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I. — GENERAL

1.1 - Introduction and definition

The fundam ental principle o f  inertia allows an extrem ely simple and 
concise definition o f a process for w hich  the navigator has lacked only 
the means of im plem entation since the time when, as he did not have 
gyroscopic resources at his disposal, the possibility o f com puting the 
direction o f the local vertical by self-contained and internal means always 
stood out o f his reach.

The basis o f inertial navigation is the measurement o f  accelerations 
as absolute quantities in amount and in direction with reference to axes 
w hich  may be either bound to the earth or assumed to be fixed in inertial 
space, i.e. pointing towards three stars and originating from  the centre 
o f the earth. This measurement allows the speed vector to be plotted and 
considered as the sum of speed changes and then, through a new integration, 
the path travelled to be com puted as the sum o f prim ary arcs. This 
procedure, then, differs essentially from  ordinary navigational m ethods 
w hich measure only relative quantities. Since the custom  was to consider 
marine and aerial vehicles as m oving with a constant speed, the suggestion 
o f a double integration o f acceleration often  com es up against the prim ary 
ob jection  that there is nothing to integrate, since this acceleration w ould  
be constantly null. In fact the usual accelerations o f air and sea vehicles 
are, when en route, smaller than or equal to a few  thousandths o f g ; this 
shows the im portance o f initial values for  angles and distances introduced 
into the system.

1.2 - Historical background

The history o f inertial navigation goes back to the first efforts to 
determ ine the vertical direction by internal means either at sea or in the 
air, i.e. to the earliest w ork  on the use o f pendulum s or o f artificial levels 
w ith fluid or bubbles. More exactly its origin  may be assigned to the time 
o f the developm ent o f the first gyro-com passes w hich  in fact outlined the 
horizontal accelerations caused by the m otion o f the vehicles. At about



the same time A nschutz in Germany and Elmer Sperry in the United 
States around 1900 conceived directional instruments on the principle of 
the pendulous gyroscope. It is to the credit of Professor Maximilian Schüler 
that he presented to the Anschütz Industry in 1923, along with his theory, 
well known under the name Schüler Tuning, a new device consisting of 
gyroscopes and accelerometers. In 1924, the American A bbot, and then 
in 1932 the Frenchman E snault-Pelterie, had already developed three- 
axes-platforms stabilized by gyroscopes and equipped with accelerometers 
and integrators. The principle of a closed-loop-servo-control of a platform  
by accelerometers was outlined as early as 1940 by various authors. By this 
time the improvement of gyroscopic engineering had resulted in a gyroscopic 
compass compensated for yaw and roll and for oscillations of the platform. 
But it was during W orld W ar II that in Germany, on the occasion of the 
development of a guidance system for V2 rockets, the first simple model 
of an inertial guidance system was evolved.

Since then the research work at the M.I.T. to which Dr. D raper has 
linked his name, has allowed the United States to lead the way to entire 
navigational systems which the extraordinary progress made in the art 
of gyroscopic engineering has contributed to render progressively effective, 
precise and operational.

1.3 - Notations used

cp, G geographical coordinates : latitude and longitude
R„ true course
cv true heading
x, y paths covered along a great circle and cross tracks
z vertical paths
V linear speed o f the vehicle
a angular speed o f the vehicle
R earth’s radius
a oblateness o f the meridian ellipse
U angular rate o f earth’ s rotation
Q angular speed o f the gyroscope wheel
C main m om ent o f inertia o f the wheel
CQ m ain angular m om entum
K torque coefficient
e pitch inclination
a roll inclination
T period o f oscillation, Schüler T period —  84.4 minutes
10 Schüler pulsation
w angular drift rate of the vertical gyros
z angular drift rate o f the directional gyros
9 gravitational acceleration
Je transport acceleration
Jr relative acceleration

Coriolis acceleration.



H. — RETENTION OF THE VERTICAL

II. 1 -  Role of the vertical on a spherical earth

On the first analysis we shall deal only with a spherical earth whose 
shape is geometrically sufficient to cover the present needs o f ordinary 
slow speed in maritime navigation. In the case o f a m oving vehicle on 
the surface o f the earth the fundamental law is that the whole o f the 
external forces, as well as the reaction o f the supports, and the sum o f the 
inertial transport forces, the relative and the Coriolis forces, form s a 
vector system equivalent to zero at any instant.

This law is written :

2 (F —  mJe —  m Jr mJe) =  0 (1 )
For relative axes fixed to the earth, the earth’s attraction F ( and the 

inertial transport forces which are centrifugal inertia] forces o f the type
—  mU2r, are both included in the weight of the system w hich  may be 
considered as an external force included in the F vectors. The law is then 
written :

L ( ? '  —  m Jr —  m Je) =  0 (2)

Vertical*

provided that the action o f  celestial bodies other than the earth is neglected, 
and this is sufficient except in the case o f  tides or for spatial probes.

W e shall therefore consider the astronom ical vertical and not the 
geocentric vertical, and it is know n that the m axim um  angle between these 
two verticals is 12' at 45° latitude. It is likewise known that the angle 
between this vertical and the terrestrial equator or —  and this is equi
valent —  with the polar axis, defines the astronom ical latitude.



If a vehicle is travelling along a specific great circle, for example a 
meridian, the arc o f the meridian covered is equal to the angle through 
w hich the vertical has turned :

x  Acp 
0 =   =  — *-  (3 )

R R
Usually to measure this angle it is necessary to be provided with two 
elements :

1) the m em ory o f an initial vertical;
2) the continuous knowledge, at any time, o f the local vertical.

In fact, on the surface o f a spherical earth, the position o f a vehicle 
is fu lly  determined by  the place where the instantaneous vertical penetrates 
the sphere. The same is true for an aircraft wishing to fix  its position 
with relation to axes bound to the earth. It will, however, require —  in 
addition to the latitude and longitude o f the point where this vertical 
crosses the surface —  a third coordinate w hich will be the height Z 
measured along this vertical. Conversely, the position o f  a ballistic missile 
can be defined by three rectangular coordinates X, Y, Z measured on three 
axes fixed in inertia] space irrespective o f the earth’s motion.

II.2 - Initial requirements

The apparent sim plicity o f the principle o f the use o f inertia, as 
m entioned in sub-section 1, immediately gives rise to initial conditions 
from  w hich  the first difficulties o f application arise.

1) The accelerom eters, w hich are devised for measuring the components 
o f propulsive acceleration, have measuring axes which must be accurately



fixed with reference to selected axes o f  reference, that is to say either with 
respect to initial direction fixed in space, or to axes bound to the observer 
such as the local vertical on the earth.

2) The angles between these m easuring axes and those o f reference 
must therefore be known.

As far as horizontal navigation is concerned this condition  should be 
satisfied by providing the accelerom eters with a p latform  locked to 
horizontal, that is to say rotating with the earth and with the displacem ent 
o f the vehicle.

One solution would be to link the accelerom eter equipm ent to the 
structure o f the craft. In that case it w ould  be necessary to know  at any 
given m om ent the angular elements o f the attitude o f  the vehicle with 
respect to the axes o f reference.

3) In all cases where the platform  or accelerom eter equipm ent is not 
situated in a horizontal plane it must be possible in the output signal to 
separate the proportion  o f acceleration due to propulsion from  that due 
to gravity. This means that for an inclination 0, the indication o f the 
accelerom eter should be corrected by the quantity g sin 0. This adjustm ent, 
w hich must be made with an accuracy com parable to that o f  the m easure
ment, i.e. around 10-5  g, is particularly difficult to carry out on account o f 
changes in the field o f gravity w ith the height, level and shape o f the 
geoid.

Particularly when a vertical axis accelerom eter is used for  m easuring 
vertical paths will it be noticed that the twice integrated acceleration is

1
equivalent to a vertical path o f the order o f —- —  gt2, i.e. about 36 000

nautical m iles per hour. Errors due to inaccurate adjustm ent w ould 
therefore not be acceptable for the needs o f three-dim ensional navigation 
and this measurement remains lim ited to the field o f m issiles having high 
acceleration over a very short period o f time.

In the same way it can be noted that a 1° difference in the horizontal 
position o f  a platform  supporting the accelerom eters introduces into the

10
m easurement an error due to gravity o f  g sin 0, i.e. about -------  m /s 2,

60
which on the path covered in one hour involves an error o f  600 nautical 
miles.

II.3. - The possibilities of a pendulum - the Schiiler pendulum

Since a system constituted by a sim ple or com pound pendulum  can 
m easure only the apparent and not the true vertical, it cannot be used to 
measure the change in the vertical. The centre o f m ass G in a short 
pendulum  whose centre o f  support undergoes a horizontal acceleration y. 
rem ains behind the vertical o f the centre o f support. In 1923, Professor 
Schüler w orked out the conditions under which a pendulum  along the 
vertical at rest would always rem ain aligned along the local vertical 
whatever the acceleration y. It w ill rem ain unchanged if the angular



acceleration o f  the pendulum  is equal to the angular change in the local 
vertical. If rS is the arc o f a great circle covered in a period of time t, 
the angular displacem ent is :

S
“  ~  R

with :

The pendulum  lag w ill be defined by the deviation :
rS =  ft—  a

A l

AI =

we have :
ma

=  X (I =  m om ent o f inertia; a =  radius o f  gyration)

(4)

The condition  rS =  0 entails that X =  R. The pendulum  indicating 
the vertical should have a radius equal to the earth’s radius. This condition 
is im possible to realise m echanically : fo r  on  one hand, in the case o f a 
com pound pendulum  w hose radius is 10 cm, the distance from  the centre 
o f support to the centre o f  mass w ould be less than 10-3  m icrons, and on 
the other hand, in this case the back-lash torque w ould be less than the 
friction  torque.

H ow ever if  such an ideal pendulum  existed, the vertical indicated by 
this pendulum  w ould not be fixed but w ould oscillate around the local 
vertical w ith  a long period —  the so-called Schiller period. In fact the 
angular displacem ent o f the true vertical would be measured for a 
deviation

—  g  sin 0



A nd the law o f  oscillation w ould be :
d2Q g sin 0

(5 )
dt2 R

or for  small angles :
d20
dt2

This is the equation o f a pendulous m ovem ent o f period :

T  =  2u ---
g

( 6 )

equal to the oscillation period o f a simple pendulum  with an arm equivalent 
to the earth’s radius, whose value is 84.4 minutes —  the so-called Schviler 
period.

If such a com pound pendulum  could  be built it w ould oscillate w ithout 
dam ping about the local vertical o f the centre o f  support for  84.4 m inutes, 
whatever the accelerations applied to this centre.

II.4 - Possibilities of gyroscopes - Abstract of gyroscopic properties

Gyroscopes are pendulous systems w hich  allow  the retention o f a 
fixed direction  in space.

If, w ith respect to axes bound to the earth, a wheel is spun round its 
axis w ith an uniform  rate, the fundam ental law o f dynam ics may be 
written :

There is equilibrium  between the external forces applied to the wheel 
(including its weight and its frictions) and the Coriolis forces, since the 
relative inertial forces 2* —  mJr are null as they are only centrifugal forces 
o f the type —  m ffr , which cancel out by  reason o f sym m etry.

The Coriolis forces are due to the transporting rotation o f the earth 
w hich, at latitude cp, is expressed by U cos cp in the horizon, and by  U sin cp 

along the vertical.

If CQ is the angular m om entum  along the gyroscope axis O Z, deviated 
by an angle 0 from  the terrestrial polar axis, the on ly  disturbing torque o f 
Coriolis force is caused by the com ponent U sin 0 o f the earth’s rotation 
rate :

w hich  can be substituted by a torque o f the same axis caused by tw o equal 
forces $  and applied to both  ends o f  axis Z Z ' o f the gyroscope, in a 
direction  parallel to the polar axis :

E (F —  m Jc) =  0 (7 )

Ji =  CQ • U • sin 0 (8)

dH —  C • Ü • U • sin 0 =  ¢) X  Z Z ' • sin 0
W hence :

C • Q - U



These tw o forces, called fictitious m agnetic forces, are constant in 
am plitude and direction and independent o f 0. This occurs as if the axis 
o f the gyroscope were behaving like a magnet placed in a magnetic field 
parallel to the polar axis.

R e t e n t i o n  o f  t h e  e a r t h ’ s  p o l a r  a x i s

C onsequently if, originally, the gyroscope points in such a way that 
the positive sense o f  its spin vector Q is directed towards the North Pole 
(that is approxim ately towards the Pole Star), and if its weight P is counter
balanced by  the reaction o f the supports, the m om entum  of Coriolis forces 
is null. The gyroscope remains in apparent equilibrium  with respect to 
the earth, its axis pointing towards the North Pole.

T h erefore we have at our disposal a system  capable o f keeping in 
m em ory  a specific initial vertical, as for  instance the one aligned with the 
polar axis. If another means o f  realising the local vertical at any time is 
afforded, then the angle form ed by these tw o verticals, i.e. the latitude, 
can be m easured.



II.5 - Retention of a fixed direction in inertial space

Let us suppose that the aforem entioned ideal gyroscope is pointing 
not at the pole but at a star situated at an angular distance 0 from  the 
polar axis. It is subject to its weight counter-balanced by the reaction o f 
the supports, and to the fictitious magnetic torque :

<M =  CQ • U • sin 0
whose axis is perpendicular to the plane containing the w orld ’s axis and 
the gyroscope’ s axis.

A ccording to the theorem o f angular momentum, point CQ in the axis 
w ill move with a linear speed v equipollent with M,  i.e. tangent to the 
celestial trajectory of the star at point z

v =  <M =  CQ ■ U sin 8 (8 )

Point z o f  the axis, the extrem ity o f  angular mom entum , w ill rotate 
in the direction of diurnal m otion on the parallel with an angular speed U' 
such as :

V  C.Q.U. sin  0
U' =  —r— =  — ----------------- =  U (9 )I z C.Q sin 0

The axis of the gyroscope w ill precess in the direction of diurnal 
m otion, about the w orld ’s axis w ith the angular speed of the earth’s rotation. 
Its extrem ity w ill remain pointing at the star, i.e. its axis w ill keep a fixed 
direction in inertial space and it will show  an apparent m otion in altitude 
and azimuth with respect to axes bound to the earth.

S p e c i a l  c a s e s

a) If the axis o f the gyroscope is pointed at the zenith (local vertical), 
the axis <M\ o f  the fictitious magnetic torque, or o f Coriolis inertial forces, 
remains perpendicular to the meridian (plane ZO P), and therefore stays



horizontal, as does the precession speed v applied to the extremity of the 
angular m om entum  :

v1 =  C.Q.U. cos cp (10)

b) If the axis is pointed in the horizon, towards the meridian, the 
axis Jtz o f the fictitious magnetic torque is also horizontal as is the speed 
o f precession v2 w hose value is :

v2 =  C-Q.U. sin cp (11)



m. — VARIOUS TYPES OF GYROSCOPES

III.l - Freedom of a gyroscope

The gyroscope which maintains a fixed direction in inertial space is 
an ideal instrument whose spin axis is free to m ove in any plane and 
w hich  is only subject to Coriolis inertial forces caused by earth’s rotation. 
That is to say, the reaction o f the supports is exactly cancelled by the 
weight and all the disturbing torques caused by torsion, friction  and by 
dynam ical, m echanical or thermal unbalance are considered as null. W e 
shall call gyroscopes o f inertial class the instrum ents in w hich  the disturbing 
torques are reduced to very small values, and for w hich  “ drifts  ” , i.e. 
precessions due to these torques, are sm aller than 1 /10  o f  a degree per 
hour.

As for the behaviour o f the ideal gyroscopes, w hich  w ill be considered 
below, we shall assume that they are contained in a case m ounted on 
gimbals attached to the vehicle’ s fram ew ork. Their m ovem ent under the 
effect o f disturbing torques, due, for instance, to the reaction o f the gimbals 
occasioned by a change in the relative orientation o f the casing, w ill be 
sensed on three axes : the OC axis along w hich  is the angular m om en
tum CQ, the input axis or sensing axis around w hich the disturbing 
torque OE is felt, and the output OS around w hich  occurs the gyroscopic 
precession. W ithout dealing w ith  the various com plex support systems 
at present being used in m odern gyroscopic engineering, m ention must be 
made o f floated gyros, w hich  consist o f floating the casing in a liquid, o f 
the flurocarbon type, o f similar density, thus partially elim inating lack o f 
balance by bringing the centre o f  buoyancy and the centre o f mass close 
together, and leading to a m ode o f indifferent equilibrium . Finally the 
dynam ic balance is often obtained by m eans o f viscous dam ping which 
alters the period o f oscillation. The aim o f  this mode o f suspension is to 
obtain gim bal axes with a light load, the prim ary role o f  these gimbals 
being that o f centring.



a) F ree gyroscopes

These are gyroscopes, of two degrees o f freedom, suspended on dual
axis gimbals. They are sometimes classed as amplitude gyros w hich can 
m easure directly the angular deviation o f  the sensing axis with respect to 
a reference direction (Directional gyros - Horizon gyros), or as speed gyros 
or gyrom eters  w hich measure the precession speed o f the sensing axis (yaw, 
roll and pitch indicators).

b) Single-degree-of-freedom  gyroscopes

This is a gyroscope whose rotor axis can only rotate around a single 
axis (the output axis) when a disturbing torque is applied to the input 
axis. These gyros are called “ captive " as they usually operate as zero- 
m easuring devices. Any rotating couple applied to the input axis gives 
rise to a precession about the output axis, the angular speed o f which is 
detected by a pick -o ff, or cancelled by  means o f a signal transmitted by 
a torque m otor  to the gimbal o f the input axis, or by means of a viscous 
dam ping, the effect o f which is a speed integration. The reaction o f the 
gyroscope therefore depends on the dynam ic characteristics.

It is recalled that the expression torque m otor  means an unit com posed 
o f a stator and a rotor between w hich is applied a torque dependent on 
their relative position and on the current fed to the stator. This current 
can be accurately defined by a detector or by a com puter programme. 
In the last case it permits the precession o f the gyroscopic axis so that 
its fixed direction, with respect to the chosen reference axes, is restored.



c) Tw o-degree-of-freedom  gyroscopes

These are free gyroscopes having tw o input and two output axes. 
They are often used as zero-m easuring devices, but their dynam ic equili
brium  is dependent on amplitude and not on speed. W ith in  the lim its o f 
a small angular displacement o f the sensing axis, the integral o f the angular 
speed o f the output gim bal axis in relation to the casing is proportional to 
the angular displacement o f this casing in relation to fixed axes. If, by 
means o f a pick-off, the amplitude deviation is measured, an error signal 
is fed to a servo-m otor w hich restores the casing to its initial position 
with respect to the sensing axis. In this case the adopted fixed reference 
is this initial position, and a platform  linked to the casing can thus be 
restored to the horizontal. For this function  the gyro itself plays only the 
indirect role of a zero-indicator and the dynamic characteristics o f  the 
rotor have no influence.

III.2 - Special cases

a) Floated single-degree-of-freedom  integrating gyroscopes

In the case o f a single-degree-of-freedom , the rotation o f  the output 
axis may be dampened by a viscous liquid. Dynam ic equilibrium  is 
attained when the gyroscopic reaction torque is balanced by the dam ping 
torque o f the viscous liquid. The output axis deviation p ick -off signal is 
then proportional to the integral o f the input angular speed. Thus an 
am plitude reference is obtained provided the output axis has a sm all 
deviation range around the reference axis.

b) E rected  gyroscopes

These are free gyroscopes which are generally not o f the inertial class,
i.e. w h ich  cannot by themselves retain for  a long time a fixed direction 
relative to the earth, but w hich are restored more or less rapidly to this 
position by  a spurious torque intentionally supplied by a lack o f balance 
or a load, i.e. by a pendulum . This pendulum  ceases its effect as soon as 
the sensing axis has reached a position o f  equilibrium  w hich according to 
the particular case may be either the vertical, or the horizontal and the 
meridian.

The two types o f erected gyroscopes are the aircraft vertical reference 
gyros and the gyroscopic com passes on ships. The form er are made up 
o f a vertical axis gyroscope w hose input axis can be fed through a torque 
m otor w ith a driving precession signal, o f the type g  sin 0 provided either 
by  an accelerom eter or by a pendulous system.

It is thus a question o f a “ m onitored ” gyro whose m onitoring rate 
is slow  enough to keep the gyro unaffected by attitude accelerations for 
a short time. For long duration propulsive accelerations, for  instance 
during lengthy turnings, the indicated vertical differs from  the true vertical 
and it is often preferable to cut off the m onitoring.



c) G yroscopic com passes

G yroscopic com passes used in maritim e navigation are free gyros whose 
gyroscopic axis is forced  to maintain a stable position by means o f  solid

z



or liquid loads, with a lever arm a giving rise, at an inclination  0, to an 
horizontal axis torque Fa =  pa sin 0 w hich, com bined with the horizontal 
axis torque H =  CQU • sin cp • cos 0, due to the earth’s rotation and always 
directed towards the west, restores the gyroscopic axis to the horizon. 
Under the effect of the torque V  =  CQU cos cp sin d having a vertical axis 
due to the earth ’s rotation at latitude <p for a deviation d from  the meridian, 
the axis o f the wheel rises east o f this m eridian and falls w est o f it. The 
dam ping o f the m otion w hich  leads to a stable position is obtained by 
shifting the load pivot p  slightly to the east, thus form ing a vertical axis 
torque F ft, o f  the type p ■ b sin 0 acting in the opposite sense to torque V. 
Finally the gyro axis w ill be stabilized at the angle :

CQ • U • sin cp
0o =  ------------------------ —  (12)pa

with a deviation :
b

rfo = -------  • tan m (13)
a

after about tw o oscillatory periods follow ing  the starting o f the wheel, 
whatever the initial position.

IV. — HORIZONTAL NAVIGATION PLATFORMS

Maritime or aerial navigation o f vehicles prim arily concerns the 
investigation o f two horizontal com ponents o f the propulsive acceleration 
along axes selected, for instance, in the direction o f  the geographic north 
and east. The double integration o f these accelerations will lead as a matter 
o f course to the determ ination o f the northing path <p2 —  <pi, and to the 
easting path (G2 —  cos cp, that is to say, finally to the geographical 
latitude and longitude.

IV. 1 - Astronomic or geometric-type platform

In the early stages o f the proposed system s for navigation it appeared 
that the sim plest o f these systems w ould consist in the use o f  the property 
o f perm anence o f the spinning axis of the gyroscope to measure the latitude 
directly, and then the longitude indirectly, by com paring the Greenwich 
m eridian to the local m eridian defined by the local vertical and the polar 
axis. In this device a block  o f three floated gyroscopes retains, as accurately 
as possible, three fixed directions in inertial space : the polar axis, the 
reference easterly semi-axis at Greenwich, w hich  is m echanically rotated 
at the earth’s rotation speed U, and the northerly semi-axis in the equatorial 
plane w hich  follow s the m otion.

The other part o f  the instrum ent and the fram ew ork o f the ship 
rotate freely about the block  o f gyroscopes, and decoupling is effected by 
servo-m echanism . Tw o additional suspension axes support a platform  
containing the two accelerom eters whose axes are initially adjusted along
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the reference OX and OY directions, generally the local east and the local 
north. This platform  thus defines the initial vertical and, by means of 
signals from  the accelerom eters, keeps in m em ory this vertical, using feed
back loops o f integrators which produce the correction signals correspond
ing to the displacem ent. This device allows the reading o f  the latitude and 
a sidereal clock  provides the angle between the Greenwich and local 
meridians, that is to say the longitude.

Such a type o f  platform  requires large dimensions, a great number o f 
suspension axes (five gimbals) and various servos. In spite of the advantages 
of the sim plicity o f  this device, which is that o f an automatic astro-compass, 
the direct m easurement o f angles entails, at the first order, the drift o f the 
spatial b lock  gyroscopes and thus involves significant cumulative errors. 
It seems that the system has been abandoned because o f the mechanical 
com plications o f  the fram e and because even in maritim e navigation the 
single platform  locked to the vertical has now  becom e the general practice. 
It cou ld  however be considered for an autom atic maritime astro-compass.

IV.2 - Single platform for the local vertical

a) P rinciple o f  a single rotation axis platform  - Schiller tuning

In the first analysis it is assumed that the table in question can only 
oscillate in the plane of the figure around the oy  axis. It carries, an



accelerom eter Ac, a gyroscope G, whose sensing axis GE is parallel to oy, 
w ith a p ick -off D and a torque m otor Me, the accelerom eter being connected 
to tw o integrators Ij and I2.

The operation is as follow s : the accelerom eter measures an accelera
tion y3. integrated the first time by Ij w h ich  gives a speed V  whose signal 
is fed to torque m otor Me. This results in a shift o f  the gyro detected by 
p ick-off D. A fter being am plified, the p ick -off signal is used to rotate the 
table through angle 0, but at the same tim e it applies a torque to the 
gim bals o f the gyro w hich precesses around the output axis GS with a

rfespeed — Equi l ibrium is obtained w hen the gyro reaction torque

C ■ Li ■

dt
</0
dt

W e then have :

is equal and opposite to the control torque generated by Me.

C • Q dp
dt

K • V =  K
dx

~ d f
K being the torque constant.

Integrating :
C • Q • 0 =  K ■ x

x  being the displacement.
Assum ing that on a spherical earth the path o f the vehicle is a great

x
circle, the vertical will have been rotated from  — . In order that the platform

should remain horizontal we must have 0 == —  that is :
R

C Q  =  K R ( 14 )



Rc
to

lvt
r

s/
m

2



Such a device operates exactly like a Schiiler pendulum  which, 
whatever the propulsive acceleration continuously tracks the local 
vertical. The platform  set to zero inclination while at rest rem ains steadily 
horizontal. This condition m ust then necessarily be achieved at the outset, 
but if there is an initial inclination 0O the acceleration m easured at rest is
—  g  sin 0O. The equation is then :

C • Q • 0 =  —  K J J '  g  sin 0 • dt2 (0  being a small angle)

w hich expresses the equation for an undam ped pendulum  whose actual 
period is :

/t t q  r r -
T  =  2n * /  — —  =  2u  v / ------- =  84.4 minutes (15 )

It can be seen that the indicated vertical oscillates w ith the platform  
with an 84-m inute period about the true vertical w ith am plitude 0„. If the 
earth were flat, with R = o o ,  the oscillatory period would be infinite, but

x
there w ould  be no com pensation since 0 =  —  w ould  be constantly zero.

Taking into account the Schiiler oscillation  the second integrator w ill 
constantly provide the arc o f  path covered x. The oscillation am plitude 
m ay be reduced by adding a dam ping term  proportional to the am plitude, 
but in doing so an error is introduced on the vertical, w h ich  m ay be 
neglected or corrected provided the acceleration does not last m ore than a 
fraction  o f the period, and likewise a positional error proportional to the 
time and to the dam ping coefficient A. It is therefore necessary to m ake 
the initial horizontal adjustm ent o f  the platform  as accurately as possible, 
and this may be done by using the precession o f the gyroscope at rest, and 
adjusting the platform  until no signal is detected. Another procedure 
consists in using an erecting load system for vertical reference gyros, and 
then once under way to cut off the erecting device.

N ote. —  Emphasis must be placed on the fact that, in this prelim inary 
discussion, the dynam ic effects o f inertia, the static effects o f  friction  and 
o f stiffness for the whole o f the gyro, gimbals, accelerom eters, servos, as 
well as the drifts and integration errors involved, have all been neglected. 
These phenom ena are considerable drawbacks in the m anufacture of 
inertial systems, and these obstacles have only been overcom e by trem end
ous technological efforts, thus explaining the slow im provem ent in efficiency 
and accuracy. Furtherm ore the earth has been considered as spherical; in 
fact the vertical tracked is the astronom ical vertical w hich  does not pass

through a fixed point. But, at rest, the flattening o f the earth, i.e. ------- ,
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introduces an error o f only three seconds o f arc on  the vertical supplied 
by Schüler tuning.

b) Tw o-axis platform

The vertical is defined by tw o rectangular axes o f rotation ox  and oy  
o f  the platform , situated in the horizontal plane. There should therefore 
be available tw o stabilization units m ade up o f two single-degree-of- 
freedom  gyroscopes Gx and G2, whose input axes Gje and G2e are horizontal,



rectangular and respectively aligned along, for instance, the geographical 
north and east. The output axes and G2S2 o f these gyros are vertical
and their axes o f rotation are horizontal. The gyro Gt with a N orth/South 
input axis in connected through an integrator Ix to an accelerom eter Ai 
whose m easuring axis is E ast/W est. Sim ilarly the torque m otor o f gyro G2 
with an E ast/W est input axis w ill be fed by accelerom eter A 2 having a 
N orth /South  m easuring axis after integration in the integrator I2. The 
p ick -off s m ounted on the gimbals o f gyros Gx and G2 supply signals which 
after am plification  are fed into a sine-cosine resolver w'hich sends the 
appropriate signals to both the roll and pitch servo m otors SMr and SM t. 
In such a b lock  diagram  o f installation these servo m otor axes must 
coincide w ith the directions o f the accelerom eter axes assumed to be 
directed N orth /South  and E ast/W est. This orientation o f the platform  is 
obtained by means o f a third single-degree-of-freedom  gyroscope G3, whose 
input axis G3e is vertical in order to p ick-off any change in azimuth of the 
p latform ; the rotation signal thus w orked out is fed, after am plification, 
to an azim uth servo m otor. In fact, the p itch  and roll axes rotate with the 
vehicle heading and do not coincide with the m eridian directions which 
are those o f  the accelerom eters’ axes; the specific function  o f the sine and 
cosine resolver m ounted on the vertical axis O Z o f the platform  will thus 
be to distribute, after am plification, signals o f  the type A0 sin Cv —  Aj3 cos Cv 
to the pitch  and roll servo m otors. In this operation each gyroscope detects



the platform  shift about its input axis in such a way that the platform  
angular speeds are always very small about the output axis, w hich  is the 
same as the input axis o f the other gyroscope.

The directions o f the angular m om entum  o f gyros and G2 m ay be 
either vertical or horizontal. It is however essential that their input axis 
be horizontal and pointing along fixed directions on the horizon. Nev
ertheless it is desirable to select axes o f rotation in a horizontal direction 
for gyroscopes Gi and Ga called vertical re feren ce  gyros, because the effect 
o f an eventual load unbalance w ould rem ain nearly parallel to the angular 
m om entum . On the contrary the gyroscope G3, called the azim uth referen ce  
gyro  or directional gyro, whose output axis is horizontal, undergoes a 
significant disturbing effect since the torque o f unbalance is perpendicular 
to this output axis and thus increases this g yro ’s drift. This drift is therefore 
particularly critical in the case o f the azim uth reference gyroscope.

IV.3 - Transport speed of axes bound to the earth

The theoretical fixity in inertial space o f vertical and azimuth reference 
gyros results in apparent effective speeds w ith  respect to axes bound to the 
earth, in fact the local vertical and the N orth /South  line. These speeds 
m ust be corrected by controlled precessions applied to the gyroscopes’ input 
gimbal axes by  means o f torque m otors. These driving speeds result in 
angular rotations w hich are on  one hand the com ponents o f the earth’ s 
rotation rate U, and on the other hand com ponents o f the prim ary horizontal 
displacem ent along a loxodrom e tangent to a great circle. It is know n that 
these elem entary rotations are, along the parallel :

dG
------- -- cos m or Gr cos çp

dt *  y
and along the meridian :

da>
or cp'

dt



Putting therefore :
3?  —  VN/S =  R • cp' =  V  • cos R v
y ' =  \ E/W =  R G' cos <p =  V • sin R v

The com ponents o f these transport speeds along the geographical axes 
and along the vertical are therefore :

It is exactly the same as if the m ovem ent in longitude were equivalent 
to a m odification  in the earth’s rate.

Note. —  Free gyros, w hich are called directional gyros, are used in 
aerial navigation. Their spin axis is nearly horizontal and will hold rather 
roughly a fixed direction in space.

If the earth had no m otion, the path travelled on a spherical earth by 
an aircraft with a heading controlled by the axis o f the directional 
gyroscope w ould be a great circle. As the earth is spinning it is necessary, 
in order to fo llow  an orthodrom e, to precess the gyro at angular speed 
U ■ sin cp. I f we w ish  to fo llow  a loxodrom e the gyro should be precessed 
at this speed U • sin cp in addition to the angular speed with respect to the 
m eridian, that is :

H n/s =  U ‘ cos 9  H--------------=  (U -)- GO cos cp

► (16)

Hz =  U • sin cp -(- ■ tan cp =  (U +  GO sin cpHz

or :

U sin cp -\----------• sin Rv • tan cp
V

(17 )



V being the aircraft speed and R v the true course. Such are the “ Polar 
Path ” type gyros which are controlled by two corrections previously 
w orked out : firstly a precession U sin cpo for a m ean latitude and secondly

V
a convergency precession —  sin Rv • tan cpo- For high latitudes the converg-

R
ency correction  is so large that a “ grid heading ” must be follow ed, which 
makes a constant angle with the m eridian selected as a reference. On the 
Mercator projection  the grid convergency is zero; on a stereo-polar pro jec
tion it is equal to one; it is sin cp on the earth, and equal to n on a Lam bert 
conical projection . Therefore the grid correction  to be applied is :

n V
Aerid = -----------  • --------  • sin Rv • tan cp (18)

sin cp R

IV.4 - Compensation of transport speeds applied to the gyros

The angular transport speeds HN/S, HE/W, Hz are extracted from  a 
com puter and allow  signals to be w orked out and applied respectively to 
the torque m otors o f vertical reference gyros Gj and G2 and to the torque 
m otor o f azimuth reference gyro G3, in order to cause these gyros to 
precess about their input axes, and to achieve their steadiness w ith respect 
to the local vertical and the horizontal N orth /South  line.

The torque m otor o f vertical reference gyro Gi w hose input axis is 
N /S  receives signal (U -f- G') cos cp, for w hich  U is program m ed in the 
com puter, G' is extracted from  integrator Ix follow ing accelerom eter A t 
w ith an E /W  axis. The torque m otor o f gyroscope G2 w hose input axis is 
E /W  receives a signal proportional to cp' extracted from  integrator 1̂, 
follow ing N /S  axis accelerom eter A2. Again, gyroscope Gs is precessed by 
signal (U -f- G') sin cp in w hich  U is provided by  the com puter, G' by 
integrator Ij, and sin 9  is taken from  the com puter after m easurem ent 
o f cp by  the second integrator follow ing the N /S  axis accelerom eter A 2.

IV .5 - Corrections to accelerometers

Em phasing again that only a spherical earth is concerned for the 
m om ent and that vertical speed is negligible, the general law o f relative 
m echanics applied to the outputs of single sensing axis accelerom eters is :

Indicated Y  == relative Y transport Y  ~I-  Coriolis Y  ( 19 )

The tw o relative com ponents o f speed are :

Vn/ s =  R ■
VB/W =  R G' cos cp

The tw o relative com ponents o f acceleration are :

Y r N / s  =  R  • cp" \  ( 2 0 )
Yr E/W —  R ■ G " • cos cp J
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The total transport rotation in each com ponent o f acceleration may 
be considered as the sum of the earth’s rotation rate U and o f the instant
aneous rotations due to path G' along the parallel, and as path cp' along 
the meridian.

a) Corrections for  the N/S sensing axis accelerom eter A 2

Applying equation (19) we have :
indicated n /s y =  R • cp" -)- (U -f- GO2 • R • sin cp cos cp -)— 0 (21)

Indeed the transport accelerations o f centripetal form  are due on one 
hand to the displacement in longitude (U +  G') and on the other hand to 
the displacem ent in latitude cp'. The first is R (U +  G ')2 cos cp, and its 
projection  on  the N /S  track is R (U +  G ')2 cos cp ■ sin cp. T he second is 
norm al to the N /S  path and its projection  is zero.

The Coriolis acceleration is caused by rotation (U -j- GO but its 
projection  on the N /S  track is zero.

b) C orrections fo r  the E /W  sensing axis accelerom eter A 1

Equation (19) gives :
indicated B/w y =  R G" cos cp -)- 0 —  2 (U -)- GO • R cp' • sin (22)

The centrifugal accelerations due to displacem ents in longitude and 
latitude are orthogonal to the E /W  path, and so their projections on the 
track follow ed are zero.

The Coriolis com ponent due to rotation (U +  GO is projected in true 
value on the E /W  path; it is expressed by :

—  2 (U -(- GO • R cp' ■ sin cp • cos 0.

c) W orkin g  ou t o f  corrections

The above-m entioned com puter used for stabilization o f gyroscopes 
also provides corrections to accelerom eters. It takes : U from  a program m e, 
c p ' from  the output o f the first N /S  integrator I2, cp from  the output of the 
second N /S  integrator J2, G' cos cp from  the output of the first E /W  
integrator Jj, G from  the output o f the second E /W  integrator J j; sin cp 
and cos cp are w orked out in the com puter. (Changes in latitude o f a ship, 
or even long-range aircraft, are relatively sm all).

d) Final readings

Equations (21) and (22) define the horizontal com ponents o f 
accelerations relative to the earth which are picked-off after corrections at 
the accelerom eter’s output :

=  Indicated N /S  ? --------- ( u  +  Q , )2  ^  ^  ^  ^  ( 2 3 )

R

C/' --= lndl- ted E/w T 4- 2 (U -(- GO • cp' • tancp (24)
R • cos cp

<p and G are deduced by a double integration w ith respect to time.



IV.6.1 -  F l a t t e n in g  c o r r e c t i o n s

If the earth is considered as a revolution ellipsoid with a flattening
a —  6 1 .

a = ----------- = ------------- , the constant value of the sphere’s radius R must be
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replaced in form ulae (23) and (24) by the main curvature radii o f this 
ellipsoid at the place under consideration, i.e. for the meridian section 
ellipse, by the approxim ate value :

j-! =  a (1 —  2 a • cos 2 cp) (25)
and, in the norm al plane, by the value :

r2 =  a (1 +  2 a ■ sin 2 cp) (26)
a being the equatorial radius and b the polar radius. It is known that these 
differ from  one another by  about 21 480 m etres; the 1° arc o f meridian 
differs by 1 125 metres between the pole and the equator. It is therefore 
rem arkable that the direction o f the vertical thus determined is that o f the 
m ain norm al to the ellipsoid w hich  is the geom etrical direction o f gravity. 
Consequently, if we consider the actual weights resulting from  the earth’s 
attracting force F0 and from  the centrifugal inertial force m  U2 r, we have 
thus already taken into account the centripetal acceleration appearing in 
the correction  term of equation (21) : (U +  G ')2 sin ç  • cos cp. W e may then 
neglect the U2 term and the correction  term is reduced to :

Indicated N /S  Y
r R

(G'2 +  2 U • G') sin <p ■ cos cp (27)

J

V i
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IV.6.2 - C o r r e c t i o n  f o r  a l t i t u d e  Z

If the horizontal movem ent occurs at altitude Z, (aircraft) radius R 
m ust be replaced by  (R -f- Z ) ; Z  being assum ed to be known with sufficient 
accuracy by, for instance, an altimeter.



Notes  —

a) At altitude Z  the Schüler condition  :
CQ =  K • R (14)

is not fu lfilled. The torque constant K m ust be adjusted according to the 
equation

C Q  =  K • R ( 1 +
0 + 4 ->

At an altitude of 15 000 metres the error in the Schuler condition  is 
15 1

about — , i.e. — . It can be shown that the error in the vertical is very 
64 4 J

small but that the positional error is proportional to time or to the path
travelled. This correction may be pre-com puted and applied to the position
indicated for each altitude.

b) The small change in g  with elevation, according to New to n ’s law :

R2
q =  <r0 ------------------- (28)
a (R +  Z )2

does not change the Schüler condition  but causes small variations in the 
period

gfo
which becom es :

R +  Z
T  =  2 7t • ^

20 =  ^ 71 t / -----
V  gfo

/ r  + z / z \
”  T ° (  + _ i r )R

Finally the approxim ate value :

9. *  So -----(29)

is adopted for g.

V. — NON-MARITIME VEHICLES

V .l - Case of a vertical speed V z

This is applicable to missiles, V .T.O .L. aircraft and aircraft w ith a 
rapid rate o f clim b. A third accelerom eter with an O Z upward sensing 
axis, perpendicular to the platform , m ust be added to the two accelero
meters w ith N /S  and E /W  sensing axes located on the platform . Its signals 
w ill then be processed by two successive integrations as in the case o f the 
other two accelerom eters. Consequently new  corrections to the horizontal 
accelerom eters are required, because o f the effect o f new transport and 
Coriolis accelerations caused by Y z.



V.2 - Corrections to N/S accelerometer

daA transport tangential acceleration of the type V — must  be taken

into account, that is :

■VK
R ' 9 •

If  we consider the astronom ical vertical, the term in U2 is neglected, and 
the final output of the accelerom eter becomes :

V*
9 =

Indicated N / S  Y
' 9 ■R R

V.3 - Corrections to E/W accelerometer

W e must consider : 
a) a transport tangential acceleration of the type :

—  V . • =  —  Œ • V , • cos

(G' 2 -(- 2 U • G') sin cp cos ç  (30)

9

b) a Coriolis acceleration, projected in true value on the E/W  axis, due 
to rate U and speed Vz :

—  2 U • cos cp • V*.
The total correction to acceleration indicated on the E/W  axis is then :

G" indicated E / W  Y V V
G' • —  —  2 U • —  +  2 (U +  G') çp' ■ tan cp (31) 

R RR cos cp

V.4 - Correction to OZ accelerometer

As previously the fundam ental law expressed by equation (19) is

r e la t iv e  Y  in d ica ted  Y  tra n s p o r t  — Y  P o rio lip  S  Y



a) The transport accelerations are in  two parts :

1 —  the sum of centripetal accelerations due to VN/S and VE/W> i-e-
v \ vs V V wand

R R
which are projected in true value on the OZ axis, i.e. again

R (q/2 +  G'2 cos2 cp).

2 —  The gravitational component, i.e. about

b) The component of Coriolis acceleration between rotation rate 
U and VE/W, projected on

2 • U • cos cp ■ V E/W =  2 U • R • G' cos2 <p 
Sum m arizing, we have :

re lativ e Y  tndicated Y  “I-  ^  (^P C O S Cp) " j -

/ 2 Z \
+  2 • U • R • G' cos2 cp +  g 0 1 1 ------ (32)

W e can see that after double integration these relative accelerations 
lead to the fixing of the aircraft or m issile by means of two spherical 
coordinates w hich are the geographical coordinates of the point on the 
earth having, for instance, the missile at the zenith and a rectilinear 
coordinate w hich is altitude Z on the vertical of this point. However 
m easurem ent of this elevation by inertial systems is only interesting for

/ 2 Z \m issiles because the term g 0 ( 1 -----------) , representing gravity, rem ains

uncertain. F inally , element V* should preferably be measured by a device 
independent of the loop, for example, by a barom etric or radio altim eter.

VI. — MAGNITUDES OF CERTAIN DIMENSIONS AND PARAM ETERS

Betwegn 1950 and 1963 gyroscopes used in inertial navigation have 
been reduced in weight and size by as m uch as ten tim es in some cases, 
from the range of (17 kg - 4 kg) to (5 kg - 0.250 kg) in their weight and 
from (20 cm - 8  cm) to (10 cm - 5 cm) in their size. In subminiaturized 
gyros, designed for missiles, the rotor made of beryllium weighs no more 
than 150 g and has a 3 cm diameter and a 1 cm width. The weight and 
the dimensions of the platforms were reduced and at the same time their 
behaviour became more reliable. Thus the 1950 platform , of 700 kg and 
50 cubic feet, was liable to have one failure per 50 hours during laboratory 
tests; at the present time one can expect aircraft platform s of 50 kg and
3 cubic feet to have only one failure per 2 000 operational hours.

Considerable progress has also been made in accelerom eters, which 
now reach a minimum measuring bias of 1 0 ~ 5 g in m aritim e navigation



and 10~ 4 g  in aerial navigation. Their linearity  has been brought to figures 
better than 10 - 4  in the m easuring range. Finally , by means of amazing 
technological advances, and through unconventional solutions to the 
problem s of gyroscopic gimbals, the m ean wander of gyroscopes has been 
considerably reduced. This drift is now as sm all as one minute of arc per 
hour and is often sm aller than one hundredth of a degree. The angular 
m om entum , w hich in the past exceeded 5 X  107 g/cm2/s has been generally 
reduced to about 1 0 5 g/cm2/s for vertical reference gyros, and to 5 X  1 0 6 
g/cm V s for directional gyros. The spin rate averages about 20 000 r.p.m. 
i.e. an angular value of 2 X  1 0 3 radians/second.

The earth ’s rotation rate U, w hich is slightly faster than the mean 
sidereal movement, is 7.29 X  10- 5  radians/second, i.e. about 15°.0438 per 
hour at the equator. (The 84.4-m inute Schüler period corresponds to a

2 71
pulsation of =  a), a) being 1.24 X  10 - 3  radians/second). The earth ’s

rotation rate set in com putations must, at the latitude of the vehicle, be 
known to better than 2 X  10 - 4  part of its value. The angular speeds of 
ships or a ircraft along the meridian or parallel, i.e. cp' and G' cos cp, may 
be considered as instantaneous rotations and are com parable to the earth ’s 
rotation com ponents on the horizon and about the vertical.

F or a seagoing ship, with a speed of 36 knots along the equator, this
1

rotation speed is about ------- of m inute of arc per second; for the earth it
^ j  100 F

is about U =  —  of m inute per second, i.e. about 25 tim es greater. In aerial

navigation an E/W  speed of 360 knots at the equator may be considered
1

as equivalent to a rotation rate of —  of m inute per second, i.e. about the

h alf or third part of that of the earth.
In any case the torque motor of vertical reference gyros must be able 

to develop a precession on the input axes greater than 15°/hour.
The average propulsion acceleration of a ship at sea when under way 

is generally less than 10 - 3  g. At the extrem e lim it it can reach when

manoeuvring a value of -— g, which corresponds to an increase of speed of
20

one knot per hour, i.e. 0.50 m/s2. It should be noted that if  the ship starts
from  rest, a constant acceleration of 1 0 - 3  g  generates at the end of an hour

3 600 fl
an  effective speed of  — 36 m/s or 72 knots.

y  10-3
The pitch and roll movements of a ship give rise to accelerations 

m ore than 100 tim es larger but, wTith a period of 4 to 12 seconds, which 
cannot be compared with the Schüler period.

In an a ircraft at cruising speed the m ost usual average acceleration
1

is about ------- of q. It can reach a m axim um  of 3q  and lies between 0
100



W e m ay obtain an idea of the magnitude of the corrections to indicated 
accelerations for a 36-knot ship, along N/S and E/W  paths at 45° latitude, 
by assum ing g, as above, to have an approxim ate value of 1 0  m/s2.

C orrection  to N /S  a c ce le ro m eter  :

Acp" =  G'2 ■ sin cp • cos cp +  2 U • G' • sin cp cos cp (27)
1

a) G/2 • sin cp • cos cp #  "2 ” ^  10 ~ 5 <7

1
b) 2 U • G' • sin cp • cos cp# —  X

C orrection  to E /W  a c ce le r o m e te r  :

AG" =  —  2 (U +  GO cp' ■ tan cp (24)

2 (U +  GO cp' • tan cp #  i -  X  K> - 4 g

For a 360-knot aircraft, for the same corrections in  horizontal naviga
tion, we have the following approxim ate values :

1
a) Acp"#—  • 10 - 3 g  for : G'2 • sin cp • cos cp

2

1
b) Acp # - - 1 0  2 g f or  . 2 U • G' • sin cp • cos cp

1
A G "# —  - IO- 3 g  for : —  2 (U +  G') • cp' • tan cp

If we should apply a gravity correction to an inclined or vertical axis 
accelerom eter, this correction is close to g  in the case of vertical acceleration,
i.e. about 103 tim es the horizontal corrections. The unfitness of vertical 
axis accelerom eters for conventional a ircraft flight can thus be seen. On 
the contrary, in  the field of propulsive m otion of m issiles which ranges 
from  0  to 10  g, the horizontal acceleration corrections are no longer of 
great im portance.

V n . —  PLATFORM  BEHAVIOUR

The ideal platform , considered in sub-section IV.2, in itially  set rigor
ously horizontal, would rem ain in this position if any disturbance was 
im m ediately counter-acted by the Schüler effect. In fact, this com pensation 
does not occur immediately, and the deviation may increase during a 
quarter of a period (or 21  m inutes) to be limited, on the average, during a 
period of 84 m inutes, to the in itia l value differing from zero.



If the in itial deviation is 0 „, in 84 minutes the platform  oscillates 
between -|- e0 and —  0O following the law :

6 =  6 0 cos u>t (33)

nr 9
R

Schüler pulsation : : s/T 71

The positional error is not Ax = -  ■ g  • sin 0  • t2, which would 

correspond at time t to a gravitational acceleration g  sin 0 , but :
Ax =  R 0o (cos u)t —  1) (34)

since the in itial positional error R 0O is known at the time origin, and 
necessarily corrected.

W ithin the range of the first 21 m inutes, and for small angles u>t, we 
m ay write :

t2 1
A t #  R • w2 - —  ■ 0o #  —  ■ g ■ f2 • e0 (35)

F or 00 =  1' of arc, for example, the error in the vertical is ±  V, and 
the positional error is about 2 200 m etres. The maximum value of the 
positional error is 2 R • 0O for t =  42 m inutes.



v r a .  — NOTES ON ER R O R S

The causes of errors having an influence on the indicated position are 
very num erous. They originate in m echancial defects or in m easurem ent 
errors, and m ust be compensated or corrected with the same precision as 
that required for measurem ent. In this paper it is not possible to give a 
detailed analysis of these errors, but it seem s essential to m ention the 
most im portant among them since the operation of inertial navigation is, 
in fact, conditioned by the compensation of these errors.

F irs t of all, m ention must be made of causes of errors on the indicated 
position due to vertical deviations. These deviations in general cause a 
constant positional error equal to the vertical error, and an oscillatory error 
whose m ean value is cancelled out during the duration of a Schüler period. 
Secondly, the integration errors, which obviously affect most seriously 
long trips, should be considered. These errors are generally due to wanders 
of the platform  caused by stabilizing gyro drifts, or by errors in the first 
accelerom eters. If the speed drift is e the platform  shifts by e ■ t and the 
measured acceleration is in error by — g ■ z ■ f ; the propulsive speed error

t2 tS
is then g  e -------, and the positional error g e -------  within the lim its of a

2 6
time period sm all enough to m ake the sinusoidal oscillation of small
amplitude. An elem entary list of the principal errors is given below :

a) P la tfo rm  e r ro r s  :

In itia l tilt error 0O 
In itia l alignm ent error z0 
Inaccuracy of Schüler condition

b) A c ce lera tion  e r ro rs  :

! Scale factor corrections 
B ias or null error 
L inearity

c) S p eed  e r r o r  :

Inaccuracy of first integrators ( B ias
( L inearity

V ertical reference gyros wander ra te  
D irectional gyros wander rate

d) E rro rs  d u e to d am p in g  term  :

Inertial Doppler loop.

n



V I I I .1 - Platform  errors

V III .1.1 - I n i t i a l  a d j u s t m e n t

T h is error, mentioned in section VII, is  o sc illa to ry , of the type 
Ax =  R • 0O (cos —  1) (34); its maximum value is 2R • H„, or two nautical 
m iles for 0O =  1 '  of arc.

V I I I . 1.2 - I n a c c u r a t e  S c h ü l e r  c o n d i t i o n

If, instead of having the relationship :
CQ =  K R ( 14 )

W e have :
CQ =  K - R (1 -t- e) (36)

the error on the vertical is :
—  I  n

A0 =  --------------  sin o) t (37)
(j0

w ith a =  (U -f- G') cos <p in, for instance, E/W  navigation.
The positional error is :

Ax =  R (1 +  e) A0 +  e • a  ■ t • R (38)

An integration error building up with time and speed is added to
—  ta

the error on the vertical limited to ---------- . Consequently the condition
w

C ■ Q =  K • R m ust be realised to better than 10~3, and therefore the spin 
rate  Q m ust be crystal-controlled, the torque constancy must be compensated 
for tem perature, and radius R m ust be accurate to within 10~3.

V III.2 - Acceleration errors

If the error on the measured acceleration is r$ , the error on the 
vertical is of the type :

A 0 =  (1 —  cos (i) t) (39)
It m ay reach a value of 2yj; the positional error is limited to the value 
Ax =  2 R rj-

F o r rj =  10 - 4  we have : A x =  10 - 4  X  2 X  6  X  103 km  #  1 200 metres.

V III.3  - Speed errors

V III.3 .1  - F i r s t  i n t e g r a t o r s '  i n a c c u r a c y

If, at the first integrator output, the error is AV =  • R, this error 
is sim ilar to the acceleration error iqg. The error on the vertical is of 
the type :

A0 =  (1 —  cos to t) (40)
9



AV • (rt AV
whose am plitude is ----------  or -------; the positional error is lim ited to

Rw
AV
a)

V III.3.2 - D r i f t  o f  v e r t i c a l  r e f e r e n c e  g y r o s

If the drift of a vertical reference gyro is constant and equal to w  the 
platform  oscillates with the Schuler period according to the sine-law :

IV
sin oy t (41)

Initially, the accelerometer being ineffective, the amplitude of the 
w

The action of the accelerom eter is to giveerror on the vertical is
a)

to the oscillation a sine-form and, at time t, this oscillation will be :
sin a) t

Ae =  —  w
w -)

(42)

There subsists therefore a speed error w t on the vertical, which results
t2

in an error on the indicated speed g  w ------- and, if  the period of tim e is
2

*3
short, in a positional error of g w -------for sm all angles œ t .

6



The positional error oscillates with an 84-minute period, no longer 
about the zero value, but about a value R • w • t, defined by a constant 
slope R • w. F or long periods of time, longer than 42 minutes, in m aritim e 
navigation for instance, the error is unlimited. If the drift of the vertical 
reference gyro is 0 .1 ° per hour, the speed error is very large and is of 
the order of six knots.

On the contrary, for short-range ballistic missiles, the positional error 
increases very slowly during the first minutes according to the expression 

f»
—  q ■ w --------- .

y 6

V III.3 .3  - W a n d e r  o f  d i r e c t i o n a l  g y r o s

This drift affects both the orientation of the speed vector, which no 
longer rem ains in the vertical propulsion plane, and the amplitude of 
this vector. The indicated position is affected by a double error, but the 
error is sim ilar to that produced in a dead-reckoning fix by the drift z of

X
a gyroscopic compass over a path X, i.e. about z •-------.

V III.4 - Errors due to a damping term

Generally, for a damping factor A assumed to be constant, the error 
mentioned is proportional to the indicated acceleration A (y —  ^0)- There 
is a  positional error proportional to speed V and to factor A. The time

2 C - Q
constant of decrease of vertical amplitude is i  — ------------- . (The equivalent

A • g
damping torque is A.V).

The oscillation of this vertical is :
A • V

0 =  —----------  - cos to t (43)
C • Q

The oscillatory positional error is :
A • V

Ax =  —  R • —----------(1 —  cos to t) (44)
C • Q

2 R • V
Its limits are ± -------------- which rem ain small if z is large, i.e. if  the

g x
damping is poor. On the contrary a short term damping leads to large 
errors. If a speed measurement by Doppler is introduced in the loop, we 
have a comparison resulting in the difference AV of the inertia speed 
minus the Doppler speed. W e thus have a means of damping the platform 
oscillations while limiting positional errors; the error on the vertical tends 
towards zero without effect on the speed which, remaining corrected, does 
not entail positional errors.



V III.5 - Conclusions

The foregoing list, relating only to principal errors, is far from  being 
exhaustive. Computer and servo errors, errors due to inaccurate acceleration 
corrections, pick-off errors, errors due to the oblateness of the earth, etc., 
m ust also be added.

To sum m arize this brief investigation we m ay say that the accelero
m eter m easurem ent errors always have a significant influence; but for long 
duration navigation, for instance in m aritim e navigation, the influence of 
the vertical reference gyros’ drift is predom inant. On the contrary for 
m issiles and short-range aircraft the zero and linearity errors due to an 
eventual damping term (not often necessary in  this case) are the m ost 
critical.

IX . — DEFICIENCIES OF GYROSCOPES

IX . 1 - Present performances

In the m ain the reliability and accuracy of inertial navigation is 
dependent upon the production of practically  no-wander gyroscopes. Th is 
nom inal drift is, however, particularly difficult to define. F or a given 
gyroscope it is possible to observe and to define a standard value of gyro 
drift rate under certain  conditions of starting and length of operation, and 
after this calibration even to com pensate this average drift by m eans of 
m echanical balance or signals fed to the torque motor.

Neglecting the steady drift rate due to vehicle motion, w hich is 
corrected by signals, we must also determ ine the standard value of random  
shifts about the average drift from  one day to another, one tem perature to 
another, one starting to another, etc. Briefly, the quality of a gyroscope is 
an essentially variable concept. The cancelling of errors at the end of the 
84-m inute period is of purely academ ic interest. However present techno
logy, having achieved extraordinary advances in the form  of liquid, gaseous 
or electro-static suspensions, has made available gyroscopes whose random

1
drift rem ains less t h a n ------- of a degree per hour.

100 & F

X I.2 - Causes of drift

Random d rifts are due to transient, perm anent or periodic precession 
torques of various origins : unbalance, friction , vibrations, rubbing and 
therm al torques. Among the most im portant causes of m echanical drift 
the following phenom ena may be mentioned :

a) A lack  of balance around the gim bals’ horizontal axes which gives 
rise to a disturbing gravity torque on the input axis of directional gyros; 
the resulting drift modifies the directional alignm ent of the platform . It is



sufficient to know that a space of 1/4 m icron between the centre of gravity 
and the centre of support involves a drift rate of 1° per hour. In classical- 
support modern gyros, this drift is now less than 0 .1 ° per hour.

b) Torques caused by frictions in the gim bals’ horizontal and vertical 
axes. A disturbing torque on an inner gimbal causes an error on the 
vertical.

c) Im perfection in  the geometry of the fram ew ork or of the sensing 
elem ent or a non-homogeneousness due to m etal im purities, are causes of 
periodic disturbing torques.

d) Cross-coupling effects, w hich appear as disturbing accelerations 
not aligned with the accelerom eter m easuring axis, and for gyroscopes, as 
unequal stiffness of the gimbals w hich give various responses in  different 
directions. The disturbing torque is proportional to the square o f the 
spurious acceleration. The drift due to these effects has been reduced to 
less than 1 / 1 0 0  of a  degree per hour.

e) The aniso-elasticity effects, due to vibrations, which entail unsym- 
m etrical acceleration components on the gyro output axis. The aniso- 
elastic component has also been reduced to a standard value of less than 
2 / 1 0 0  of a degree per hour per g2.

f ) F inally  the pick-offs, integrators and accelerometers, w hich indi
rectly  receive signals, are affected by the noise superimposed on these 
signals. H .F. noises affect the differential term s; L .F . noises affect integrated 
signals. It m ay however be assumed that for sm all acceleration variations 
the H .F. noise rem ains small.

Gyroscopic calibration is an extrem ely delicate operation requiring 
special means of testing. After a certain  number of starts a statistical 
error may be found, and then compensated by electrical or m echanical 
m eans. Random drift from  day to day must then be determined under 
different acceleration and attitude conditions, i.e. during turnings and 
manœuvres.

Sum m arizing, although new technological designs have m et the 
accuracy requirem ents of medium length navigation, and although the 
solution of inertial systems is excellent over a short period of tim e, it 
seems nevertheless that cum ulative errors rem ain significant in the case 
of lengthy navigation without resetting.

W hilst, for projectiles and m issiles, true inertia is sufficient for a few 
m inutes’ duration of flight, the needs of long range aerial navigation and 
above all, long range m aritim e navigation, can apparently only be m et by 
a periodical resetting of the shifted platform s, i.e. through m onitoring 
with an external long period aid. In  aerial navigation this is the case of the 
Doppler system  which is an excellent distance and drift integrator and 
w hich lends itself to the com bination of Doppler and inertial speeds in  a 
damping loop. Celestial navigation, and chiefly directional gyro control by 
autom atic tracking of a low altitude celestial body, is another means 
w hich nowadays seems to be the indispensable complement to long 
duration inertial navigation and particularly to m aritim e navigation.
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