f- y3C2 -)- C3 dE3 =  —  x sC{ -(- C2

(3o)

.....................................................  (3 q)  .......................................  (3r)
d/2 =  yaCi —  x 2C 2 -(- C4 d F2 =  —  y2C/ -)- C 3
d/3 =  y f i i  —  +  C4 d Fs =  —  y3C[ -(- C3

Now, as
[de] =  [d f] =  [dE] =  [dF] =  0,

we can add each group of the above expressions for the (n— 2) stereo- 
models, and write the following results :

(n — 2)CS — Cj [x] +  C2 [y] =  0 (n —  2)C2 —  C, [x] = 0  
(n —  2)C4 —  Cx [y] —  C2 [x] =  0 (n —  2)C3 —  Cx [y] =  0

Hence
C3 =  Cj [x] / (n —  2) —  C2 [y] / (n —  2)
C4 =  Cj [y ] / (n —  2) -(- C2 [x] / (n  —  2)

Ci =  Ci [x ] / (n —  2)
Ci =  C i [y ] / (n  —  2)



If we introduce these values in (3<y) and (3r), and we put
x4 —  [x] / (n —  2 ) =  a f 
Hi—  [y ] /  (.n —  2  =  bt

the correlative equations will read as follows :

d&2 == ---  @2 1̂ ""I-  dEi2 ---
d e 3 =  —  QaCj -(- b 3C2 d E s =  Q3C1

d f2 =  —  b 2 Cx —  a 2 C2 
d fs =  —  b sC1 Q3C2

(3 0  d F  2 =  —  b2C[ 
d F 3 =  —  63 CÎ

(3 u)

I »— 1

, ,  C , = - w {
n— 1

Then the norm al equations will be :

ai -(- 6| J

£ o f  -(- £>? J  C2 =  —  Wq 

for the horizontal adjustm ent, and
I n— 1

C[ =  —  m'R (3x)at2+  fef J

for the height adjustm ent. Expressions (3u) and (3x) show how amazing is 
the final sim plification. Indeed, as all the correlative factors are obtained in 
the same m anner, we solve a simple equation of the form ax  =  b, and 
the coefficient is the same for the three correlative factors.

Form  3-1 shows a complete solution for the horizontal adjustment, 
and form 3-II shows the height adjustm ent. The formulas to be used 
for the computation of Ae and Af and the successive computation of e, f, 
P and Q are given on the bottom of form 3-1, and those used to find the 
values of AK, AE and AF and the successive values of R are shown on 
the bottom of form 3-II. As the height adjustm ent follows the horizontal 
adjustm ent the values of K can be derived from  expression (2 b ) which 
gives

K =  V  e2 +  f*  <*>

where e and / are taken from  form 3-1. B u t it is also seen in form 3-II 
that values of K ' are found in the same way as those seen in form 2-II, 
where a foot-note explains the reason for its use.

(*) B a rj.o w ’s tab les can be used to com pute K.



F o r m  3 - 1

P A I R X a = X - x e l O ^ C i l t f  b C z Ae 1 0 6 e - x f l e - y  Af p

y b = y - y 0 1 0 6b C ! - 1 0 6a  C 2 A f l O 6 f - y A e x  A f Q

1/2
- 0 . 6 7 2 7 4 1 _ _ 71 3 9 3 . 6 1

- - - - - +0. 4 3 3 4 7 9 - - 2 0 5 9 2 4 . 5 7

2 /3 n 3
4 4 8 1 . 3 0 _ 11 4 8 9 32 - 4 3 4 + 2 _ 8 0 9 - 0 6 7 3 5 5 0 + 3.  63 + 0 .  6 9 71 3 9 7 . 9 3

-  3 5 7 6 . 0 0 189 3 8 -  7 - 1 1 2 + 1 9 2 +0 4 3 3 6 7 1 -  2 .  89 + 0 .  86 2 0 5 9 2 2 . 5 5

3/4 N,
6 8 8 9 . 10 9 08 1 52 - 3 4 3 + 1 _ 7 1 9 - 0 . 6 7 4 2 6 9 + 4 .  95 + 0 .  76 71 4 0 3 . 6 4

-  3 4 7 2 . 3 0 85 6 8 -  3 -  8 8 + 2 2 0 +0. 4 3 3 8 9 1 -  2 .  4 9 + 1.  52 2 0 5 9 2 1 . 5 8

4 / 5 N, 9 1 4 5 . 4 0 6 82 5 2 2 - 2 5 8 -  0 _ 6 3 5 - 0 6 7 4 9 0 4 + 5 .  81 + 0 .  83 71 4 1 0 .  2 8
-  3 3 8 4 . 10 + 2 52 + 0 -  6 7 + 2 4 4 +0 4 3 4 1 3 5 -  2 .  14 + 2 . 2 3 2 0 5 9 2 1 .  67

5/6 N,
11 4 7 4 . 90 4 4 9 5 72 - 1 7 0 + 1 . 5 4 6 - 0 6 7 5 4 5 0 + 6 . 2 7 +  0 .  92 71 4 1 7 . 4 7

-  3 5 3 2 . 5 0 1 4 5 . 8 8 -  5 -  4 4 + 2 6 2 +0 4 3 4 3 9 7 -  1.  93 +  3 .  01 2 0 5 9 2 2 .  7 5

6/7 n 6
13 6 1 4 . 2 0 2 35 6 42 -  89 -  0 4 6 6 - 0 6 7 5 9 1 6 + 6 .  34 +  0 .  97 71 4 2 4 . 7 8

-  3 3 5 8 . 10 + 2 8 52 + 1 -  2 3 + 2 8 9 +0 4 3 4 6 8 6 -  1.  56 +  3 .  93 2 0 5 9 2 5 . 1 2

7/8 N,
15 8 5 2 . 4 0 1 1 8 . 2 2 -  4 + 1 3 8 0 - 0 6 7 6 2  96 + 6 .  02 + 1.  0 7 71 4 3 1 . 8 7

-  3 4 9 8 . 0 0 111 3 8 -  4 -  1 + 3 0 6 +0 4 3 4 9 9 2 -  1.  33 +  4 .  8 5 2 0 5 9 2 8 .  6 4

8/9 N»
18 4 9 4 . 3 0 + 2 5 2 3 6 8 + 95 -  1 _ 2 8 3 - 0 6 7 6 5 7 9 + 5 . 2 3 +  1.  11 7 1  4 3 8 . 2 1

-  3 2 7 7 . 4 0 + 10 9 2 2 + 4 + 2 5 + 3 4 0 +0 4 3 5 3 3 2 -  0 .  93 +  6 . 2 9 2 0 5 9 3 4 . 0 0

9 / 1 0 N,
2 0 4 9 7 . 4 0 + 4 52 6 7 8 + 171 -  0 2 0 6 - 0 6 7 6 7 8 5 + 4 . 2 2 + 1 .  18 71 4 4 3 , 6 1

-  3 3 2 3 . 0 0 + 63 62 + 2 + 4 4 + 3 5 7 +0 4 3 5 6 8 9 -  0 .  6 8 +  7 .  32 2 0 5  9 4 0 , 6 4

10 /1 1 N10
22 7 7 8 . 10 + 6 80 7 4 8 + 2 5 7 -  5 1 2 5 - 0 6 7 6 9 1 0 + 2 .  85 +  1.  13 71 4 4 7 . 5 9

-  2 8 5 4 . 90 + 531 72 + 20 + 6 6 + 3 9 7 +0 4 3 6 0 8 6 -  0 .  35 + 9 .  0 4 2 0 5 9 4 9 .  3 3

11 /1 2 Nu
2 4 9 6 7 . 70 + 8 9 9 7 0 8 + 3 4 0 + 0 _ 37 - 0 6 7 6 9 4 7 +  0 .  92 + 1.  36 71 4 4 9 .  8 7

-  3 4 0 7 . 60 - 2 0 98 -  1 + 8 8 + 3 9 8 +0 4 3 6 4 8 4 -  0 .  12 + 9 .  9 4 2 0 5 9 5 9 .  1 5

1 2 / 1 3 n 12
2 7 4 8 2 10 + 11 51 1 4 8 + 4 3 5 + 1 + 5 9 - 0 6 7 6 8 8 8 -  1.  62 + 1.  4 8 71 4 4 9 .  7 3

-  3 5 6 9 00 - 182 3 8 - 7 + 1 1 2 + 4 1 6 + 0 . 4 3 6 9 0 0 + 0 .  2 1 + 1 1 . 4 3 2 05 9 7 0 .  7 9

Z = (n -  2 ) X0 17 5 6 7 6 9 0 _ 0 0 8 0 0 -4 1 4 7 + 4 4 . 6 2 + 1 1 . 5 0 + 5 6 .  12
£ = (n -  2 ) - 3 7  2 5 2 . 9 0 - 0 . 0 8 0 0 +3 4 2 1 - 1 4 . 2  1 + 6 0 . 4 2 + 4 6 . 2 1

x 0 + 1 5  9 7 0 . 6 2
y 0 - 3 3 8 6 62

€ ) - l) ,n = . 0 . 6 7 6 8 8 5 = + 0 . 4 3 6 8 9 6 I . 7 1  4 4 9 .  7 7  Q . n . ,  „ = 2 0 5 9 7 0 , 7 8
e 12 = + 0 .  6 7 2  74  L 

0 . 0 0 4 1 4 4
- *12

w f
= -  0 . 4 3 3 4 7 9  
= + 0 . 0 0 3 4 1 7

_ i  = 
de  [ x ]  -

71  3 9 3 . 6 1  
6 6 .  23

=
d e  f yl  =

-  2 0 5  
+

9 2 4 . 5 8  
1 4 .  0 4

df  [ y ]  = 11. 59 d f  [ x]  = - 5 4 .  6 4

d e  = “n
we

~  2 0 . 0 0 0 3 7 7 df
w,

= n -  2 + 0 . 0 0 0 3 1 1 w 2 1 . 66 w j  = + 5.  6 0

I  (a2, 5 7 3 J 1 3
-  1 0 6 w/ -  1 0 ‘  w0'

1 l  ( a 2. + b\) (a= + b?)

F o r m u l a s  : û e { = a  ,- C b i de  ; = e ti -x fi + A e ■Pi» l i+i i = P . i - i , , i ~ -  y i A f  i
L U C a i C 2\ d f  ; f  - 1 * , It + 1 ) -  * i i - i + A f ; Q i . i w n - Q i i - n , i  -  Yi * e +  Xi A f  t
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4. Conclusion

W e th ink that the practical example worked in the previous section 
is sufficient to show how to achieve an easy least square ad justm ent of a 
strip if  the sim plification introduced is used. However, if  one or m ore 
control points are known along the strip, the problem becomes more 
com plicated. It is possible, though, to combine the least square ad justm ent 
w ith some kind of graphical adjustm ent w hich will take into account the 
above-mentioned control points. Th is method is used in the N etherlands, 
and is described in the Belgian review “Photogram m étrie” (No. 41-1955), 
in an article by D. L e s n e  and F . P e e t e r s .

In  a very recent pam phlet published by the “Deutsche Geodâtische 
Kom m ission ” a highly interesting w ork by Hans B e r t r a m  (died 1945) 
was presented by Prof. Dr.-Ing. habil Rudolf. F ô r s t n e r .  In  this paper 
“Beitrag zur Ausgleichung ràum licher Polygonziige bei der L u ftb ild - 
triangulation” (1963), a least square method of adjustm ent is derived in 
w hich the variables are exactly the same as those adopted in  the Belgian 
m ethod. The main difference between these two methods is that in  the 
Belgian method the ground coordinates are computed directly in  term s 
o f the adjusted transform ation elem ents whereas in  B e r t r a m ’ s m ethod 
the ground coordinates are computed in  term s of the m achine coordinates 
after their correction. The B e r t r a m  procedure allows an im portant 
sim plification in the solution of the norm al equations. In  fact these 
form ulas are sim ilar to our (3u) and (3x).

B e r t r a m ’ s paper shows diagrams of the curves of absolute errors 
in x, y and z ;  these curves are, as usual, irregular. This irregularity  is a 
consequence of the accidental errors in the relative orientation and of the 
double accum ulation of these errors in the bridging process. Thus it  is 
possible to draw a useful conclusion w hich is valid for every method 
where control points exist only on the end stereo-pairs : the best results 
will be obtained if the relative orientation procedure is sufficiently accurate. 
Num erical orientation would be advisable.

W e have adapted the method to be used for the ad justm ent of strips 
in closed circuits without jeopardizing the sim plicity.

W e feel that in the near future analytical aerial-triangulation w ill be 
alm ost generalized but that this will not elim inate the universal plotters, 
w hich have a very long life-span. Thus, wherever these instrum ents are 
at present in existence in an organization, their use will be continued. 
Therefore, we think the ad justm ent method described here w ill be 
serviceable for some years to come.


