
FUNDAMENTALS OF POWER SPECTRAL ANALYSIS 
AS APPLIED TO DISCRETE OBSERVATIONS

b y  Vice A d m ira l A. dos S an to s  F r a n c o

C om issâo N atio n al de A tiv id ad es E spac ia is  (CNAE)
Sâo José  dos C am pos —  SP —  B rasil

1. —  INTRODUCTION

It is w ell k n o w n  th a t  F o u r ie r ’s ex p a n s io n  of a tim e  fu n c tio n  Çf(f) over 
a lim ited  perio d  0 <  t ^  T  gives a re p re se n ta tio n  of th a t  fu n c tio n  in  te rm s  
of a series of h a rm o n ic s  of a fu n d a m e n ta l freq u en cy  F mln =  1 /T . H ence 
such  an  ex p an sio n  allow s th e  d e te rm in a tio n  of th e  a m p litu d e  H (F ) fo r 
d isc re te  (step  by  step) values of F, as w ell as th e  p h ase  o f each  h a rm o n ic  
te rm . S ince F  =  n - F min w here  n = 0, 1, 2, ..., th e  d ifference b e tw een  tw o 
consecu tive  va lues of F will be eq u a l to  F min . Now if w e ta k e  a sy s tem  of 
o rth o g o n a l axes and  we p lo t the  step  by  s tep  va lu es o f F  on  th e  abc issae  
ax is fro m  each  of these  p o in ts  w e can  d ra w  segm ents p a ra lle l to  the  
o rd in a te s ’ ax is  an d  eq u a l to th e  am p litu d e  co rre sp o n d in g  to  each  freq u en cy . 
T h is is th e  u su a l re p re se n ta tio n  of the  line sp ec tru m  of freq u en c ies .

If  w e w ish  to re p re sen t W( 0  fo r 0  ^  t ^  «  th en  we do n o t fix  th e  
u p p er lim it of T  w h ich  w ill a lso  be co n sid ered  as a  v ariab le . T h u s , if  T  
ten d s to  in f in ity  F mjn =  1 /T  w ill becom e in fin ite s im a l. In  th is  case a n o th e r  
k in d  of ex p an sio n  is n ecessary  : th e  F o u r ie r  in teg ra l.

T h e  F o u r ie r  in teg ra l p e rm its  us to ex p ress  qf(f) as a su m  of an  in f in ity  
of h a rm o n ic  te rm s  w ith  am p litu d e s  H (F ), so th a t  H (F) is in  th is  case  a 
c o n tin u o u s  fu n c tio n  of F  an d  is th e  c o n tin u o u s  sp ec tru m  of freq u en c ie s .

Now, we k n o w  fro m  th e  sine  w a te r-w av e  th eo ry  th a t  th e  w ave energy  
flux  p e r p e rio d  is given by E  =  1 /2  jj-ÿH2, w h ere  [i is th e  w a te r d en sity , 
g th e  acce le ra tio n  of g rav ity , a n d  H th e  a m p litu d e  of th e  sine w ave. H ence 
if we ex p ress  E  in  u n its  o f jj.g, th en  w e can  w rite  E  =  1 /2  H 2 fo r  th e  energy  
of th e  w ave w ith  H cm  am p litu d e , an d  E  w ill be ex p ressed  in  cm 2 per 
period .

If fig. 1A re p re sen ts  th e  co n tin u o u s  cu rv e  of 1 /2  H 2(F ) as a  fu n c tio n  
of F , th e  to ta l energy  betw een  o rd in a te s  1 /2  H 2(F) an d  1 /2  H 2(F  +  dF)  can  
be ta k e n  as th e  a rea  betw een  th ese  lim its , an d  th is  is eq u a l to

dE =  -  H2 (F) dF 
2  v '



1 9then dE /dF  =  -  H2 (F)

is th e  en e rg y  ra te  p e r u n it of freq u en cy  v a ria tio n , an d  1 /2  H 2(F) m easu res  
th is  ra te , n am ed  power spectral density,  in  cm 2/c .p .d . (cycles per day ). 
T h u s  p o w er sp ec tra l an a ly s is  dea ls  w ith  th e  d e te rm in a tio n  o f th e  fu n c tio n  
1 /2  H 2(F ).

1/2 H2(F)

F F+dF

F ig. 1A. —  R ep re sen ta tio n  of th e  w ave energy  flu x  per period  as a con tinuous fu n c tio n
of frequency .

f----------------------------------------- ONE D A Y--------------------------------------->|

F ig. IB. — An exam ple of “ a lia s in g ” o r “ fo ld in g ” .

Now, it is easy  to u n d e rs ta n d  th a t  pow er sp ec tra l an a ly sis  is a m a th e ­
m a tic a l p ro c ed u re  to ev a lu a te  th e  q u a n tita tiv e  im p o rtan ce  in te rm s of 
en e rg y  o f every  o sc illa tio n  of an y  freq u en c y  co n ta in ed  in  fu n c tio n  ty(t).

T h e  a m o u n t of co m p u ta tio n  invo lved  in  th is  k in d  of an a ly sis  w as too  
la b o rio u s  to  be co n sid e red  p rac ticab le  u n til e lec tro n ic  co m p u te rs  becam e 
re a d ily  availab le . B u t re cen tly  th is  m a th em a tica l too l h as  been  su ccessfu lly  
ap p lied  to  th e  s tu d y  of sea w aves a n d  tsu n a m is  an d  i t  is now  used  in  tid a l 
w o rk . L et us ex p la in  som e of its  in te re s tin g  tid a l ap p lica tio n s.

If one of th e  co n v en tio n a l h a rm o n ic  an a ly ses  of h o u rly  tid a l h e ig h ts  
is m ad e , it is po ssib le  to p re d ic t th e  tid a l curve. T h e  d ifferences betw een  
th e  o rd in a te s  o f th e  tw o  cu rv es  a re  re s id u a ls  w h ich  c a n  be stu d ied  by 
p o w e r sp ec tra l an a ly s is . W h a t can  w e conc lude  fro m  th e  pow er sp ec tra l 
a n a ly s is  o f re s id u a ls  ? W e can  d e tec t o sc illa tio n s w h ich  a re  n o t con sid ered  
in  co n v en tio n a l a n a ly s is , a n d  can  deduce th e  efficiency of th e  filtering . In  
a d d itio n , if  several m e th o d s  o f a n a ly s is  a re  ap p lied  to  th e  sam e se t o f tid a l 
d a ta , it is possib le  to  co m p are  th e  a c cu ra cy  o f th ese  m eth o d s [ 1 ] .



A n o th e r ap p lica tio n  of p ow er sp ec tra l a n a ly s is  is th a t  of d e te rm in in g  
th e  “n o is e ” level of a tid a l cu rve . T h e  w o rd  “n o ise ” h as  th e  sam e m ean in g  
h e re  a s  in  th e  e lec tro n ic  v o cab u la ry . I t is w ell k n o w n  th a t  w h en  a rad io  
rece iv er is sy n to n ized  to  a tra n s m ittin g  s ta tio n , w e h e a r  a lm o st n o th in g  
b u t “m o d u la te d ” so u n d  w h ich  is su p e rim p o sed  on th e  c a r r ie r  w ave. 
H ow ever if  w e m ove the  d ial o u t o f  sy n to n iz a tio n  we h e a r  a  co n tin u o u s  
no ise  k n o w n  as “w h ite  n o ise ” as w ell as  som e sp o rad ic  no ise b u rs ts . T he 
fo rm e r an d  a  g rea t p a r t  of th e  la tte r  a re  f il tered  by  sy n to n iz in g  th e  o sc illa t­
ing  c irc u it. T h e  spo rad ic  noise can  be co m p a red  to  “s u rg e s ” w h ich  d is tu rb  
a s tro n o m ica l tides. A co n tin u o u s  noise e x is ts  in  all geophysica l p h en o m en a .

W e can  say  th a t it is th e  noise level w h ich  lim its  th e  m in im u m  len g th  
o f tid a l re co rd s  for u se fu l an a ly s is . M u n k  an d  H a s s e l m a n n  [2 ]  give the  
co n d itio n  n ecessa ry  to sep a ra te  tw o o sc illa tio n s  of freq u en c ie s  F x a n d  F 2 :

F 2 — F x =  T [signal/noise level] - 1 2̂

w h ere  T  is th e  len g th  of lim e th e  series covers, an d  th e  s ig n a l/n o ise  level 
ra tio  is th e  ra tio  of th e  am p litu d e  of t id a l  o sc illa tio n  to  th a t  o f noise 
o sc illa tio n . T h is  fo rm u la  show s th a t ,  to  se p a ra te  tw o o sc illa tio n s o f close 
freq u en c ies , th e  noise level m u s t be very  low . E very  h y d ro g ra p h e r  is w ell 
a c q u a in te d  w ith  th e  fa c t th a t  w h en  s h o r t  series of h o u rly  h e ig h ts  a re  
ana lyzed , co n s titu e n ts  of close speeds, as  fo r  exam ple (S2, K 2 an d  T 2), a re  
tre a te d  as one single co n s titu en t. W e c a n  now  u n d e rs ta n d  w h y  fo rm e rly  it 
w as accep ted  em p irica lly  th a t  one m o n th  of h o u rly  o b se rv a tio n s  w as th e  
sh o rte s t sp a n  w h ich  cou ld  give good  h a rm o n ic  co n stan ts .

In  o rd e r to  em phasize  th e  efficiency o f p o w er sp ec tra l a n a ly s is  w e m ay  
o bserve th a t  fo r the  p o rt of A n chorage (A lask a) w here  sh a llo w  w a te r  p lays 
an  im p o rta n t p a r t,  Z e t l e k  an d  C u m m in g s  [3 ]  d etec ted  by pow er sp ec tra l 
an a ly s is  la rg e  co n trib u tio n s  from  o sc illa tio n s  w ith  freq u en c ie s  n o t u su a lly  
co n sid ered  in  c lassica l h a rm o n ic  an a ly s is . T h e n  th ey  so u g h t co m p o u n d  
c o n s titu e n ts  w ith  freq u en c ie s  th ey  h a d  fo u n d  an d  effected  a h a rm o n ic  
an a ly s is  by co n sid erin g  114 c o n s titu e n ts , in c lu d in g  f if th -d iu rn a ls . T h e ir  
co n c lu sio n  w as th a t  “A n ch o rag e  p re d ic tio n s  usin g  th e  a d d itio n a l co n s ti­
tu e n ts  m a tch e d  th e  o b serv a tio n s  b e tte r  in  ra n g e , sh ap e  of curve, a n d  lu n i- 
t id a l in te rv a ls ”. T he sam e k in d  of re se a rc h  w as c a rrie d  o u t in d ep en d e n tly  
a n d  a lm o s t s im u ltan eo u sly  by L e n n o n  a n d  R o s s i t e r  [4 ]  fo r th e  T h am es 
E s tu a ry  a n d  a  s im ila r re su lt w as fo u n d .

W e w ill give now  a  su m m a ry  of sev e ra l te rm s  an d  d e fin itio n s  u su a lly  
em ployed  in  connection  w ith  p o w er sp e c tra l an a ly sis .

S om etim es it  is in te re s tin g  to  ex p ress  freq u en c ie s  in  a n o th e r  u n it.  In  
fa c t if  w e have to  analyze a cu rv e  y = W(f) an d  we select o rd in a te s  a t  
in te rv a ls  At, i t  m ay  be co n v en ien t to  ex p ress  freq u en c ies  in  te rm s  of th e

1
u n it f re q u en c y  ---------- , k n o w n  as th e  N y q u is t u n it. L e t u s im ag in e  th a t

2 A t
w e have  a d iu rn a l o sc illa tio n  w h ich  m e a n s  th a t  its  freq u en cy  is 1 c.p .d . 
If w e tak e  th e  o rd in a te s  a t 1 h o u r  in te rv a ls  w e have At  =  1 / 2 4  of th e  basic  
in te rv a l (one day) an d  th e  N y q u is t u n it  of freq u en cy  w ill co rre sp o n d  to  
12 c.p.d.. H ence th e  d iu rn a l tid e  w ill h av e  a  freq u en cy  of 1 / 1 2  =  0 .167  
N y q u ist u n it.



L et us now  ex p la in  th e  m o st im p o rta n t p h en o m en o n  called  aliasing 
o r folding.  F ig . IB  show s an  o sc illa tio n  w hose freq u en cy  is fo u r cycles p e r 
perio d  T . If su ch  a n  o sc illa tio n  is  su p erim p o sed  on o th e rs  an d  w e an a ly ze  
th e  w hole cu rv e  by  sam p lin g  a t a  fixed  in te rv a l g re a te r  th a n  T / 8 , th e n  th e  
fo u r  cy c les-p er-p erio d  o sc illa tio n  w ou ld  be com plete ly  m ask ed  by a  n o n ­
e x is ten t o sc illa tio n  of low er freq u en c y  (fig. IB ). S uch  a d raw b ack  ca n  be 
avo ided  by sam p lin g  a t in te rv a ls  in fe r io r  to one h a lf  th e  perio d  o f th e  
h ig h es t freq u en c y  o sc illa tio n  to  be detec ted . If, fo r in s tan ce , w e a re  
in te re s te d  in  d e tec tin g  osc illa tio n s  h av in g  12  c.p.d., sam p lin g  a t one h o u r  
in te rv a ls , i.e. h a lf  th e  p erio d  of th e  oscilla tion , w ill be th e  lim it. W e sh o u ld  
re m e m b er th a t  12 c.p .d . is eq u iv a le n t to  1 N y q u is t u n it w h en  sam p lin g  at
1 h o u r  in te rv a ls . T h u s  we see th a t  it is th e  co n n ectio n  betw een  th e  N y q u is t 
u n it  of freq u en c y  an d  th e  sam p lin g  in te rv a l th a i  avo ids aliasing . W h e n  th e  
a lia s in g  is k n o w n  b efo reh a n d  il is possib ie  to use it  as  a m ean s of red u c in g  
c o m p u ta tio n s . M y a z a k i ’s m eth o d  o f h a rm o n ic  an a ly s is  is one exam ple  of 
su ch  use. In  p o in t of fac t he  succeeded  in  an a ly z in g  one y ea r of tid a l 
o b serv a tio n s  by  sam p lin g  a t  35.5 h o u r  in te rv a ls .

F in a lly , we d efin e  the  te rm  “re so lu tio n ” m et very  o ften  in  pow er 
sp ec tra l an a ly s is  a n d  w hose m ean in g  is easy  to  g ra sp . W e can  say th a t  if 
o u r an a ly s is  p e rm its  th e  se p a ra tio n  o f o sc illa tio n s  w ith  n e ig h b o u rin g  
freq u en c ie s  F t a n d  F 2, the d ifference AF m easu res  th e  “re so lu tio n ” of o u r 
an a ly sis .

2. —  ANALYSIS THROUGH AUTOCORRELATION

L et us tak e  an  o sc illa tio n  w ith  tw o h a rm o n ic  te rm s  : 

y ( t)  =  H cos (qt  — r) +  H' cos (q't  — r')

w h e re  q an d  q'  a re  th e  a n g u la r  freq u en c ie s  equal to  2 7t m u ltip lied  re sp e c t­
ively  by F  an d  F ' w h ich  a re  m u ltip le s  of the fu n d a m e n ta l freq u en cy . F o r  
tim e  (t —  0), w h ere  0 is a tim e  lag co u n ted  from  t, w e have :

y(t  — 8)  =  H [cos q ( t  — 9) — r] +  H' [cos q' (t — 6) — r']

T h e  p ro d u c t of th ese  tw o ex p ress io n s  gives :

y ( t ) y ( t — 0) =  H2 cos (qt  — r) cos [q(t — 6) -  r]

+  H ' 2 cos (q ’t — r’) cos [q' (t — 6) — r']

+  HH' c o s  (qt  — r) cos [q' (t — 6) — r']

+  HH' cos (q't — r') cos [q (t — 8) — r]
s ince

cos a cos b — [cos (a + b) +  cos (a — fc)] 
z



one can  w rite

y(t ) y(t  — 9) = — H2 cos qÉ +  — H '2 cos q'9 

+ EC  cos (at — /3)
w h ere

C =  H2/2 , H '2/2 , HH '12

a =  2q , 2q' , q + q ,  q -  q (2 a)

a n d  (3 is fo rm ed  by a co m b in atio n  of q, q', 0 , r  an d  r'.
T h e m ean  value  of y(t )y( t  —  0) over th e  in te rv a l —  T /2  to T /2  is ca lled  

th e  autocorrelation  fu n c tio n  an d  is ex p ressed  by

< y(t )  y(£ -  0)> = ~  H2 cos q9 H ' 2 cos q 94M ^

T

+ 2  ^  /  T cos (P* ~  P) dt  (2b)
~ 2

b u t
T 2

y*2, cos (at — (3) dt  = — cos /3 sin ( a  — )  (2c)

an d  acco rd in g  to  (2 a) w e have
a  =  2  7tsF|)

s being  a w hole nu m b er, an d  F 0 th e  fu n d a m e n ta l freq u en cy  eq u a l to  1 /T . 
T h u s, since

a  - 2îrs/T

ex p ressio n  (2c) van ishes. T h ere fo re  we c a n  w rite  (2b) as:

A(0) =  <y(t ) y( t  — 0 )>  =  — H2 cos q9 H---- H,a cos q'9 (2d)
2 2

T h is  exp ression , w h ich  can  be generalized  fo r any  n u m b er o f h a rm o n ic  
te rm s, is also  a  sa tis fac to ry  a p p ro x im a tio n  w h en  fin d in g  th e  m e a n  of 
d iscre te  v a lu es  of y(t) y(t--Q) w h en  T  is la rg e . T he genera lized  fo rm  of 
(2 d) is

A(0) =  ^  H  H2 (ç) cos q9 (2e)

T h is  fo rm u la  w as fo u n d  by w ritin g  th e  o sc illa tio n s in  th e  u su a l tida l 
fo rm , th a t  is to  say, by ta k in g  t in  h o u rs  an d  q as the  h o u rly  speed. T h is 
fo rm  of re p re se n ta tio n  is very  co n v en ien t fo r sam p lin g  o b se rv a tio n s  a t 
h o u rly  in te rv a ls . H ow ever it  m ay  be p re fe ra b le  in  pow er sp ec tra l an a ly sis  
to  sam ple  a t sh o rte r  in te rv a ls , an d  a m o re  g en e ra l d e fin itio n  of q is th e re fo re  
necessary .

L e t u s  p u t as  u su a l:

q =  2 ir F (2f)



T h en , if  F 0 is th e  fu n d a m e n ta l freq u en cy  w e have F  =  n F 0, (n  =  0, 1, 2, ...) 
a n d  we can  w rite

q — 2irnF0

b u t F 0 =  1 /T  a n d  T  =  (N — l)A f, w h ere  \ t  is the  sam p lin g  in te rv a l a n d  N 
th e  n u m b e r of su ch  in te rv a ls . T h e re fo re

q =  27rn/(N -  1) At

is th e  p h ase  v a r ia tio n  p e r u n it  in te rv a l. In  th is  ex p ressio n  n is th e  f r e ­
q u en c y  in  u n its  of th e  fu n d a m e n ta l freq u en cy .

Now acco rd in g  to  th e  needs o f th e  an a ly s is  a  series of lags is u sed  in  
su ch  a w ay  th a t  Qp —  0„_i =  At. I f  we designate  th e  to ta l n u m b er o f lags 
by  (m  +  l )  an d

6 = t A t  ( r  =  0 , 1 , 2 , .  . . m)
w e o b ta in  fro m  (2e)

A ( t)  =  — H2 (n) cos 2 jth t/(N  — 1) (2g)
2 B

or, if  a  fa c to r k  is in tro d u ce d  su ch  th a t

n =  k (N — l)/2 m  (2h)

we h av e  as a re su lt

A(7 ) =  — £  H2 (k) cos (kirr/m)  (2 i)
^  k

S ince w e have (m  +  1 ) values of A(x) a fu r th e r  an a ly s is  of th ese  va lues is 
po ssib le  in  o rd e r to  se p a ra te  th e  v a lu es  of 1 /2  H 2(fc). In  fact, as  m  is a 
p a ra m e te r  es tab lish ed  b e fo reh an d , if  k  is tak en  as a series of in teg ers  u p  
to  m,  th e n  1 /m  is  a c o n s ta n t p lay in g  ex ac tly  th e  sam e ro le  as a freq u en cy  
w h o se  va lu e  is tw ice th e  fu n d a m e n ta l freq u en cy  F 0 in  th e  F o u rie r  e x p a n ­
sion . M oreover, if  w e have (m +  l)  lags we can  o b ta in  1 /2  H 2®  for each  
v a lu e  of k  in  th e  sam e w ay  as w e f in d  th e  coefficients of cosines in  a F o u rie r  
series. H ow ever 1 /2  H 2(A') is a  densi ty  w h ich  can  o n ly  be fo u n d  if  A(x) 
is  a co n tin u o u s  fu n c tio n  of t- T h u s  th e  F o u rie r  a n a ly s is  of d iscre te  v a lu es  
o f A (t) gives on ly  an  estimate X ( k ) of th e  sp ec tra l d en sity  1 /2  H 2(fc). 
H ence  a F o u rie r  an a ly s is  of (2i) gives

(  ^  if kp = 0  or m

x (fcp ) =  - 5 * - |  £  A(r) c o s  (kpirr/m) ; 8 k  =  <
m T=® I 1 for any other value of kp

F o r  su ch  w hole v a lu es  o f k  th e  co rre sp o n d in g  values of n  w ill n o t be 
in teg e rs , an d  vice-versa .

F o r  th e  ideal s e p a ra tio n  of en e rg y  cen te red  a t  k  from  energ ies c o r­
re sp o n d in g  to  A —1 an d  Ar+1, k  sh o u ld  co rresp o n d  to  th e  to ta l en e rg y  
b e tw een  k  — 1 /2  a n d  k  -(- 1 /2 . B ut it w ill be show n la te r  th a t  the u su a l 
f i l te r in g  only  a llow s th e  se p a ra tio n  o f freq u en cy  b a n d s  th a t  co rre sp o n d  
to  th e  in te rv a l b e tw een  th e  lim its  k  — 2 an d  k  + 2.



3. —  ANALYSIS THROUGH AMPLITUDES

L et u s no w  stu d y  th e  re s id u a l in te rfe ren c e  o f an  o sc illa tio n  w hose 
freq u en cy  is p ro p o rtio n a l to k  on  an  osc illa tio n  w hose freq u en c y  is p ro ­
p o rtio n a l to  k p by  co n sid erin g  A(x) red u ced  to  tw o  te rm s only. T h u s  th e  
energy  ce n te red  a t k p w h ich  is affected by energ ies fro m  o sc illa tio n s of 
n e ig h b o u rin g  freq u en c ies , is o b ta in ed  from  (2 i) an d  (2 j ) :

k m Y  1
=  — n  — ô h  k̂p) cos tkp cos (kp * T/ m)m + L T=0 L ^

+  H2 (/c) cos (k i r r / m ) cos {kp nr/m)  ]  (3a)

In  th e  above ex p ressio n  the  in te rfe ren c e  is re p re sen te d  b y  th e  k  te rm s . 
T h u s  we m ay  w rite :

i  i  m r  i i  1
A X ( k )  = — H2(fc) m + 1 8* I  I 2 cos (k P + k ) nT^m  + 2 COS (k P ~  k  ̂ irT̂ n J

If  m  is m ade as large  as possib le , th en  th e  fu n d a m e n ta l ra tio  1 /m  is sm all 
en o u g h  to  allow  th e  rep lacem en t of th e  averages of d isc re te  v a lu es  over 
th e  in te rv a l x =  0 to  \ = m  by in teg ra ls  of th e  fo rm

1 r m I
average =  — / cos (a r )  d r  =  ---- sin (am)m “'O am

w h ere  a  is any  of the coefficients of x in  th e  p rev io u s ex p ressio n . T h u s  w e 
have

4 X ( * ) T  Sin ”  (tf  -  *> +  ^  1  (3b)2 I 2.(1.,-¾) 2»((., + *> J ' ’

Now if we exam ine  a tab le  of values of sin  n u / n u  we see th a t  th is  
fu n c tio n  of u  h a s  zero values for u = 1 ,2 , 3, ... an d  th a t  th e re  w ill be 
con secu tiv e  m ax im a  an d  m in im a  fo r u  — 0, 1.45, 2.46, etc. A g a in  w e see 
th a t  th ese  m ax im a  an d  m in im a  have d ec rea s in g  ab so lu te  v a lu es  a n d  th a t  
th e  m ax im u m  co rresp o n d in g  to  u = 2.46 is on ly  13% o f th e  m ax im u m  
a t  u = 0. H ow ever the  ab so lu te  values o f th e  m ax im a  a n d  m in im a  th a t  
fo llow  th e  m ax im u m  a t u — 2.46 do n o t d ie aw ay  very  q u ick ly . T h u s  the  
te rm  w ith  (kp + k)  in  (3b) c an n o t be o m itted , fo r (k t + k ) <  4. B u t w h en  m  
is  large o n ly  a  few  low  h a rm o n ic s  co rre sp o n d in g  to  sm a ll va lues of k p 
w ill be affected  b y  th is  te rm . H ence if w e p u t

sin it (k„ — k)  ,
2, (*/->)-»<*.-*> <3C>

we o b ta in  from  (3b)

A X { k ) = ? ± H 2{k)<p{kp - k )  (3d)

T he d ash ed  line o f F ig. 3x\ show s th e  fu n c tio n  cp (kp — k)  g iven by (3c).



It is possib le  to  red u ce  th e  side w ings of th e  d ash ed  line in  F ig . 3A 
by  filte rin g  A(x). In  fact, if we use A (t) (1 +  cos Tzx/m) in s tead  o f A(x) 
th e n  th e  fad in g  fu n c tio n  (1 +  cos 71-c/m), devised by T u k e y , w ill be a  new  
fa c to r  in  (3a). A s im ila r deve lo p m en t of th e  ex p ressio n  re su ltin g  from  
in tro d u c in g  th a t  new  fa c to r in to  (3a) w ill give

A X < * )= -^ H 2 (fc) H k p - k )

where
, / l sin it (kB -  k)

} 2tt (kp - k ) [  1 -  (kp -  k )2]

T h e  so lid  line  of F ig . 3A re p re se n ts  th e  fu n c tio n  <}> (kp—k)  as given b y  (3f). 
W e  see th a t  ¢  =  0 fo r | k p—k  | =  2, an d  th a t  ¢  =  0 fo r j k p — k  | >  2. S ince cp 
a n d  cj> define  th e  “re sp o n se ” A(x) to  f ilte rin g  th ey  are  nam ed  “response  
fu n c tio n s ”.

Now, if  we co m p are  th e  f ir s t  te rm  of (3a) w ith  th e  second we see th a t  
th ro u g h  a deve lo p m en t of th e  f irs t  te rm  w h ich  is s im ila r  to  th a t of th e  
second, a  fo rm u la  an a lo g o u s to  (3d) w ill be found . T he coefficient H(A:) 
w ill th e n  be HfA-j,) an d  fu n c tio n  ç  w ill be fo u n d  by m ak in g  k  = k p in  (3c). 
H ence (3a) can  be rep laced  by th e  g en e ra l expression

m
X(fcp ) =  S A X  =  6k I  — H2 ip (k — k) (3g)

*=o z

or, if  th e  T u k ey  filte r is used,

(3e)

(3 f)

m i
X(fcp ) =  8k 2  — H2 (k )  \p (k — k) 

v  fc=0 2
(3h)



If we co n sid e r cp o r cj; as w eigh t fu n c tio n s , th e n  w e see th a t  (3g) an d  (3h) 
a re  w eigh ted  su m s of th e  values of 1 /2  H 2(A:) fro m  k  — 0 to  k = m.

0.5

A r e a =  X ( n p )

F ig. 3B. —  G raph ical R ep re sen ta tio n  o f X(np).

W e a re  now  in  a  position  to d ra w  a  m o s t im p o rta n t co n c lu sio n : th e  
en e rg y  cen te red  a t k v can  be fo u n d  by  th e  w eigh ted  sum  o f th e  v a lu es  
of 1 /2  H 2® ,  th e  w eigh ts  being th e  co rre sp o n d in g  values of cp (kp — k)  o r 
<p(kP — k),  as th e  case m ay  be. C onsequen tly , if  we co m p u te  th e  am p litu d e s  
o f a series of h a rm o n ic  te rm s  th ro u g h  a F o u r ie r ’s an a ly sis , th en  w e do n o t 
need  to  p ass  th ro u g h  a u to co rre la tio n  to  co m p u te  th e  energy . H ow ever th e  
F o u r ie r ’s an a ly s is  gives th e  am p litu d e s  H (n) fo r n — 0, 1, 2, ... (N —1 )/2 . 
T h u s  it w ill be n ecessa ry  to  m od ify  ex p ressio n s (3g) an d  (3h) in  o rd e r to  
u se  H (n) in s tead  of H(Ar). S ince cp a n d  cp a re  co m p u ted  fo r th e  d ifference 
(kp — k), k P m ay  co rresp o n d  to  an y  c e n tra l freq u en cy . T h u s  all we need  
in  o rd e r to  u se  th ese  fu n c tio n s  in  co n n ec tio n  w ith  freq u en c ies  n  is to



ch an g e  th e  scale of th e  axis o f ab sc issae  in  F ig . 3A tak in g  (np — n)  in s tead  
o f (kp — k).  W e derive from  (2h)

A k — k/n — 2m/(N -  1) (3i)

w h ich  is th e  v a ria tio n  of k  p e r u n it  of n. H ence, since Ak  is a p a ra m e te r  
d ep en d in g  on m  an d  N, we can  w rite

<p(kp -  k)  =  <p[(np -  n) Ak] 
and (3j)

'I'&p -  k)  =  M (np -  n) Ak]

T he lim its  of th e  su m m a tio n  over k  m u s t now  be rep laced  by th o se  
co rre sp o n d in g  to  th e  su m m atio n  o v er n  . W e saw  th a t  ¢) =  0 fo r j k p — k  | =  2 
a n d  cj) =  0 fo r [ k p — k  j >  2 w h en  th e  T u k ev  f ilte r  is userl. T h u s  w e ca n  
red u ce  th e  above-m en tioned  lim its  to

(np — n) Ak  =  ± 2
hence

np — n =  ± 2/Ak

ex p ressio n  (31i) can  th e re fo re  be w ritte n  as fo llow s:

where

X(rajj) =  6k X  ^  H2 (n ) $ Knp -  n > 3̂k )
n = n '

n = np — 2/Ak
and (31)

n"  =  np +  2/Ak

S ince th e  lim its  of su m m atio n  a re  n a rro w e r w h en  c{> is used, we shall 
a lw ay s  a d o p t th is  fu n c tio n .

T h e  in te rv a l of su m m atio n  being  reduced  to 4/AA:, th is  ra tio  is eq u a l 
to  th e  n u m b er o f h a rm o n ic s  covered  by (he w eigh ted  su m ; th a t is

s =  4 /A k
or, a cco rd in g  to  (3i)

s =  2( N — 1)/m (3m)

Since m  is th e  la rg e s t lag used  w h en  the en e rg y  is fo u n d  th ro u g h  a u to ­
co rre la tio n  i t  is easy  to g rasp  th a t  m  = (N —1 )/2  is also the  la rg e s t lag  
w h ic h  can  be u sed  in  c o m p u ta tio n s . T h u s  th e  least possib le  va lu e  of s 
w ill be 4. In  ad d itio n , since an y  value  less th a n  (N —1 )/2  can  be assig n ed  
to  m,  th e  value  o f s can  be fixed a t w ill.

Som e w o rd s on th e  choice o f  s  re m a in  to be said . Since F  =  n / T =  
n / ( N - l )  At, if  th e  sam p lin g  in te rv a l is 1 h o u r an d  we desire  to exp ress F  
in  cycles p e r day, we m u s t ex p ress  At  as  a frac tio n  of one day, i.e., A * = l/2 4 . 
T h u s ,

F =  2 4 n /(N  -  1) c.p.d. (3n)
and

AF =  24 An/(N -  1) (3o)

Now, by ex am in in g  a tab le  of a n g u la r  freq u en c ies  of th e  u su a l tid a l r.onsti-



tu e n ts  we see th a t  th e  h ig h es t freq u en c y  co rre sp o n d in g  to  one species is 
eq u a l to  th e  low est a n g u la r  freq u en cy  of the  h ig h e r species less a b o u t 11  
degrees p e r  h o u r. T h u s , in  o rd e r to  h av e  a filte r w id th  th a t  n ev e r m ixes 
w ith  n e ig h b o u rin g  species, we m u s t h av e  AFmax =  11°/1 5 ° =  0.013 c .p .d . 
H ence w e o b ta in  from  T3o)

An =  0.003 (N -  1) =  s -  1 (3p)

In  o rd e r to  effect th e  w eigh ted  sum  so th a t  th e  c e n tra l o rd in a te  of th e  
cu rve <p(u) is ce n te red  on  the  w hole v a lu e  n p it w ill be n ecessa ry  to m ak e  
an  ap p ro x im a tio n . By so doing s w ill a lw a y s  be an  odd  n u m b er. H ence it 
is possib le  to w rite  (3p) as follow s :

(s -  1)/2 =  0.0015 (N -  1) =  L (3q)

w h ere  an  in teg e r v a lu e  of L will be fo u n d  by tru n c a tio n . C onsequen tly  we 
m ay  w rite

np -  n =  I -  L (I =  0, 1, 2, 3, . . . . 2  L) 

w h ich  is a co n v en ien t fo rm u la  fo r p ro g ram m in g  e lec tro n ic  co m p u ta tio n .
It h as  been  show n  th a t  the least p o ssib le  value of s is 4. B u t, since s 

m u st be an  odd n u m b er, we have smln =  5. By re p la c in g  th is  v a lu e  in  (3q) 
we o b ta in  N =  1334 w h ich  is th e  leas t n u m b e r of p o in ts  to  be a n a ly se d  in  
o rd e r to  o b ta in  a c cu ra te  re su lts .

If  we desire  to  k n o w  the  v a lu e  of m  co rre sp o n d in g  to  th e  ap p ro x im a tio n  
em ployed , we o b ta in  from  (3m) and  (3q)

m = 2( N -  1)/(2L  +  1) (3r)

W e close th is  sec tio n  w ith  a g ra p h ic a l in te rp re ta tio n  of the  w eigh ted  
sum . F ig . 3B is in  th re e  p a r ts :  th e  u p p e r  p a r t  is th e  fu n c tin  cj>[(/i„ — n)Afc] ; 
th e  c e n tra l p a r t  is th e  fu n c tio n  1 /2  H 2(n) betw een  th e  lim its  o f n p — 2/AA" 
a n d  nP + 2 /Ak .  T h e  o rd in a te s  of th e  lo w er curve a re  eq u a l to  th e  p ro d u c ts  
o f th e  co rre sp o n d in g  o rd in a te s  o f th e  u p p e r  an d  c e n tra l cu rv es . T h e  a re a  
of th e  low er cu rv e  is equal to  X(np). T h u s , X (np) is n o t a  fu n c tio n  o f n p 
b u t exp resses th e  a re a  cen te red  a t n„. It is called funct ional  of 1 /2  ■ H 2(/jp).

I t is obvious th a t  th e  a rea  w h ich  gives X(np) m u s t  be d e te rm in e d  by 
ad d in g  th e  sm all s tr ip s  of a reas  h av in g  h e ig h ts  1 /2  H s(n) ^  [(np — n )A k ] .  
H ence th e  d is tan ce  betw een  tw o co n secu tiv e  o rd in a te s  u sed  in  c o m p u ta tio n s  
d ep en d s on  th e  a c cu ra cy  w ith  w h ich  it is d esired  to  o b ta in  X(np). In  fac t, 
in  m an y  cases w e do no t need  to  use  all th e  h a rm o n ic s .

4. —  THE COOLEY-TUKEY ALGORITHM

S pectra l an a ly s is  effected acco rd in g  to  (3k) is n o t so co n v en ien t as 
th e  excellen t a lg o rith m  devised by C o o l e y  an d  T u k e y  [1 0 ]. T h is  a lg o rith m , 
ca lled  “F a s t  F o u r ie r  T ra n s fo rm ” allow s u s to  red u ce  th e  c o m p u ta tio n  of 
a F o u r ie r  a n a ly s is  dow n to 100 tim e s  w h en  N =  210. In  fac t, su ch  a n  
econom y is b ased  on alwrays u sin g  N as a  pow er of 2.



In  o rd e r  to  ex p la in  th e  a lg o rith m  let us s ta r t  w ith  th e  ex p ressio n s fo r 
d e te rm in in g  th e  coefficients of a F o u rie r  an a ly s is  w hen  a  series of d isc re te  
o b serv a tio n s  is g iven:

2  NTX
a(n) =  — V  y(t)  cos 27rnt/N 

N t=o

N—1

B y p u ttin g

b(n) — T, 2  j ( 0  sin 2nnt/N  
IN t=o

N
c(n) =  — [a(n) -  i6 (n)]

w h ere  i — V — 1 . i t  follow s from  th e  p reced ing  fo rm u las  th a t
N—1

C ( n )  =  y  y ( t )  e -2 irrn tlN
t - 0

If we now  p u t

e —2in/N =  w

(4a)

(4b)

(4c)

we can  ch an g e  (4b) in to
N - l

c(«) =  £  yi t )  W" ‘

It is w ell k n o w n  th a t  the m ax im u m  value of n  w ith  physical m ean in g  
in  a F o u r ie r  an a ly s is  is N /2 . H ow ever, in o rd e r to sim p lify  fu r th e r  c a lc u la ­
tio n s th e  u p p e r  lim it of n can  be ex tended  to  N —1. By so do ing  N /2  
fic titio u s  v a lu es  of c(n ) w ill ap p e a r, an d  a sq u a re  m a tr ix  can  be c o n s tru c te d  
w ith  th e  v alues of W nf. W e can  th e n  w rite  th e  la s t ex p ression  u n d e r  th e  
fo llow ing  m a tr ix  fo rm :

{c(n)> =  lW "* l{y (t)}

L et us now  w rite  th is  ex p ressio n  fo r N =  8 : 

rc(0 ) '  

c ( l)  

c( 2 ) 

c(3)

I c(4) 

lc(5)
c(6 )

,c(7)

B ut fro m  (4c) w e can  ta k e :

1 1 1 1 1 1 1 1

1 w 1 w 2 w 3 w 4 w 5 w 6 w 7

1 w 2 w 4 w 6 W 8 w 10 w 12 w 14

1 W 3 w 6 w 9 w 12 w 15 w 16 w 2 i

1 w 4 W « w12 w16 w 2° w24 w28
1 w5 w10 w15 W20 w25 w30 w 35

1 w6 w12 w 18 w24 w30 w36 w 42

1 W7 W14 W21 W28 W 35 W42 W49

ry (0 ) '  

y<i) 
y< 2), 

}y(3)| 
|y ( 4 ) , 
I y (5) I 
y(6) 

.y(7),

(4d)

w h ere
y f t  — g—i2jrn»/N

nf/N  =  a  +  /Î/N



a  being th e  in teg e r q u o tien t of th e  d iv ision  and  (3 th e  re m a in d e r. T h u s

_  g— i2wa e — i2w0/N 

T h erefo re , since a  is an  in teger.

W"( =

an d  we m ay tra n s fo rm  (4d) in to :

c (0 ) l 1 1 1 1 1 1 1 1 /y(0)
c( 1) j 1 W1 w 2 w3 w 4 w 5 w 6 w7 [ y( 1)
< 2)  1 1 W2 w4 w6 w° w 2 w 4 w6 I y(2)
c(3 ) ( 1 w 3 w 6 w 1 w 4 w 7 w 2 w 5 ]r ( 3 )
c ( 4 ) / 1 w 4 w° w 4 w° w 4 w ° w 4 i j (4 )
c ( 5 ) l 1 w 5 w 2 w 7 w4 w 1 w6 w 3 y (  5)
c ( 6 ) \ 1 w 6 w 4 w 2 w° w 6 w 4 w 2 I J (6)
c ( 7) 1 w 7 w 6 w 5 w 4 w 3 w 2 w 1 \y(7)

(4e)

It is in te re s tin g  to  note th a t if we ignore Lhe f irs t ro w  in  the  above sq u a re  
m atrix , th en  th e  values of W 8 sy m m etrica l w ith  resp ec t to  th e  row  
co rresp o n d in g  to ji =  N /2  are  tied  by the  re la tio n  W s' =  W x -£ . B u t ex p ressio n  
(4c) show s th a t  W-N'= l .  Hence, since W fl’= W -0 , W s an d  W {' a re  com plex  
co n ju g ates . C onsequen tly  it w ill be th e  sam e w ith  va lu es of c(n) sy m m etrica l 
w ith  re sp ec t to c (N /2).

Now if we in te rch an g e  th e  row s of the  sq u a re  m a trix  in  o rd e r to  
ob ta in  c(n) w ith  n  co rrespond ing  to  flipp ing  th e  b its  w h ich  re p re se n t 
n = 0, 1, 2, 3, ... 7, th en  the  co lum n vec to r of th e  f irs t  m em b er can  be 
re a rra n g ed  as fo llow s:

(0) 000 \ 1 000 (0) (4) 100
(i) 001 / 1

) flips into <
| 100 (4) (5) 101

(2) 0101 i| 010 (2) (6 ) 110
(3) 0 1 1 / IJ 110 (6 ) (7) 111

flips into

an d  (4e) can  be changed  in to :

'c(O) 
c( 4) 

kc(2 )

Jc(6 )

| c(5) 
c(3) 

l c(7)

{c'(«)} =

1 1 1 1 1 1 1 1
1 w 4 w ° w4 w ° w4 w ° w4

1 "w 2 w* V 6 w ° w 2 w4 w6

1 w 6 w4 w 2 w° w 6 w 4 w 2

1 w 1 w 2 w 3 w 4 w s w 6 w 7

1 w 5 w 2 w 7 w 4 w 1 w 6 w 3

1 w 3 w 6 w 1 w 4 w 7 w 2 w 5

1 w7 w 6 w 5 w 4 w 3 w 2 w 1

001 (1)
101 (5)

011 (3)

111 (7)

fy(0) '  

7 (1 )  

y (  2) 
}y (3 )| 

i j ( 4 )j 
f j( 5)l 
y (  6) 

y (  7)

(4f)



1

c  |w ° c

D I ^ D  
1

W°A

E !w2 E

— 4 > — .

G [W*G 
1________

W4 B

F i g . 4 A .  —  P a r t s  o f  t h e  w h o l e  m a t r i x .

E x am in in g  th e  sq u a re  m a trix  o f th e  above expression , we ca n  see th a t  it 
m ay  be sp lit acco rd in g  to F ig . 4A. T h u s, if we designate  th e  u p p e r  h a lf  of 
vec to r {y( t )} by V lf and  th e  lo w er h a lf  of the  sam e vector by V 2 w e can  
w rite  (4f) as  fo llow s:

{c \n)}  -
A W° A

v ' l
B W*B i v j

A 0 U w ° u

0 B u W4 U

(4g)

w here  U a re  u n it  m atrices . H ence we have the f irs t  red u c tio n :

’v 2, 

lv,
(4h)

(4i)

If  we rep lace  th e  vecto rs V, an d  V 2 by  th e ir  respective e lem ents, w e th e n  
o b ta in  :

y i (0) = y ( 0 )  +  W °y(4) 

y i ( l )  = y ( l )  + W °y (5 )  

y i (2) = j ( 2 )  +  W ° j(6 ) 

y i i  3) = y( 3) + W°j(7)

F ro m  (4g) an d  (4h) we fin d :

{c'(n)} =
A 0

0 B

jl(4 )  =  y(0) +  W4y(4)  

Jl(5) = r ( i )  +W4y(5) 

J i ( 6 ) =  J ( 2 ) +  WV<6 ) 

J i(7 )  = y( 3) +  W V (7)

Now  if w e sp lit  y ^ f)  in to  fo u r v ec to rs  w ith  tw o elem en ts each, an d  rep lace  
A an d  B by th e ir  respective  m a tr ic e s  as show n in  F ig. 4A we a rriv e  a t



c W°C 0 0 ( V I
D w 4d 0 0 \  V2
0 0 E W2E 1 V3
0 0 G W*G ( vi

or

{c'(ra)> =

C

0
0
0

0 0 
0 0 
E 0 

0 G

U w ° u 0 0

u W4 U 0 0
X

0 0 u W2U V
t* j)

0 0 u w * u U )
we th en  have th e  second re d u c tio n :

Since

v i =

{y2 (0 > =

v i -  \ M 2 ) ]

Vi +  W °V2 

Vi + W 4V^ (
V3 +  W2V i| 

V3+  w « v ;

, V J -  ^ <4>< 
( 7 i (5)J

(4k)

and V4

we can  w rite  th e  second red u c tio n  in  th e  fo llow ing ex p lic it fo rm :

ra(0 )= y i(0 ) + Wwy i <2) 

y2( i ) = y i ( i )  + w°y i (3)
^ 2 ( 2 ) =  71(0) +  ^ ( 2 )

r 2 ( 3 ) = r i ( i )  + w 4y i (3) 

we th en  ob ta in  fro m  (4f)

7̂ 3 (°) 
y 3 ( i )

1 7 3 (2 )

) 7 3 (3)

7  3 (4) 
y s(5 )

73(6 )
\ y 3( 7)

w hich  f'ives th e  th ird  an d  la s t re d u c tio n :

J 2 (4) =  J i ( 4 ) +  w V i( 6 )  

y 2 (5) =  r i ( 5 ) +  w 2y i ( 7 )

7 2 (4 ) =  ^ 1 ( 4 ) + ^ ( 6 )  

7 2 (5 ) = 7 1  (5 )+  W6 7 X (7)

(41)

{c'(n)> =

f4j ), (4k) an d  (41) : 
1 1 

1 W4

w 6
w 1

w 5

w d

w 7

72(0)

72(1)
7 2 (2 )

72(3)1
7 2 (4 ) I

7 2 (5 ) |

72(6)

.^ 2 (7 ) ,

73 (0 ) = J 2(0) +  W °y2( l)  

7 s ( l )  = 7 2 (0 )  +  W47 2(1) 

7 3(2) = 7 2 (2 )  +  W2y 2(3) 

73(3) = 7 2 (2 )  +  W6y 2(3)

7 3 ( 4 ) = 7 2 ( 4 )  +  W V 2(5)

73 (5) =  72(4) +  W57 2(5)

7 3 (6 ) =  72(6) +  w37 2(6)

7  3(7) =  72(6 ) +  w?72 (6 )

(4m)



F u r th e r  s im p lifica tio n s  a re  stilJ possib le . In fact, ex p ressio n  (4c) g ives: 
^■0+N/2 _  e -2ijr0/N _ e - ii t  =  —

T h u s  fo r N =  23 we on ly  need  to  know  th e  values of W°, W 2, W 1 an d  W 3. 
F o r  N =  2y w e h av e  to  k n o w  2 Y_1 values of W e.

E x p re ss io n  (4m ) show s th a t  successive values of (3 a re  eq u a l to  n  an d  
ap p e a r in  th e  co m p u ta tio n  in  th e  sam e o rd e r as n does in  vec to r {r'(n )}  
of (4f). H ence all va lu es of j3 can  be o b ta in ed  by flipp ing  th e  b in a ry  b its  
re p re se n tin g  th e  in teg ers  in  th e ir  n a tu ra l  o rder, from  0 to  N —1. H ow ever, 
th is  is n o t th e  b est w av  of f in d in g  j3 if BCD (b in ary  coded  decim al) 
co m p u te rs  a re  used . In  fac t, s ince  it h as  been p o in ted  o u t th a t  w e do no t 
need  all th e  values o f fo r co m p u ta tio n , it w ill be p re fe ra b le  to  o b ta in  th e  
values of 8 by u s in g  th e  re c u rre n c e  exp ressio n s w o rk ed  ou t by  Eng. 
E. B e r g a m i n i .

L et us w rite  th e  n a tu ra l  n u m b e rs  fro m  0 to  2y~ 1 in  th e  b in a ry  system . 
By flip p in g  th e  b its a n d  w ritin g  the  co rresp o n d in g  re su lts  as decim al 
figures we can  fo rm  th e  co m p le te  sequence of va lues of in  due  o rder. 
If  w e re p e a t such  an  o p e ra tio n  fo r y — 2, 3, 4, 5 and  select th e  alternate  
even v a lu es  of (3, th e n  we can  co n s tru c t th e  fo llow ing tab le :

F ro m  th is  tab le  it  is easy  to  g ra sp  th a t  each  sequence is eq u a l to th e  double 
of its  p reced en t cont inued  by  a n o th e r  sequence  o b ta in ed  by su m m in g  2 to  
each  e lem en t of th is  doub le. W e w ill exp ress th is  fac t by  th e  g en e ra l 
ex p ressio n  :

s ;  =  2S7 _! , 2S7 _ j + 2 (4n)

To o b ta in  th e  odd va lues o f j3 n ecessa ry  fo r  th e  co m p u ta tio n s  all w e need  
to  do is to  add  1 to each  e lem en t of S% . H ence we have th e  fin a l sequence 
of j3 values u sed  in  th e  c o m p u ta tio n s  exp ressed  by:

s 7 =  s ; , s ;  +  i  <4o)

W e can  th e n  ex p ress  v ec to r {W 3} by th e  general fo rm u la  

{W<3fc}=  {cos 2ir/3fc/N — i sin 2îr/3fc/N }
w ith

k =  0, 1, 2 , ..........................2 ^ -1 -  1 (4p)
In  o rd e r  to  o b ta in  th e  recu rre n ce  fo rm u las  ex p ressin g  th e  successive 

re d u c tio n s  (4i), (41) an d  (4m ), let us w rite  th ese  exp ressions in th e  fo llow ing  
fo rm  :



(  J i ( m) =  y(m)  +  W°. y (m  +  N/2)
1 = 1  ■ < (4q)

( j i ( m  +  N/2) =  y(m)  — W° . y(m  +  N /2)

with m  =  0, 1, 2 , ..........................N/2 -  1

y 2 (m ) =  n  (™) +  W °. y  L (m +  N/4)
y 2(m +  N/4) -  y ^ m )  — W°. y x{m +  N/4)

y 2(m + 2N/4) =  y i (m +  2N /4) +  W1 . y i (m +  3N/4) 

y 2(m + 3N/4) =  r i (m +  2N /4) — W1 . y i (m + 3N/4)

with m =  0, 1, 2 , ..........................N /4 -  1
and

y 3 (rn) = y 2 (m) +  W °. y 2 (m +  N/8 )

y 3(m + N/8 ) =  J 2(m) ~  w ° . y 2(m + N /8 )
y 3(m + 2N/8) =  j 2(m +  2N /8) +  W1 . y 2(m +  3N/8) 

y 3(m +  3N/8) =  y 2(m + 2N /8) -  W1 . y 2(rn +  3N/8) 

y 3(m +  4N/8) =  j 2(m +  4N /8) +  W2 . y 2(m + 5N/8) 

y 3(m +  5N/8) =  j 2 (m +  4N /8) -  W2 . y 2 (m +  5N/8) 

y 3(m +  6 N/8 ) =  j 2(m +  6 N /8 ) +  W3 . y 2(m +  7N/8) 

y 3(m +  7/N8) =  y 2(m +  6 N /8 ) -  W3. y 2(m +  7N/8) 

with m — 0, 1, . . . N/ 8  — 1
T he values of y a g iven by th e  las t re d u c tio n  are  the e lem en ts  of the  co lum n 
vector { c'(n) }. T o  o b ta in  the elem ents o f th e  co lum n  v ec to r { c(n) } all w e 
need to  do is to  re -a rra n g e  the e lem en ts o f { c'(ii) } acco rd in g  to th e  in c re a s ­
ing  o rd e rs  o f n. S ince N =  2V we can  generalize  th e  above re d u c tio n  by 
rep re sen tin g  an y  coup le  o f expressions by th e  fo llow ing coup le  of re cu rre n ce  
fo rm u la s :

y, (m  +  ( 2k) . 2?-») =  y t - l  (rh +  (2k ) . 2 1̂ 1) +  W** y ^ m  + (2k + 1) . 27^ )
(4r)

y,(m + ( 2k + 1 ) . 2 i - 1) = y ,(m  +  (2 fc) . 27-*) -  2 W** +  (2 k + 1 ) . V 4)

I =  1, 2 , ..................................7
k  =  0 , 1 , 2 , .............................2 ' - 1 -  1

m  =  0, 1, 2 , .............................27~‘ -  1

L e t u s now  ta k e  a glance a t the  econom y o b ta in ed  by u sing  th is  
a lgo rith m . If w e c o u n t th e  o p era tio n s  in d ica ted  in  re d u c tio n s  (4i), (41) an d  
(4m ) w e fin d  24 su m s a n d  24 p ro d u c ts . B u t if  we n o te  th a t  24 =  3 X 2s 
fo r N =  23 we m ay  generalize th is  ca lcu la tio n  fo r N =  2y by  w ritin g

T .=  7 2 7

how ever w e saw  above th a t  since W e+-V/2 =  —  W 0, th e  n u m b e r of p ro d u c ts  
can  be halved , th u s  fo r th e  n u m b er of p ro d u c ts  we h av e :

T =  7  . 27 - 1



N ow  if (4c) is used  in  th e  c lassica l w ay, each elem ent of {c(n)} is o b ta in ed  
by N p ro d u c ts . H ence N X N is th e  n u m b er of p ro d u c ts  n ecessa ry  to 
co m p u te  all th e  e lem en ts  of {c(/i)}. S ince N =  2y we have

T' = 227

fo r  the  to ta l n u m b er of p ro d u c ts . C onsequen tly  th e  econom y w ill be 
re p re se n te d  by  th e  ra tio

t 7 t  = 2 ^ / 7
w h ich  gives 128 few er m u ltip lic a tio n s  w hen  y =  13. T h is  fig u re  co rre sp o n d s  
to  a  series  w ith  8 192 p o in ts .

W e have  seen th a t  th e  la s t red u c tio n  gives th e  e lem en ts  y y(t) w h ich  
a re  eq u a l to  th e  e lem en ts  o f {c '(tï)). In  ad d itio n  w e saw  th a t  th e  values of 

u sed  in  th e  co m p u ta tio n s  a re  also  th e  a lte rn a te  values of n. T h u s , since 
th e  sequence ST given by  (4o) is th e  sequence of values of J3fr, w e can  w rite :

S7  =  Pk =  " 2* * =  0, 1, 2 , ........... 2^ - 1 -  1 (4s)

C o n seq u en tly  th e  co m p le te  seq u en ce  of values of n will be

S" =  nh. k'  =  0, 1, 2 , ............2 7 - I  <4t)

w h ere  fo r k '  = 2k  + 1 w e h av e :

nk‘ = n2 k +  2 7 - 1  (4u)

T he F o r tra n  IV p ro g ra m s  fo r u sing  b o th  th is  a lg o rith m  a n d  fo rm u la  
(3k) a re  given h e re  u n d er.
U f'. I !
F I LE 9 = F K A N C 0 , U N l T  = 0 1 S K , L 0 C K , A R F A  = ;'00 0,r<ECURD=192 
FILE 6 = lM0FlLL*UNlT = f>Hll\iU'K#UNLAU£LL0 
C CHAL ■ * *  SECA * P A O I L H A  - 10/9 /6 3
C FAST F U W K I E H  1 H A N S F Ü K M
C YACi) AMtJ THE E X P O N E N T  OF 2, UESIliNED G/iMA> AKE THE l)*TA.

C O M P L E X  Y A Cb l2 )* HÜ ET AC 2S 6)» AU !<
I N 11 (i L R CiA M m /COLF 1»C(JF. F 2 » U E T A ( 2 5 6 )
DPI=6.2S31fl52 
K E A U C 5 » 1000) GAMA 
I = U A M A “ 2
J  =  (J

bE T A C 1)=0 
DU 20u M=1,I 
J = J+ 1 
N L-2 * *J 
L = N L / 2
I I=L + 1
00 100 JJ = 1> L

100 k3ETA( JJ) = 2 + b E T A ( J J )
DO 200 J J = I I * N L  

200 HE 7A(JJ) = b E T A C J J - L )+2 
DU 300 J J = 1 , N L  
K « = J J + M L  

300 B E T A ( K K ) = 6 E T A ( J J ) + 1  
L L = 2 * N L  
N = ? * * 0 A M A  
PN = N
1 = N / 2

DU ¢ ( ) 0  K =  1 » I  
PbET/' = HETA(K)



4 0 0  W L < E T A ( K ) = C M P L X ( C Ü S C 0 P t * P 8 t : T A / P N ) * S I N ( 0 P I * P a t T A / P N ) )
K L A L H 5 ,  1 2 u O ) C  YAC J ) , J = 1 , N )
DU 500 |_=1»GAMA 
LC. AM A = GAM A - L  
M M = 2 * * L ü A M A  
KK = 2 **(L - 1  )
UO 500 K = 1» KK 
UO bOO H = 1 » MH 
C O t F l = M + C K - l  •) * 2 * * M  
C i j t  F 2 =  M + ( 2 * K “  1 ) « H'i
Y A ( C 0  L F 2  ) =  Y A C C n  L F 2  ) * : ) E I A ( K )
Y A C C fi F. F  1 ) =  Y A ( C i H.  F 1 ) + Y A ( C Q t  K 2  >

3 0  0  Y A ( ( . r , r . F 2 )  =  Y A ( C O L F l  ) - 2 . * Y A C C Q E F ? )
M = 0 
X i — 1 
M. M = , » 1 
i  = X i
' j  U 6 G 0  K 1 r I 
MM = nt f A i K ) *■ 1 
GU IU 7 DO 

550 MM =M M + I
GO TU 700 

600 C U n TINUE
W R IT EC 6» 1 3 0 0 ) C Y A r i ) , I = l » N >
W R 1 T E C 9 5 C Y A C I ) * I a 1 > 2 b 6 )
S T U P  

700 M * H +1
IF CH .Gl. MM) GU 10 «00 
A U X = Y A C M M ) / X 1  
Y A C M M ) = Y A C M ) / X I  
Y A C M ) = A U X
1F C M . F« . 1 . OR . M . E<J. NM ) Y A C M ) « Y A ( M ) / 2 .

800 IKCHUl)(M»2> , EQ . 0) (jü TÜ <S00f 
GU TU 5bO 

1000 F U R M A T  C 15)
1 1 0 0  F O R M A T  C 2 6 X » 1 6 1 5 )
1 2 0 0  F O R M A T  C 2 0 0 C  2  4 F  3 . 0 / ) )
1300 F 0 R M A T C 9 X # 2 E 4 4 . Û )

ENO
HOLL
FILE 6 = N O F I L E , U N I T = P R I N T E R , U N L A B E L E O  
FILE 9 = F R A N C 0 , U N I T = D I S K , L O C K , A R E A = 2 0 0 0 , RE C O R D * 192 
C CNAE ** SECA ** F R A N C O  2 5 / 1 1 / 6 8
C S P E C T R A L  A N A L Y S I S
C PN a NUMBER OF P O I N T S  OF THE FnuRIER ANALYSIS AND AM a N U MB ER
C CF LAGS U S ED IN AN EOUIVALENT P O W E R  SPEC TH AL ANALYSIS T H R O U G H
C A U T O C O R R E L A T I O N ,

D I M E N S I O N  P E P S I C 1 0 0 ) > Z C 5 1 2 )
R E A 0 C 5 . 1 0 1 )  P N » A M  
P I = 3 . 141592 
I M = 1 
A I = 0 .
I F C P N - 1 3 3 4 , ) 2 , ?,1

1 L = C P N - 1 , > * 0 . 0 0 1 5  
GO TO 3

2 L = C P N - 1 . ) / A M  
3. AL = L

0 E L K A = 4 . / C 2 . * A L >
5 I F C A I . N E . A L )  GO TO 9 

P E P S I C I M ) = 0 . 25 
GO i 0 6



9 U = ( A I ” A L ) * 0 E L K A
i r C U . N E . l . )  GO TO 10 
PEPSI ( I M ) = 0 . 1 2 5  
GO TO 6 

10 0 = P I * 0
D=G* C 1 .-U* *2 )* 4.
PE PSI ( IM) = 5 I N ( G ) / 0  
IF C A I ~ 2 . * A L ) 6 » 6 * 70

6 I Ma I M -f 1 
A I * A I ♦ 1 .
G OTO 5 

70 N=PN
R E A 0 C 9 M Z C  J)»
DO 200 J = 1 » N» 2 
M = C J + l )/2 

20 0 Z<M) = ZC J) * * 2 * Z <  J M > * * 2  
Z < 1 ) = 0.
I I T ^  *  J

N I = N / 2
DO 300 M = 1 » N I 
K K = M I- M+ 1 

300 ZCKK + L W C K K )
00 350 J= 1»L 
ZCJ)=0.

350 Z C N I + J + L ) = 0 .
DO 400 K 3 1 * N I
;l = l l + i
A = 0 .
DO 370 IMel/IL 
N * IM* K ” 1

370 A*A + ..'(N)*PEPSI< IM)
400 Z ( N - L L ) = A

W R I T E C 6 * 1 7 0 0 )  C Z C I > > I = 1 , N I )  
1700 F O R M A T ( 9 X * 2 E 4 ^ « 0 )
101 r0 RMAT< 2 F 4 .0 )

END

5. — CONCLUSION

It is of in te re s t to  p o in t ou t th a t  a rea l lin k  h as  been  es tab lish ed  
betw een  th e  classical po w er sp ec tra l an a ly s is  an d  th e  an a ly s is  c a rr ie d  o u t 
th ro u g h  th e  F o u r ie r  m eth o d . In  ad d itio n  the  law  fo r reso lv ing  th e  m a tr ix  
in to  fac to rs  w as well e s tab lish ed  by s ta r t in g  from  re a rra n g in g  th e  row s of 
th e  o rig in a l m a tr ix  acco rd in g  to  th e  flip p in g  of b in a ry  b its.

A n o th e r in te re s tin g  fe a tu re  of th is  p ro ced u re  is th e  fac t th a t  ex p res­
s io n s  (3g) an d  (3h) are  d isc re te  fo rm s o f the  convolutions  of 1 /2  H 2(Ar) w ith  
OCA-) or Qr(fc), as  th e  case m ay  be. In  fact, since H(/c) =  0 fo r k  <  0 and  
k  > m,  the  convo lu tion  fo r co n tin u o u s  values of 1 /2  H 2(A') is:

X <fcP> =  / o '"  \  h 2 W  * ( k P ~  k > d k

W h e n  th e  T u k ey  filte r  is used  Ak  does n o t ap p e a r in  th e  d isc re te  fo rm s 
b ecau se  Ak  =  1 in  su ch  cases.

W e are  now  in  a p o s itio n  to  fo resee a new  developm ent of th is  su b jec t 
so fa r  as  tid a l an a ly s is  is co n cern ed . In  ac tu a l fact, it is n o t u su a l to  tak e



CYCLES PER DAY (e.p.d.)

F i g . 5A. — P ow er Spectrum  —  A ra tü  Bay.

ad v an tag e  of th e  F o u rie r  an a ly s is  used  to o b ta in  th e  p o w er sp ec tru m  to  
co m p u te  tid a l h a rm o n ic  c o n s tan ts . H ow ever, w e believe th a t  e ith e r  th e  
M yazaki or th e  C artw rig h t-C a tto n  m eth o d  m ay  be u sed  to  “a d ju s t” th e  
F o u rie r  an a ly s is  to  th e  a n g u la r  freq u en cy  of th e  a s tro n o m ica l co n s titu en ts  
in  o rd e r to  f in d  th ese  co n s tan ts . If so, we w ill be able to  “ f is h ” th e  needed 
h a rm o n ic  te rm s  from  am o n g  those given by th e  F o u rie r  an a ly s is . T h e  only  
ob jec tion  is th a t  th e  sp an  is  tied  to  a  pow er of 2 an d  n o t to  a c lassica l 
m u ltip le  of one lu n a tio n . W e know , how ever, th a t som e leas t sq u a re  
an a ly ses h ave been effected w ith  no reg a rd  pa id  to th e  co n v en tio n a l sp an s  
an d  th a t  th e  re su lts  w ere  sh o w n  to  be co rrec t. H ence w e h ope to  fin d  an  
econom ical so lu tio n  fo r avo id ing  heavy  su p p lem en ta ry  co m p u ta tio n s  in  
o rd e r to  a rriv e  a t th e  h a rm o n ic  co n s tan ts  fro m  the  F o u r ie r  an a ly s is  itself, 
su ch  as it is u sed  to  o b ta in  th e  pow er sp ec tru m .

It h a s  been  show n th a t  th e  least possib le  n u m b er of h o u rs  to  be 
an a ly sed  to  o b ta in  a c cu ra te  re su lts  is 1 334. H ow ever, som e u se fu l in fo rm ­
a tio n  can be ex trac ted  fro m  sh o rte r  reco rd s . In  fac t, w e effected th e  
an a ly s is  of a  very  sh o rt re co rd  (512 =  29 p o in ts) tak en  a t  A ra tü  B ay (B razil) 
by  using  th e  f ilte r  a t  its  n a rro w e s t possib le  w id th . T h e  re s u lt  (see fig. 5A) 
show ed  very  c lea rly  the  m ax im a  co rresp o n d in g  to  0, 1, 2, 3 an d  4 c.p.d. 
T h e  re la tiv e  im p o rtan ce  of th e  c lu s te rs  is ab o u t the sam e as th a t  o b ta in ed  
w ith  th e  co n v en tio n a l h a rm o n ic  an a ly s is  by  th e  T idal In s t i tu te  m eth o d  fo r 
a  32-day span . It is in te re s tin g  to  n o te  th a t  tw o sp ik es  c a n  be seen, 
co rresp o n d in g  respective ly  to  th e  th ird  a n d  fo u r th  d iu rn a l species, w h ich  
a re  p a r tic u la r ly  sm all (ab o u t 2 cm ).

I t sh o u ld  be p o in ted  o u t th a t  th e  re so lu tio n  fo r su ch  a  s h o r t  sp an  is 
too  poor to  sep a ra te  ad e q u a te ly  n u m ero u s  co n s titu e n ts  of th e  sam e species. 
B u t th e  species them selves a re  very  w ell en h an ced . In  m an y  cases th is  is 
very  usefu l in fo rm a tio n . In  o rd e r to  o b ta in  a good se p a ra tio n  of th e



co n s titu en ts  it is n ec e ssa ry  to  an a ly se  a s ix -m o n th  reco rd  (4 096 p o in ts ), 
especia lly  if  we d esire  to  id en tify  n ew  shallow  w a te r  c o n s titu e n ts  [3 ] .
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F re d  Z. P a d i l h a  fo r th e ir  valuab le  ass is tan ce  in  solv ing som e d ifficu lt 
p o in ts  on  th is  su b jec t. Eng. P a d i l h a  is also  the  a u th o r  of th e  co m p u te r 
p ro g ram  w hich  e leg an tly  com pletes m y m odest w ork .
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