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GENERAL

T he ap p ro ach  to be tak en  in  th is  p rob lem  utilizes the  p rin c ip les  an d  
p rocedures for the  o rd in a ry  coasta l h y d ro g rap h ic  survey. H ow ever, it varies 
considerab ly  in  th a t p o rtio n s  of o rd in a r ily  know n  in fo rm a tio n  an d  availab le  
d a ta  a re  now  considered  as u n o b ta in ab le  fo r various reasons. W ith  these  
lim ita tio n s  im posed, th e  rem a in in g  too ls a t  th e  d isposal of th e  h y d ro g rap h er, 
inc lud ing  h igh-speed  co m p u te r p rocessing , a re  u tilized  to  fill in  th e  m issin g  
in fo rm a tio n  and  a rriv e  at th e  desired  positiona l re su lts  fo r th e  survey .

W ith  th is  lack  of ce rta in  u su a lly  availab le  da ta , th e  accuracy  o f the  
u ltim ate ly  determ in ed  positions w ill n ecessarily  be som ew hat less th a n  h ad  
all of the su p p o rtin g  in fo rm a tio n  been p resen t. H ow ever, in  o p era tio n a l 
s itu a tio n s  it o ften  becom es im p era tiv e  to  sacrifice a ce rta in  degree of 
accu racy  in  o rder to allow  the  re q u ired  m ission  to  be accom plished  in  an  
exped itious m anner.

T he s itu a tio n  to be dealt w ith  in  th is  in s tan ce  is b es t app lied  a long  a 
s tre tc h  of inaccessib le coastline. In  th is  a rea  a req u irem en t ex ists fo r a 
ra p id  an d  fa ir ly  accu ra te  d e te rm in a tio n  of the positions of p ro m in en t 
ob jects asho re  an d  w a te r d ep th s  a long  th e  coast. As an  exam ple of such  
a s itu a tio n  the  follow ing m ilita ry  o p e ra tio n  an d  the  assoc ia ted  h y d ro g rap h ic  
req u irem en ts  are  ou tlined . W a te r  d ep th  in fo rm a tio n  an d  la n d m a rk  loca
tio n s  are  needed  along th e  coast of a h o stile  n a tio n  so th a t  co m b atan t nava l 
vessels m ay  navigate safely  and  fix  th e ir  positions v isu a lly  in  o rd e r to 
prov ide  accu ra te  offshore gun fire  su p p o rt fo r d es tru c tio n  of enem y fo r tif i
ca tions. A ccurate  in sh o re  sou n d in g s a re  also  re q u ire d  to fac ilita te  an d  
in su re  th e  nav igational safe ty  of an tic ip a ted  am p h ib io u s land ings.



T he o n ly  availab le n au tica l c h a rts  of the  a rea  a re  old and  incom plete. 
T hey  do n o t co n ta in  sufficient in fo rm a tio n  to  enable the  n av ig a to r to  fix 
h is  p o sition  v isually  and  a re  p rac tica lly  devoid of sound ing  in fo rm atio n . 
T h ey  inc lude  only  a sparse  few top o g rap h ic  fe a tu re s  w h ich  could  be used 
as n av ig a tio n  lan d m ark s. T he location of all ch a rted  in fo rm atio n  is 
q u estio n ab le  ow ing to th e  poor accu racies of the  orig inal surveys. An 
ad d itio n a l re s tr ic tio n  im posed  in  th is  s itu a tio n  is th a t  the  a re a  can n o t be 
overflow n fo r low level re co n n aissan ce  p h o to g rap h y  fo r use in  p lann ing  
an d  execu ting  the  survey.

A d ju s tm en t co m p u ta tio n  p ro ced u res  will be app lied  to th e  observed 
d a ta  in  o rd e r to  a rriv e  a t th e  m ost likely  values fo r the  u n k n o w n  q u an titie s  
in  th e  p roblem . E stim a tio n s of accu racies for all a d ju s ted  values w ill also 
be de term in ed .

W ith  suffic ien t sho re  con tro l, ine m echan ical so lu tion  using  a th ree- 
a rm  p ro tra c to r  n o rm ally  p rov ides ad eq u ate  positions fo r th e  p lacem en t of 
so u n d in g  d a ta  on n au tica l c h a rts . How ever, w ith  little  or no know n 
te rre s tr ia l p o sition  in fo rm a tio n  th is  conven tional p rocedure  can n o t be 
applied . Also, even w ith  sa tis fac to ry  v isual con tro l ashore, th e  conventional 
sex tan t resection  m ethod  m ay  not y ield  re su lts  accu ra te  enough  to fu lfill 
th e  m ost s tr in g e n t offshore p o sitio n in g  req u irem en ts . F o r these  reasons the 
a d ju s tm e n t p ro ced u re  w hich  follow s has been developed for ap p lica tio n  to 
coasta l su rvey  s itu a tio n s. A lth o u g h  the use of a d ju s tm e n t co m p u ta tio n s  has 
seldom  been app lied  in co asta l h y d ro g rap h y , p ro ced u res have been devised 
fo r ce rta in  asp ects  of ocean su rvey ing  [1] and  geodetic position ing  at sea 
aw ay  from  th e  coast [2].

A p lan im e tric  ap p ro ach  is tak en  to  th is  p rob lem  since all v isual observa
tions, bo th  sex tan t angles and  com pass bearings, a re  n o rm ally  m easu red  
betw een o b jec ts  in  ap p ro x im a te ly  th e  sam e h o rizo n ta l p lane as the  observer 
ab o a rd  th e  su rv ey  vessel. W h e n  it becom es n ecessary  to m easu re  a sex tan t 
angle betw een  tw o po in ts  w ith  a s ign ifican t difference in  elevation , the 
angle is co rrec ted  before being used  in  p lo ttin g  or co m p u ta tio n s by a 
g rap h ica l m eth o d  based on the  fo rm u la  :

cos h
In  th is  ex p ressio n  a is the h o rizo n ta l or com pu ted  angle, O is the  observed 
inclined  angle an d  h is th e  a n g u la r  elevation of the  elevated ob ject from  
th e  p o in t of observation . T he a n g u la r  elevation h is n o rm ally  determ ined  
by a sex tan t observation  from  th e  survey vessel.

PROBLEM OBSERVATION DATA

It is a ssu m ed  th a t an  e lec tro n ic  position ing  system  h as  been estab lished  
so as to give su itab le  coverage in  th e  coasta l a rea  to  be surveyed. T ra n s 
m itte r  sites fo r the  elec tron ic  system  are estab lished  ou tside  th e  inaccessib le



area , e ith e r  in  neighboring  frien d ly  te r r ito ry  or, if th is  is n o t feasible, 
ab o a rd  flo a tin g  p la tfo rm s m oored at o ffshore locations as described  by 
A t w o o d  [3 ] .

T he su rvey  ship, as it p roceeds a long  th e  coast a t  a d is tan ce  of tw o to  
five m iles from  shore, o b ta ins th e  u su a l sex tan t angles to  p ro m in en t 
te r re s tr ia l  objects. If the  shore  po in ts a re  a t elevations considerab ly  above 
the  h e ig h t of the observer aboard  the  sh ip , the angles a re  reduced  w ith  
eq u a tio n  (1) before being en te red  in to  th e  a d ju s tm e n t co m p u ta tio n . T h is  
p re lim in a ry  red u ctio n  of inclined  ang les, w hen  necessary , allow s th e  
prob lem  to be dealt w ith  p lan im e trica lly  in  all cases.

F ig . 1. C o asta l h y d ro g ra p h ic  su rv e y  n e tw o rk  fo r  sh ip  o b se rv a tio n s .

E ach  tim e sex tan t observations a re  m ade, a gyro com pass bearing  is 
ta k e n  to  th e  ex trem e object in  the d irec tio n  closest to th e  sh ip ’s track . T h is 
p a r tic u la r  po in t is chosen since, in  m o st instances, its  b ea rin g  from  th e  
sh ip  w ill be changing  a t a slow er ra te  of speed th a n  w ill bearings of th e  
o th e r sho re  points. A p rinc ipa l reaso n  th a t only one such  d irec tio n  is 
observed fo r each sh ip  fix position  is th a t  no rm ally  on ly  a single gyro 
com pass rep ea te r is availab le  fo r m ak in g  su ch  a read ing .

As th e  v isual da ta  is being ob ta ined , th e  electronic  positio n in g  system  
co o rd in a tes  of the  sh ip  a re  recorded  a t each  designated  fix tim e. D ep th  
in fo rm a tio n  is recorded  co n tin u o u sly  d u rin g  th e  o p era tio n . Any o th er



desired  in fo rm atio n  such  as g rav im etric  d e term in a tio n s a re  also m ade 
sim u ltan eo u sly  w ith  the  v isual observations. T im es are noted for all d a ta  
read in g s to p erm it la te r  co rre la tio n  of the  in fo rm ation .

R efe rrin g  to  figure 1, th e  p o in ts  Sj th ro u g h  S4 are successive positions 
o f th e  su rvey  vessel proceeding along the  coast. The po in ts T, U and  V 
re p re sen t p ro m in en t ob jects along the  shoreline such as tow ers, bu ild ings 
and  n a tu ra l  fea tu res  betw een w hich  the sex tan t angles and  are  
observed. All com pass bearings tt are tak en  to te rre s tr ia l ob ject V.

T he  generalized least sq u a res  a d ju s tm en t m ethod  w ith  param eters  
tre a ted  as observables is u tilized  for the  so lu tion  of th e  problem . T he 
m a trix  n o ta tio n s  an d  a d ju s tm e n t procedure a re  according to U otila  [4 ] .  
O w ing to  th e  lin ear re la tio n sh ip s  w hich  exist am ong the observed q u an titie s  
an d  th e  u n k n o w n  p aram ete rs , a n d  the m ethod  used for com puting  approx i
m atio n s fo r th e  p aram eters , a sa tisfac to ry  so lu tion  should  norm ally  be 
achieved w ith o u t the  necessity  of recycling th e  ad ju stm en t. F o r com plete
ness of th e  derivation , how ever, at th e  end  of the general ad ju s tm en t 
p ro ced u re  described in  th is  section  and  in  the  detailed  equation  form ations 
o f th e  follow ing section, the m odifications necessary  for recycling the 
a d ju s tm e n t a re  explained.

S ex tan t angles an d  com pass bearings tak en  on the  ship com pose one 
set of observations, L lft . These observations a re  considered as belonging 
to  the  f irs t  m ath em atica l s tru c tu re  Fj . The ad ju sted  values of th e  obser
vable q u an titie s  are  designated  L,1(j and th e  ad ju s ted  values of th e  unknow n 
p a ram ete rs , the  sh ip  an d  shore positions, are  X „ . T here  is only one 
observable q u an tity , a sex tan t angle or a com pass d irection , in any F j 
equa tion .

A second set of observations, L2(J, consists of the successive positions 
of th e  su rvey  ship, tak en  as belonging to th e  m ath em atica l s tru c tu re  F 2 . 
In  th is  s tru c tu re , L2(J are  th e  ad ju s ted  values of the  sh ip  positions, w hich 
a re  also  som e of the  unknow n  p a ram ete rs  X„ .

T he  tw o m ath em atica l s tru c tu re s  m ay be w ritten  as :

T h ro u g h  the  T aylor series developm ent, equ a tio n  (2) can be expressed  as 
follow s :

ADJUSTMENT PROCEDURE

F, ( L la , X a) =  0 

F2 (L2a , X a) =  0
( 2 )
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w here  V 1 and  V2 are  resid u a l vectors, X() denotes the ap p ro x im a tio n s to  the  
p a ram e te rs  an d  X rep resen ts  the  a lte ra tio n s  w hich w ill be ap p lied  to th e  
ap p ro x im a tio n s to ob tain  th e  ad ju s ted  values Xa . U sing th e  n o ta tio n s  :

B, =

A | =

. >Xo)

the  d ifferen tial form s (3) and  (4) becom e :

BL V, + A ,X  +  W, =  0 (5)

B2V2 + A2X +  W2 = 0 (6)

Since th ere  is only one observable q u an tity  in  any  eq u a tio n  of the  fo rm  
Bi is an  iden tity  m atrix . Hence (5) is reduced to :

V, + A ,X  + W, = 0 (7)

F u rth e r , W 2 for th e  first cycle of the ad ju s tm en t w ill a  be a nu ll vector 
because L 2() , th e  observed values of th e  sh ip  coordinates, an d  th e  ap p ro x i
m ate  values of the ship  coord inates, a re  the  sam e. Also since th e re  is only 
one observed q u an tity , an  x  or ij coo rd ina te  of a sh ip  position  in  an y  F 2 
equa tion , B2 is an  id en tity  m atrix . T h ere fo re  (6) reduces to :

V2 + A2 X = 0 (8)

T he function  w hich  m u s t be m in im ized  in  o rder to  fu lfill th e  p r in 
ciple of least squares req u irem en t is th u s , using  the  L agrange m u ltip lie rs  
m ethod  :

<j> = V j P . V ,  +  v £ p 2v 2 -  2 K{(V , +  A , X  +  W , ) -  2 K ] ( V 2 + A2X) (9)

and  K2 are colum n vectors com posed of L agrange m u ltip lie rs . P j is 
the w eight m atrix  for sex tan t angle an d  com pass d irec tio n  observations, 
an d  P 2 is the w eight m atrix  for the  p a ram e te rs  trea ted  as observations. 
T ak in g  the  p a r tia l derivatives of (f> w ith  resp ect to Vlt V2 an d  X and  se ttin g  
them  equal to zero, th e  th ree  sets of cond ition  eq u a tio n s  w h ich  m u st be 
fu lfilled  for all observations and  p a ram e te rs  are :

1 00
2" av", =  P‘ V i “  K ' =  0 ( 10>

1 30 

'2  

1 00

2 3V (U )

2 dx = ~  AX  -  A^K2 = 0 (12)



T he expressions (7), (8) an d  (10) th ro u g h  (12) a re  a system  of five 
sets of equa tions having  five unkn o w n  vectors : Vj, V 2, K 1( K2 and  X . 
Since th e  so lu tion  of th is  problem  consists of determ in ing  the  X vector, 
the five set system  is firs t reduced  to a system  of two sets of equations 
hav ing  only  two unknow n  vectors.

T he p rocedure for th is reduction  is begun by firs t solving (11) for V2 
and  su b s titu tin g  the  re su ltin g  expression in to  (8) to give :

K2 + A2 X =  0 (13)

Next, (10) is solved fo r V t and the  re su lt su b stitu ted  in to  (7) giving :

P r ‘ K, + A , X  =  -  W, (14)

Each term  in (14) is then nm H iplied by AJ’P-1'Wj to ob ta in  :

A |K ,  +  A j P . A . X  = -  AjP .W ,  (15)

F inally , (12) is solved fo r A? K, an d  the  re su lt inserted  in to  (15) y ield ing :

A^Pt A, X "  Aj K2 = — Aj P, W, (16)

T h u s (13) an d  (16) are the  desired  system  of two sets of equations w ith  
unkn o w n  vectors K2 and  X .

In  (16) the  te rm  A^ P iA t is the norm al equation  coefficients a rray  
w hich  w ill be designated  Nj . Also, the te rm  Af P jW , is the  co n stan t vector 
of th e  no rm al equations, to be designated  U. Using these no ta tions (13) 
and  vl6) becom e :

P2” ‘ K2 + A2 X = 0 (17)

N, X — A^K2 = -  U (18)

Solving (17) for K2 ,

K2 = P2A2X (19)

w hich, w hen su b stitu ted  in to  (18) gives :

N, X + A2P2 A2 X = -  U (20)

F ac to rin g  ou t X ,
(N, + A j P 2 A2)X  = -  U (21)

B ut each F 2 equa tion  co n ta in s  only one unknow n param eter, an  x  or 
y  sh ip  position  coordinate. Hence the only non-zero elem ents of A2 are  
— l ’s. F u rth e r , by v irtu e  of the F ., s tru c tu re , A2 is a square  a rray  w ith  
non-zero values occu rring  only in  the m ain  diagonal elem ents corresponding  
to sh ip  p aram ete rs  (see D irection coefficients —  Second s tru c tu re , below). 
T herefo re  AS P 2A2 is m erely  P 2 w ith  non-zero elem ents only on the m ain  
diagonal at positions w here dependence is estim ated  between sh ip  position 
coord ina tes as explained u n d er W eight m atrix  Second s tru c tu re  below. 
In m a trix  no ta tion  th en  :

a ! p 2 a 2 =  P2 ( 22)



S u b s titu tin g  (22) in to  (21) gives :

(N, +  P2 )X =  -  U (23)

T he fac to r (Nĵ  +  P 2) in  (23) is k n o w n  as th e  generalized  n o rm als  m atrix . 
D enoting  it as NKen, (23) can  be re w ritte n  as :

N*» X =  -  U (24)

T he ap p ro x im a te  values X0 of th e  sho re  p o in t coo rd ina tes an d  th e  
sh ip  s ta tio n  coord ina tes are  th en  com bined  w ith  th e  a lte ra tio n s  d e te rm in ed  
from  (24) to ob ta in  th e  ad ju s ted  v alues of b o th  th e  te rre s tr ia l p o in ts  and  
the  sh ip  s ta tio n  coord inates.

X. = X0 +  X (25)

If th e  m ag n itu d es  of the  final a lte ra tio n s  d e te rm in ed  by (24) in d ica te  
th a t  th e  f irs t  ap p ro x im a tio n s X^ are  no t su ffic ien tly  accu ra te , th e  a d ju s tm e n t 
w ould  be recycled . In  th is  s itu a tio n , th e  Xa com puted  from  (25) fo r the  
f ir s t  cycle w ould  becom e th e  X0 fo r th e  second cycle of th e  a d ju s tm en t. 
T he a d ju s tm e n t w ould  th en  proceed as o u tlin ed  above w ith  ce rta in  m odifica
tions.

T he W 2 m isclosu res vector w ould  no longer be n u ll b u t w ould  in s tead  
consist of th e  differences betw een  th e  in itia lly  co m p u ted  ad ju s te d  x  an d  y 
sh ip  co o rd in a tes  an d  th e  o rig inally  observed  values. W ith  th is  add itio n , 
the  W 2 vecto r w ould  be included  in  eq u a tio n s  (8), (9) an d  (13). T h u s  th e  
co n stan t vec to r U w ould become

U = A ^ W ,  -  P2 Wj (26)

W ith  th e  value  of U from  (26) su b s titu ted  in to  (24) the  p rob lem  is solved 
as p rev iously  exp lained  to ob tain  th e  new  a lte ra tio n s  X. In  (25) the  fin a lly  
ad ju s te d  p a ra m e te rs  com puted  from  th e  second cycle w ould  co n sis t of th e  
p a ram e te rs  X p lu s  th e  ap p ro x im a tio n s  X0 w h ich  are  now  th e  ad ju s te d  
values com pu ted  from  the  f irs t cycle.

Should  an  ad d itio n a l recycling  be deem ed necessary , th e  ad ju s te d  
values from  th e  second cycle w ould  be u tilized  as th e  ap p ro x im a tio n s  fo r 
th e  th ird  cycle an d  th e  o p era tio n  rep ea ted  as described  above.

FORMATION OF EQUATIONS

The q u a n titie s  necessary  to  accom plish  th e  a d ju s tm e n t p re sen ted  in  
the  p rev ious section  are  now  described, an d  th e  expressions w h ich  a re  
req u ired  in  o rd e r to  perfo rm  th e  in d ica ted  co m p u ta tio n s  are  developed.

T he n e tw o rk  p a ram ete r n o ta tio n s  to  be em ployed a re  as show n in 
figu re  2. T h e  ca rte s ian  coord ina tes of each sh ip  position  S* are  deno ted  
as (j:{, y t). F o r  each shore poin t the  co o rd in a tes  co rresp o n d  to th e  po in t 
concerned . F o r exam ple, for te rre s tr ia l ob jec t V th e  coo rd ina tes a re  (xv,



i/y). F o r the  pu rp o ses  of th is  g en era l developm ent it is assum ed  th a t  th ere  
are  th ree  te rre s tr ia l po in ts an d  n  sh ip  positions.

F ig . 2. —  G e o m etric  re la tio n s h ip s  f o r  c o m p u ta tio n  o f a p p ro x im a te  c o o rd in a te s
o f a  s h o re  p o in t.

Observed quantities — F irst structure

T h e  q u an titie s  L lft are  the  d irec tly  observed sex tan t angles

“ '6 ’ ^1* ’ ’ 02* • • • • a nb ’
an d  th e  d irec tly  observed com pass bearings

*16 ’ t1b > • • • t nb
to the  te rre s tr ia l po in t closest to th e  d irec tion  of sh ip ’s travel.

Observed quantities — Second structure

T h e  q u a n titie s  L.j a re  the sh ip  position  coord inates as determ ined  by 
an  electron ic position ing  system .

>yi„)  - (*26 , y 2b) ,  • • •  (pc„b , y Hb)



Approximate values of param eters — F irs t structure

T hese p a ram ete rs  are the  ap p ro x im a te  coo rd ina tes of th e  shore poin ts. 
T hey  are co m p u ted  in  the follow ing m an n er. W ith  th e  observed coord ina tes 
of sh ip  positions Sj an d  S„, the coo rd ina tes of p o in t T are  d e te rm in ed  to 
illu s tra te  th e  p ro ced u re  (see figure 2). Using p lane geom etric an d  trig o n o 
m etric  re la tio n sh ip s , the ap p ro x im a tio n s fo r th e  d istances betw een ship  
positions an d  fo r the angles P and  y  a re  calcu lated . W ith  these values, the 
ap p ro x im a te  d istan ce  from  the  sh ip  positions to T  a re  com puted  accord ing  
to th e  law  of sines. T he d istance from  S, to  T is th u s  given by :

3111 1 i T A U __
Dist 1T = ------- 11------- ^  (27)

sin 7 in
W ith  the  observed com pass b ea rin g  flv to  te r re s tr ia l  po in t V an d  the 

observed sex tan t angles evj and  /3,, the  ap p ro x im a te  az im u th  t 1T is com puted .

 ̂i t  — ^iv (a i Pi ) (28)

the h o rizon ta l an d  vertical in c rem en ts  Ax5T and  Ayir  are th en  w ritten  as :

Ax1T = Dist1T x sin f1T
(29)

Ay . T = Dist1T x cos t .T

T he ap p ro x im a te  coord inates of p o in t T  are th u s  expressed  as :

(30)
* T o  =  * 1 0 +

y-i0 = y  i0 + A y  IT

In sim ilar m a n n e r th e  app ro x im ate  coo rd ina tes of po in ts U an d  V are 
determ ined .

Approximate values of Param eters — Second structure

F o r ship  coord inates, these p a ram ete rs  are th e  observed q u an titie s  L 2 
described above.

Computed values of sextant angles

T he general expression  fo r a com puted  sex tan t angle fo rm ed  betw een 
shore po in ts  J  an d  K, sub tended  a t sh ip  position  S„ is given by :

a, -  tan "I _ (31)
yyi -  y, J  ĵ k - yiJ



Computed values of compass bearings

T h e  general expression  fo r a com puted  com pass bearing  from  sh ip  
p o sitio n  S4 to shore p o in t J  is :

. ,  f  j 1
L yj - y> J

/, =  tan 1 I -----------  | (32)

F irs t m athem atical structure

T his is th e  m odel of the  fo rm  F 1(Llo, Xa) =  0. An expression  is 
developed for each sex tan t angle an d  com pass bearing.

tan— [ —“ ~  —I  [ - - 1 - . ,  = 0
~ y , . ]  { y r .  ~ y i . \

- |  - K  - °

X v a -  * 1«

y v a

x \ a -  * 1 ,

• 
•

X Va

y * . ~ y » a

x v a ~ X »a

y  v a ~ y « a

p u a - y na\  tan  [>%  - y na\  

| / v „  M  \_yva - y * a \

y  Ta -  y  "a

X Ua ~ X »a

- y * *

* v a

y v a - y > a

~<Xna = 0

tan'
r*Va X»al

Ly y a ~  y^a J

Second m athem atical structure

T h is  m odel, th e  p aram ete rs  tre a te d  as observations, is expressed  as 
F 2(L 2 , X„) =  0. T h e  shore  po in t p a ram e te rs  are only trea ted  as observa
tio n s  in  the  sense of being o b serv a tio n s w ith  zero w eight. T h u s shore



coord ina te  fu n c tio n s  do no t en te r th is  s tru c tu re . To p resen t th e  sh ip  
p a ram e te r p o rtio n  of th e  s tru c tu re  in  a m ore m ean in g fu l m an n er, the  
re la tio n sh ip s  L 2o =  L2ft-|-V2 an d  (25) a re  su b s titu ted  p e rm ittin g  th e  o b serv a
tio n  eq u a tio n s  to  be w ritten . T hey tak e  th e  follow ing form  :

* 1 6
+ 'V2, — A x j =  0

y *
+ V22 - A y , =  0

x *b
+

V23 —  A x 2 =  0

y 2 b + V24 =  0 (34)

+  v22n-!  -  Ax„ = 0

y*» + v22„ ~  = 0

Misclosure vector — F irst structure

T he m isc lo su res W t are  ob tained  by  ev a lu a tin g  th e  m a th em atica l m odel 
F x w ith  L 1() a n d  X0. To illu s tra te  th e  p rocedure , th e  exp ressions fo r the  
first sex tan t ang le  and  the first co m p ass  d irec tio n  a re  show n below. Since 
th e re  are  th ree  observations a t each  of the  n  sh ip  positions, W i consists 
of a to ta l of 3n  elem ents.

L / u 0 -  y> o\  l / 7* ~  J

[ y v o ~ y i o \
p tan 1 | --------------- |  -  t lb =  w l2n+i (36)

Misclosure vector — Second structure

As exp la ined  prev iously  u n d er A d ju s tm en t P ro ced u re , th e  W 2 m a tr ix  
is n u ll fo r th e  f irs t  cycle since L 2s an d  X 0 are  th e  sam e q u an titie s . H ow ever, 
for th e  recycled  a d ju s tm e n t fo r sh ip  p a ram ete rs , (x iQ, y iQ) a re  th e  ad ju s te d  
co o rd in a tes  co m p u ted  from  the  f irs t  cycle an d  (xift, ÿ<6) a re  th e  observed 
values from  th e  elec tron ic  position ing  system . In  th is  case, th a t  p o rtio n  
of W 2 co rresp o n d in g  to sh ip  coo rd ina tes tak es  th e  follow ing fo rm  :

= W2>

y io - y , b =  *22
(Continued on the fo l low ing  page)



X ,  — X , W23

w24

y * a -  * "6 WÎ2n

Direction coefficients — F irst structure

T his a rray , of th e  general fo rm  Aj =  dF1/ d X a, is o b ta ined  by  tak in g  
th e  p a r tia l deriva tives of th e  s tru c tu re  expressions -with respect to  each  of 
th e  u n k n o w n  p a ram ete rs . F o r ease in  co m p u ta tio n  an d  p resen ta tio n , the  
Aj a r ra y  is p a r titio n ed  in to  tw o p a r ts , A rep resen tin g  th e  p a r tia ls  w ith  
re sp ec t to th e  te rre s tr ia l ob ject p a ra m e te rs  an d  Â designating  the  p a r tia ls  
w ith  respect to  sh ip  position  p a ram e te rs .

A, =  [Â : Â] (38)

D eveloping firs t the  A a rray , th e  p a rtia l derivatives for ctj an d  tx are 
p re sen ted  to  illu s tra te  the  types of expressions w hich  m ake u p  th e  e lem en ts 
of th e  m atrix .

3 a , -  P  CvT

dxT (Xj- — X , ) 2 + (y T - y , ) 2

dCKj +  p '(x T -  X , )

b y T (X j — X , ) 2 + O'x " y , f

d a , +  P  (Vu - y i )
dxv ( * u — X , ) 2 + Ou ~ ■ y , ) 2

d a l -  P (x v — X , )

(XV -  X , ) 2 + (yv  ~ - ^ ) 2

a;, — P Cvv y  1 )
dxv (Xy -  x , ) 2 + Ov “ y O 2

d t \ +  P (*v -  X , )

f y v (Xy - x , f  + Ov “ y , Ÿ

Since p a r tia ls  are  tak en  w ith  respect to  th e  x  an d  y  co o rd in a tes  of 
each  of th re e  shore  po in ts , th e  A m a tr ix  h as a co lum n d im ension  of six. 
B ecause th e re  a re  th ree  observations, tw o sex tan t angles an d  a com pass 
bearin g , a t each  of th e  n p o sitio n s  of th e  ship , the  A m a trix  h a s  a  row  
d im en sio n  of 3n. T he a rra n g e m e n t of the  p a r tia l derivative e lem en ts is 
sh o w n  in th e  follow ing sch em atic  a r ra y  :



3«^6

da, 9 a , d a , ôa ,
0 0

dxT dyT dxjj 3yu

0 0
d^_ Wx ag, 30,
3xu dyv 3xv 3 yv

3a 2 
0xT

d a2
dyT

3a2
9xu

3a 2

3-Vu
0 0

0 0
dxv

3^2
3j’u

3 ^
3xv

3¾

3yv

0 0 0 0

3a„
dxT

3a„ 
dyT

à<»n
3xu

3a„

dyv
0 0

0 0 3ft, 3ft; 3 ^
3xy 3xv 3yv

0 0 0 0
3^_
3xv

3f,

3 y  y

0 0 0 0 *Ll
3xv

ht,  
3 y v

àtn dt„ 
3xv dyv

(40)

Next, th e  A a r ra y  is developed. A gain th e  p a r tia l  deriva tives fo r « i 
an d  are  p re sen ted  to  illu s tra te  th e  exp ressions of w hich  th e  m a tr ix  is 
com posed.

3a, 
dx ,

d a  

&  i

p C^u -  y i ) ,+ p ' ( y T ~  y i)

1 —

( ½  - X ,)2 + -  y } )2 (xT -  x ,  )2 + (yT -  y t )2

p (X„ -  X,)______________p  (xT — X,)______
(xy -  X , )2 + -  y i Ÿ (xT -  X, ) 2 + CyT -  ^ , ) 2

*!±.
3x,

3*i
3*1

p'CVy ^ i )

=  +

(xv -  x , ) 2 + (yv -  J'j )2 

p (xv — X, )

(xv -  * , ) 2 + 0 v  -  j , ) 2



B ecause p a r tia ls  a re  tak en  w ith  respect to the  x and  y  coo rd ina tes 
of each of th e  n sh ip  positions, th e  A m a trix  h a s  2n colum s. S ince th e re  
a re  th ree  o bservations a t each sh ip  position , the  row  d im ension  is 3n. 
T he m a trix  a r ra y  of the  p a r tia l deriva tive  elem ents is :

3a, 3aj
3.x, 3y t

30,
3*i 3y,

0

0

da2
3jc2

302

0

0

da7
3^2

3/32
dx2 d y2

0 0 0 0

0 0 0 0

au
0 0

d x t 3 ji

0 0
at2
dx2

3/2
3^2

0 0

0 0

U U

0 0

3an
3x„

0

K
3x„

3an 
3 y n

3ft,
dxn 3y„

0

3 y„

(42)

D irection coefficients — Second structu re

T h is a r ra y , of th e  general fo rm  A2 =  3F2/3X a, is ob ta in ed  by tak in g  
th e  p a r tia l deriva tives of the  s tru c tu re  expressions w ith  respect to  each  of 
th e  p a ram ete rs . S ince the sho re  p o in t co o rd in a te  p a ram ete rs  a re  trea ted  
as observa tions w ith  zero w eight, th e  p a rtia l deriva tives for these p a ram e te rs  
a re  sim ply  zero. F o r sh ip  co o rd in a tes , th e  p a r tia l derivatives a re  :



a /. _  3 ( - * . )  _  J
3x, 3x,

àf7 =  3 (— y , )  = _  i 

ày i d y t

d/3 =  9 (~  * 2) =  _  j 
3*2 3x2

3/4 a (~  2̂ )
3^2 3^2

=  -  1 (43)

d / 2 n - l  =  9  ( ~  * n )

3xn 3xn

a / 2n 3 ( -  y„)
ay„ ayn

= -  1

=  -  1

Since th e  p a rtia l derivatives a re  ta k e n  w ith  resp ect to  th e  x  and  y 
coo rd ina tes of each of th re e  shore p o in ts  an d  n sh ip  p o sitio n s , the A2 m a tr ix  
h as  a co lum n d im ension  of 2 n -f6 . B ecause th e re  a re  tw o observations, an  
x  and  y  coord ina te , a t each of the  th ree  shore  po in ts  an d  n sh ip  positions, 
the  A2 m a trix  also h as a row  d im ension  of 2 n + 6 . F u r th e r ,  i t  is a d iagonal 
a r ra y  w ith  the  only  non-zero  elem ents (—  l ’s) o ccu rring  in  positions co rre s
pond ing  to  ship coo rd ina tes.

Weight m atrix  — F irst structure

F o r sex tan t angles, it is assu m ed  th a t the s ta n d a rd  e rro rs  fo r all 
observations a re  equa l. T he sam e assu m p tio n  is a lso  m ad e  for com pass 
d irec tions. T hat is,

mai =  mfil = # „ = » , . =  m d
(44)

m tx = m =  m,

Since all observations are  considered  to  be in d ep en d en t, P j is a d iagonal 
m atrix  of th e  recip roca ls  of the  sex tan t angle and  com pass bearin g  s ta n d a rd  
e rro rs  squared . S ince th e re  are th re e  observations a t each  ship  position , 
the  sq u are  d im ension  of P t is 3n.



Weight m atrix  — Second structure

P 2 is the  w eight m a tr ix  fo r all observed p aram eters . Since th e  shore 
co o rd in a tes  a re  trea ted  as com pletely  u n k n o w n  p a ram ete rs  (observations 
w ith  zero w eigh t), P 2 tak es  th e  general m a trix  form  :

2n+6 22/t+6

0 ! oI

0
1
11

(45)

I *  is th e  v ariance-covariance m a trix  associated  w ith  the sh ip  coord ina tes. 
In  its  m ost generalized form , it w ould  be en tire ly  filled w ith  v arian ce  and  
covariance estim ates. If, how ever, it is assum ed  th a t  sy stem atic  e rro rs  
w hich  w ould  affect all x  an d  y sh ip  coo rd ina tes can  be ascerta in ed  and  
rem oved or th a t  the  p o sitio n in g  m ethod  is being utilized  as a re la tive 
“localized” system , th e  successive x  coo rd ina tes and  successive y  coord i
nates can  be considered  as in d ep en d en tly  de term ined  q u an titie s . T he a rra y  
w ould  th en  co n sis t of “i t” 2 X  2 b locks on th e  diagonal, each block rep resen t
ing a  sh ip  position . T he fo u r elem en ts of each block a re  th e  estim ated  
v arian ces  of th e  x  and  y  co o rd in a tes  on th e  p rin c ip a l d iagonal an d  th e  
covariance betw een x  an d  y  in  the  off d iagonal positions. If  fo r each sh ip  
position  the  x  an d  y co o rd in a te  d e te rm in a tio n s a re  considered  as in d ep en 
dent q u an titie s , th en  becom es a d iagonal m atrix . F u rth e r , if  all coordi
n a te  values a re  assu m ed  to  be of equal accuracy , I *  is a  u n it m atrix . 
F o r th e  localized system  2 x 2  block  form  w hich  is u tilized  in  th is  p roblem , 
Tx is rep resen ted  as follow s :

In  x 2n

< m * . y . 0 0 0 0

m \ x 0 0 0 0

0 0 m l 2 0 0

0 0 m x2yi m n 0 0

0 0 0 0 . . n ?xn m *nyn

0 0 0 0 • • m *nyn m ?Vn

(46)



Normals matrix — First structure

is formed as follows :

N, »  a } P ,A ,  =  j ^ - j  IP,] [ A I Â 1  =

Now, setting ATP jÂ  equal to N, the expression for Nj may be written as :

[

A, the normals matrix Nx

ATP,A : a t p ,â  1
r --------- (47)

â tp , â ! ^ t p ,^ J

N,

Generalized normals matrix

The square dimension of NB(,n is 2/1 +  6.

N j N

~ T  !
n t ! N

t  N g en i s

] (48)

Ngra = [
N ! N

N N + S-' :]
(49)

Constant vector of normal equations

The vector U is formed as explained in the section above entitled 
“Adjustment Procedure” wherein the component matrices are as described 
in previous paragraphs of this section. For both the first and recycled 
adjustment, U consists o f 2n +  6 elements representing the x  and y coordi
nates of each shore point and ship position. For the first cycle, U is formed 
as follows :

AT1 rsTr
u  =  a ^i . . ;

A 1

T1
-  [P, l [W J  =TJ  |^AtPj w , J

When the adjustment is recycled, U becomes :

ATP,W,
U = A^PjW, P w  =2 2 [ -  [P2] [WJ

(50)

(51)

Adjusted parameters

The corrections X obtained by solving (24) are combined with the 
approximate values of the shore points and observed ship positions as 
shown in (25) to obtain the finally adjusted values X a of the terrestrial



objects and ship position coordinates. Since there are n ship positions 
and three shore points, each with an x  and y coordinate, the X„ vector 
is composed of 2n +  6 elements.

x r a
"  X j o  +  A x - f

y j 0 +  * y T

* U a X U0

y* . y v 0 +  A > ’ u

x Wn

y V a - y y Q +  Avv

x t +  Ax, i0 i

y ^ a y  i0 +  * y>

X *a X n „  + a * »

y  "a Vna +

Adjusted sextant angles and compass bearings

These values, L la, are obtained by adding the residuals vector \ 1 
computed using (7) to the originally observed sextant angles and compass 
directions L lfc. Since there are three such observations at each ship position, 
L, consists o f 3n elements.l a



ERROR ANALYSIS

In order to examine the accuracies of the adjusted values of the para
meters and the observed quantities, the variance-covariance matrices for 
each set of values are obtained. The sequence o f operations necessary to 
arrive at these arrays is explained below, continuing the matrix notations 
previously utilized.

Variance of unit weight

The variance of unit weight, denoted as m£  is first determined. All 
weighting in the problem is based on the same variance of unit weight. 
This unit weight variance is expressed as the sum of squares of the weighted 
residuals divided by the degrees of freedom.

m 2 _ VTPV
degrees of freedom (54)

The weighted residuals square sum for the entire problem is the sum of 
the square sums from each of the two mathematical structures.

V TPV = V^PjV, + V^P2V2
In partitioned matrix form, (55) is expressed as : 

VTPV = [V]\ v£]

(55)

(56)

Pj is explained in the two paragraphs above on “Weight m atrix” . The 
square dimensions of P j and P 2 are 3n and 2/1 +  6 respectively. Vj is 
computed from (7) and is a column vector of 3n elements. V 2 is calculated 
using (8) and consists of 2n +  6 elements. The last 2n  elements are simply 
the negative X vector of alterations to ship coordinates.

The number o f degrees of freedom is determined as follows :

' p .  ' o "  1 1 " v /
“ “  1 ---
o ! P, t * V 2

degrees of freedom = r 4- s — u
where

r =  the number of sextant angle and compass observations; 
s =  the number of ship position x  and y coordinates; 
u =  the number of shore point x  and y coordinates.

For the general problem with three shore points and n  ship positions,

(57)

3», s =  2n and u =  6 (58)

Hence the number of degrees of freedom, substituting (58) into (57), is 
bn — 6. Thus the variance of unit weight is finally expressed as :

mn v ^ v .  + V2TP2V2
5 « - 6

(59)



Variance-covariance matrix of parameters

The weight coefficient matrix of the unknown parameters is simply 
the inverse of the generalized normals matrix (49)

Qx = Ng;l (60)
Thus the variance-covariance matrix 2X which indicates the accuracy of 
the adjusted values of the parameters is :

£x = ml Qx (61)

It is a square array of dimension 2n -(- 6.

Variance-covariance matrix of observations

The weight coefficient matrix for the adjusted values of the observed 
sextant angles and compass directions is :

Q = A ^ ' A j  (62)
l a

where A t and Nx are as described under “Direction coefficients —  First 
structures” and “Normals matrix —  First structure” respectively. Its 
square dimension is 3n since two sextant angles and a compass direction 
are observed at each ship position. Multiplying (62) by the variance of unit 
weight from (59) :

2 l , =  m 20 A ,N 7 ‘ A^ (63)

NUMERICAL EXAMPLE

The unavailability of actual hydrographic survey data in a form which 
would lend itself to adaptation to this problem necessitated the compilation 
of fictitious information with which to illustrate the computation procedure. 
In order to simulate the actual observation situation as closely as possible, 
the following method was employed. A 28" X 30" plotting sheet prepared 
by the Naval Oceanographic Office was used as the basis for generating the 
required information. The plotting sheet contained a circular lattice net, 
longitude and latitude and a UTM X-Y grid coordinate system. Since 
standard computer program routines are available for converting coordi
nates from any of these three systems to the other two, the X-Y grid was 
utilized for the purposes of this example. In a practical situation, the 
electronic positions would be recorded and later converted with a computer 
program to the desired X and Y coordinate values.

The computational procedure for this problem was programmed in the 
Fortran IV language and run on the IBM 7094 computer at the Numerical 
Computation Laboratory of the Ohio State University.



Considerable effort was expended in designing the program for this 
problem in as general a form as possible to allow for variations in the types 
and amount of input information. Many combinations of ship headings 
and observation data were tested to insure that the program would produce 
proper results for all conceivable situations. The numerical example 
presented in this section is accomplished with three shore points and four 
ship positions. However, the number of each type of position can be 
increased as desired depending upon the amount of input data to be 
processed.

Problem input information

(a) Coordinates for each of four ship positions.
Source : arbitrarily placed on plotting sheet.

Data units : metres.

Ship position X Y

1 299865.0 1960800.0
2 299992.0 1961573.0
3 300081.0 1962378.0
4 300224.5 1963203.0

(b) Sextant angles and compass directions observed at each ship 
position.

Source : Measurements made on plotting sheet with three-arm pro
tractor.

Ship position a P t

1 31°33' 24°25' 325°0
2 32°04' 29°00' 316° 5
3 29°37' 32°36' 305°7
4 24°35' 32°20' 291°2

(c) Side of survey ship from which angle and direction observation
are made : Port side.

(d) Variance and covariance estimates for electronic positioning
system coordinates of ship positions.

Source : Arbitrarily selected, based upon information obtained from
various publications describing accuracies achievable with short-range
electronic positioning systems.

Data units : metres squared.

Ship position X variance Y  variance Covariance

1 15.1 18.6 + 2.1
2 20.8 19.4 + 2.4
3 17.9 19.9 + 1.8
4 16.1 20.8 + 2.0



(e) Standard errors of sextant angle and gyro compass observations.
Sources: Sextant angle —  from estimates given in Je f f e r s  [5 ]  and 

F a g e r h o l m  and T h u n b e r g  [6 ]. Gyro compass bearing —  arbitrarily selected 
based on discussion presented in H.O. Pub. 9 of the U.S. Oceanographic 
Office [7 ].

Sextant angle observation standard error: lfO.
Gyro compass observation standard error: 5f0.

Auxiliary information computed by program

(a) The azimuth from each ship position to each succeeding position.

^,2

*13

009?330

007°794
<>14 

0 2 3

008“ 509 

006°309
2̂4

¢34

008°118 

009°867

(b) Approximate angles y  subtended at each shore position between 
each set of ship positions. A partial listing, for the angles between ship 
positions 1 and 4, is as follows :

At point T At point U At point V

34°750 41f717 33^800

(c) Approximate coordinates of each shore point (in metres) :

Point

T
U
V

296810.8
296904.6
297421.0

1960748.4 
1962549.6
1964290.4

Adjusted values and associated standard errors

(a) Ship positions (in metres) : 

Position X

1
2
3
4

299864.8
299990.8 
300082.2
300224.8

T
U
V

296810.2
296902.1
297416.6

m

1.6
1.2
1.3
1.5

(b) Shore points (in metres) : 

Point X m

7.0
4.1
4.1

1960798.2
1961574.4
1962380.7
1963201.7

1960747.8
1962549.7
1964292.4

m

1.6
1.4
1.3
1.6

m

2.3
1.9
3.2



(c) Sextant angles:

Position a m  j3 m

1 31°33:0 i:0 24°25!2 O '.l
2 32°03!7 0!9 29°00:0 0 ’.8
3 29° 3 7.'7 l!0 32°35!7 l.'O
4 24°34!6 l ! l  32°20!2 0!9

(d) Compass directions:

Position ? m

1 325?02 5:0
2 316° 44 5'.0
3 305?75 5Î0
4 291 ? 17 5Î0

BIBLIOGRAPHY

[ 1 ] C a m p b e l l , Andrew C. : Geodesy at sea : a thesis. The Ohio State 
University, Columbus, Ohio, 1965.

[2] C a m p b e l l , Andrew C. : Geodetic positioning at sea. U.S. Naval Oceano
graphic Office, Washington, D.C., 1967.

[ 3 ]  A t w o o d , W illiam  H.: Rapid positioning techniques for floating offshore
NAVAID platforms. U.S. Naval Oceanographic Office, Washington,
D.C., December 1966.

[4] U o t i l a , Urho A. : Introduction to adjustment computations with
matrices. The Ohio State University, Columbus, Ohio, 1967.

[ 5 ]  J e f f e r s , Karl B. : Hydrographic Manual, Pub. 20-2, U.S. Coast and
Geodetic Survey, U.S. Government Printing Office, Washington,
D.C., 1960.

[6] F a g e r h o m , P.O., and T h u n b e r g , A. : Determination of fixed errors in
navigational (and hydrographic) Decca Chains. Supplement to the 
International Hydrographic Review , Vol. 5, April 1964.

[7] American Practical Navigator. Hydrographic Office P u b .  No. 9, U.S.
Government Printing Office, Washington, D.C., 1960.


