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ABSTRACT

S om e simple theoretical relations a re  given for the  w a te r  m otion  a ro u n d  
am p h id ro m ic  points in th e  sea. The relations a re  based o n  the local approx im ation  
o f  the  sea surface as the  superposition  o f  tw o  sloping plane  surfaces each  un ifo rm ly  
rotat ing  a round  a vertical axis, one in anti-clockwise d irection  and  the  o th e r  in 
clockw ise  direction. T h e  simple relationship b e tw e en  c u r r e n t  velocities an d  e lev a
tions is only  valid in co-oscillating tides. T h e  theoretical rela tions w ere  tested for a 
few  actual situations, w ith  satisfactory results.

List o f symbols

(Only real quantities have been used)

r, 6 horizontal polar  coord ina tes  a ro u n d  a given point in the  sea, 9 increasing in 
anti-clockwise direction, 

x, y horizontal o r thogona l  coordinates , x = r cos 0, y = r sin 6. 
u, v co m p o n en ts  o f  velocity (dep th-averaged) in x and  y d irections, respectively. 
u m, vm defined by  eq. (7). 
t  time.
Ç w a te r  surface e leva tion  w ith  respect to its time average.
Cm tidal am plitude, positive o r  zero.
Ao a constant ,  positive o r  zero (d im ension : length).
A, B constants ,  positive o r  zero (dimensionless, i.e. slopes). 
üj angular  frequency  o f  tidal consti tuen t considered,  positive,
f coriolis p a ram ete r  (or “ inertial f re q u e n c y ”) = 2 Î2 s in  0  w h e r e  Q is angu lar

velocity o f  ea r th  = 7.29 x 10~5s “ ' , ¢) is geograph ic  la titude, positive if 
N o r th ,  negative if South .

(*) Royal Netherlands Meteorological Institute, Division o f  Oceanography, De Bilt, 
The Netherlands (retired).



a = Ï/ cu f requency  ratio, 
y = (A -  B)/ (A + B), — 1 < y < 1. 
5 = vm/ u m, w ith  sign.
0 o ,  ¢ , ,  0  ........ phase  angles.
g c o n s ta n t  o f  gravity .
H w a te r  depth .

INTRODUCTION

P o in ts  in the  sea w h e re  th e  (vertical) am plitude  o f  a certa in  tidal consti tuen t 
van ishes  a re  called a m p h id ro m e s  (also : am phid rom /es)  or  a m p h id ro m ic  points. This 
nam e w a s  first in tro d u c ed  by  R .A . HARRIS (1904) [4]; it is derived f rom  the (ancient) 
G reek  w o rd s  a m p h i  (a round)  a n d  d ro m as  (running), an d  expresses the p roper ty  that 
the tidal w a v e  in the n e ig h b o u rh o o d  o f  such  a p o in t  is a lw ays  found  to ro tate 
a ro u n d  th a t  point.  In th e  G e r m a n  literature one  also finds the  w o rd s  “D reh tiden"  
and  “D re h w e l le n ” .

A cc o rd in g  to the m a n y  tidal analyses m ade ,  su c h  am p h id ro m e s  occu r  in 
va r io u s  p laces in the op en  oceans ,  as well as in m arg ina l  seas. A good  review, 
mainly o n  the  IVh-tides in m arg ina l  seas, w as  given in the  book  o f  D e f a n t  
(1961 ) [ 1 ]. A recen t com pila tion  for the  oceans an d  for 7 tidal constituents,  based on 
ex tens ive  num erica l  ca lcu la t ions supp lem en ted  by tidal obse rva t ions  o f  coastal and  
island s ta t ions,  w as  pub lished  by  SCHWIDERSKI (1978-1981)[13][14],

A s  far as k n o w n ,  all o b se rved  o r  analysed a m p h id ro m e s  in marginal seas w ith  
“co-oscillating t ides” in the  n o r th e rn  hem isphere  have  an t i-c lockw ise  ro tat ion  o f  the 
co-tidal lines. I t m ay  be  ex p e c ted  th a t  in m arginal seas in the so u th e rn  hem isphere  
this ro ta t ion  will a lw ays  be in a clockw ise  d irection  b u t  no  exam ples  are k n o w n  to 
the  au th o r .  In the op en  oce an s  n o r th  o f  the eq u a to r  4 o u t  o f  6 am p h id ro m es  rotate  
an t i-c lockw ise  (2 o the rs  are very  close to the equa to r )  and  sou th  o f  the eq u a to r  4 
o u t  o f  7 a m p h id ro m e s  ro ta te  c lockwise .

A special type o f  a m p h id r o m e  occurs  in relatively small enclosed (or alm ost 
enc losed) seas, like the  Black Sea o r  the Caspian  Sea. S uch  am p h id ro m e s  can  be 
readily exp la ined  f rom  the  d irec t ac tion  o f  the  tidal forces : the  eigenperiod o f  these 
seas is m u c h  sm aller  th a n  the  tidal period  a n d  the w a te r  levels app rox im ate  the 
“equ i l ib r ium  t ide” ; see DOODSON an d  W ARBURG ( 1 941 ) [3], D e f a n t  ( 1 9 6 1 )  [1],

M o r e  generally , th e  tidal force locally p lays a su b o rd in a te  role in m ost cases, 
especially so in m arg inal seas (“co-oscillating t ides”). T he  occu rrence  and  the 
proper t ie s  o f  a m p h id ro m es ,  the re fo re ,  a re  usually explained b y  considering one o f  
var ious  m ode ls  : tw o  crossing  s tanding  w aves  w ith  equa l  period  differing in phase 
(for instance  90°), see, e.g.,  THORADE (1931) [15], KRAUSS (1973) [7], DIETRICH et al. 
(1975) [2]; o r  o n e  s tand ing  w a v e  affected  b y  the  gyra tion  o f  the earth ,  see, e.g., 
DOODSON an d  W'ARBURG (1941) [3]; o r  tw o  su p e rp o se d  Kelvin w aves  o f  equal 
per iod  travelling  in opposite  directions, see, e.g., T h o r a d e  (1931) [15], D e f a n t  
(1961) [1], K r a u s s  (1973) [7], D i e t r i c h  et al. (1975) [2]. In  na tu re ,  how ever,  pure 
s tand ing  w aves ,  pu re  Kelvin w aves ,  or  o th e r  theore tica l w av e  m odes  do  not exist.



It is the  purpose  o f  this no te  to d e m o n s tra te  tha t  the  typical p roperties  o f  the 
var ious  k inds  o f  a m p h id ro m ic  sys tem s can  be described  in a m ore  general an d  
unified w ay ,  by  considering  the  following simple general  a p p ro x im a te  express ion  
for  the w a te r  surface  e leva tion  o f  a tidal c o n s i tu e n t  in an d  nea r  any  point in the  sea 
o f f  th e  coast ,  in te rm s  o f  suitably  defined hor izon ta l  po lar  co o rd in a te s  a ro u n d  th a t  
po in t  :

£(r,0,t) = Ao cos (cut -  ¢^) + A r cos  (wt -  6) + Br cos (ojt + 6) (1 )
In fact,  th e  r ight hand  side o f  (1) rep resen ts  the first few te rm s  o f  a Taylor-like 
series in p o w e rs  o f  the rad ius  r express ing  a n y  non-s ingu la r  so lution o f  the 
linearized equa tion  for  frictionless long w av e s  in w a te r  o f  co ns tan t  dep th  (up to and  
including th e  first p o w e r  o f  r). This  is exp la ined  in the append ix .  I f  Ao is taken  as 
zero, the origin (r = 0) is an  am p h id ro m e  by  definition.

T he  express ion  (1) has been  simplified as m u c h  as possible, by  choosing  the  
o r ien ta t ion  o f  the line 9= 0 su c h  tha t  the  te rm s  w ith  A and  B are  in phase  there ,  and  
by choos ing  the zero p o in t  o f  the time scale such  tha t  b o th  these te rm s  have  their  
m a x im a  at t  = 0. F o r  an o th e r  choice o f  the  line 0 = 0 ,  e.g. a long  the  W - E  direction , 
an d  for a n o th e r  t ime scale, tw o  phase  angles shou ld  be  inc luded  in the a rg u m e n ts  
o f  the  cos ines  in these tw o  term s.

T h e  te rm s  w ith  A an d  B rep resen t tw o  sloping plane  su r faces  bo th  rotat ing  
a ro u n d  a vertical axis th ro u g h  th e  origin, the  first one  (with A) an ti-clockwise,  o r  
positive (by the usual definition), the  second  o n e  (with  B) c lockw ise ,  o r  negative. It 
will be clear  tha t  (1) rep resen ts  the  plane th a t  is tangential in the origin to  the  actual 
sea surface .

N o te  tha t  expression  (1), after in troduc t ion  o f  local o r th o g o n a l  coord ina tes  x, 
y, w ith  x a long  the  line 9= 0  an d  y along th e  line 0= 90°, can  be w ritten  in the 
fo rm  :

£ ( x ,y , t ) = A 0 cos ( w t - 0 O) + (A + B)x cos cut + ( A - B ) y  sin wt ( la )
This express ion  is fully equ iva len t  w ith  (1). T h e  last tw o  te rm s  in ( la )  are also a 
local ap p ro x im a t io n  o f  tw o  crossing s tand ing  w a v e s  differing 90° in phase.

In the  following w e  cons ider  the case A 0 = 0 ,  unless sta ted  o therw ise .

CO -TID A L LIN ES

High water (or low water) will be given by 9t= 0, or in a point close to the 
amphidrome, from (1) with Ao = 0 , by :

A sin (wt -  9) + B sin (&jt + 9) = 0, 
or from (la) with A0 = 0  by :

(A + B)x sin c u t - (A -B )y  cos wt = 0.
From this, defining

y def (A -  B)/(A + B), -  1 < y <  1 (2)
we find (unless coswt or cost) is zero) :

tan = T  ' tan cut,

or
0h(t)=arc tan (y_l tan wt) (3)



w h e re  the subscrip t h s tands  for  high water.

The  rad ius r has van ished  : the  co-tidal lines, in this app ro x im a tio n ,  are 
straight lines. If  B < A ,  y > 0 ,  the  tidal w ave  ro ta tes  an ti-c lockwise  and  the 
a m p h id r o m e  is usually called positive. I f  B > A ,  / < 0 ,  the  w ave  ro tates  clockwise 
and  the a m p h id r o m e  is usually called negative. I f  B and  A h appen  to  be equal, y = 0 ,  
expressions (1) and  ( la )  w ith  An = 0 degenera te  into a s tanding  w av e  w ith a nodal 
line along 6= 90° and  270°, o r  the y-axis.

T h e  an g u la r  speed w ith  w h ich  the  w ave  ro tates  varies  w h e n  bo th  A and  B are 
non-zero . F ro m  (3) by d iffe rentia tion  :

- = t/j (y~ 1 cos20h + y s in2#h) (4)
dt

i his exp ress ion ,  w h ich  is p ro p o rt io n a l  to  the  angu la r  spacing  b e tw een  tw o  
ne ighbouring  co-tida! lines w ith  a fixed (small) t im e interval,  var ies  periodically w ith  
f requency  2<u, b e tw e en  m a x im a ,  y ~ \ j , for sin ¢[, = 0 and  m in im a, ytu, for cos  9 ,= 0 .  
This m e a n s  that the  co-tidal lines a re  m o s t  c ro w d e d  n ea r  6= 90° and  270°.

CO -RANG E LINES

T h e  tidal am plitude  (or ha l f  the  range), as function  o f  r a n d  6 near  an 
am p h id ro m e ,  is given b y  the  m a x im u m  value o f  the sum  o f  the  last tw o  te rm s  o f
(1) or o f  ( la) .  W e  find :

y,,2 = r : |~(A + B)2 cos ' Q + (A -  B)2 sin2$j

= (A + B Px2 +  (A -  B)2y2 (5)

I f  Ç,, is kep t c o n s ta n t  this is the  eq u a t io n  for an  ellipse w ith  its m ajor  principal 
axis a long  0= 90°, o r  the  y-axis,  m a g n itu d e  2^m| A - B | _ l , a n d  its m ino r  principal 
axis along 8= 0, o r  the  x-axis, m ag n i tu d e  (A + B)_ l . T h e  axis ratio, w ith  sign, o f  
these co -ran g e  ellipses is th u s  g iven by (A -  B)/(A + B ) =  y, as defined above.

A co m p a r iso n  o f  (5) w ith  (4), an d  (2), sh o w s  tha t  the an gu la r  speed o f  the 
w av e  is inversely p ro p o r t io n a l  to  the  sq u a re  o f  the  rad ius  o f  a co -ran g e  ellipse .

TIDAL VELOCITIES

It is on ly  in co n n e c t io n  w ith  the  velocities tha t  the  coriolis p a ra m e te r  f  co m es  
into play. This  p a ra m e te r  m a y  be positive (n o r th e rn  hem isphere),  negative (sou thern  
hem isphere),  o r  zero (equator).

As will be expla ined  in the  ap p end ix ,  the velocity field associated w ith  the 
sim ple elevation  field acco rd in g  to  (1) o r  ( la )  is ind e p en d e n t  o f  r and  9, o r  o f  x and  
y, to this  o rd e r  o f  a p p ro x im a t io n .  It is then  m o s t  co nven ien t  to  use the  o r th o g o n a l



coord ina tes  x and y, and  the com ponen ts  o f  the velocity field are given by (see 
appendix)  ;

u =  - g [ A ( w + f ) - '  + B ( w - f ) - ' ]  sin oA) proV]ded ^  (6)
v = g [A(w+ f) -  B ( w -  f) ] cos oA )

T h e  velocity co m p o n en ts  u an d  v are unders tood  to be dep th-averaged  
velocity components-, all “baroclinic" effects are neglected th roughou t.

I t  should be stressed here tha t  the  relationship (6) be tw een  velocities and  
e levations is only valid for “co-oscillating tides , i.e., w ith  negligible local tidal 
forcing.

It may also be noted  tha t  (6) holds in the ne ighbourhood  o f  any  point in a sea 
w ith  “co-oscillating tide” as long as the app rox im ations  (1) and  ( la )  apply, i.e., with 
any  vertical tidal am plitude Ao, since the te rm  with Ao in (1) or  ( la )  is o f  zero order  
in r and  therefore is not associated w ith  a current.

T he  te rm s with  A in (6) represent a velocity vector w ith  cons tan t  m agnitude 
rotating anti-clockwise (positive) and the te rm s with  B represen t a velocity vec tor  
w ith  cons tan t  m agnitude rotating clockw ise  (negative). I f  b o th  A  and B are 
non-zero  (positive) the end -po in t  o f  the total velocity vec tor  describes an ellipse with 
principal axes  along x and  y.

I f  e ither B or A is zero, eq. (6) sh o w s  tha t  the end-po in t  o f  the velocity vec tor  
describes a circle. This vec tor  then ro tates uniform ly with the sam e speed as the 
w ate r  surface does, such that the velocity is directed along the zero line o f  the w ate r  
surface (given by y / x  = -  co tan  wt, or  = + co tan  oA, respectively -  see ( la )  w ith  
Ao =0). In a real sea, though ,  locations w h ere  B or A in (1) vanishes will not 
coincide in general w ith  locations w h e re  A 0 vanishes. Points  in the sea with 
uniform ly rotating velocity vectors o f  cons tan t  magnitude (B o r  A in (1) being zero) 
were  denoted  by S a g e r  (1963) [11] as “c u r ren t  a m p h id ro m e s” (“S trom am ph id ro -  
m ien”). It will be obvious th a t  in general th e re  is no d irect relation be tw een  these 
“c u r re n t  am p h id ro m es” and  the (vertical) a m p h id ro m es  as cons idered  in this note.

R eturn ing  to (6) in the general case w ith  bo th  A and  B positive, if we define :

Um dêf  g [A(w+ f ) “ 1 + B (<v- f )“ 1 ) 
and v m def  e [A (^+  f )~ 1 -  B ( g j - f )~ 11

(um and  vm may have either sign), w e can abbrev ia te  (6) to  :
u = -  UmSin wt, v = vmc o s tu t  (6a)

Fig. 1. -  E x am p le  o f  co- tidal  lines a n d  co - ra n g e  ellipse (left u p p e r  c o rn er)  and  velocity  
vec to rs  n e a r  an  a m p h id ro m e.

T h e  “co -ran g e  ra tio"  y  (eq. (2)) w a s  tak en  + 0.8 in all cases,  o r  B /A  = 0 .111 .
T h e  f requency  ratio a = f/cu w a s  va r ied ;  th e  “ve locity  ra t io” 5(eq. (9)) fo l low s from  eq. (10).
T he  f igures 0, 45, 90, etc., give the  p h a se  cut for  high w a te r  a n d  for the  velocity ,  

respectively.
E q .  (7) for B /A  = 0.111 g ives u „  = g A oT  1 [(1 + a ) '  1 + 0.111 (1 -  a)~ '] 

a n d  v m = gAw~  1 [(1 + a)~ 1 -  0.111 (1 -  a)- ']. T h e  leng ths  o f  the  a r r o w s  a long  th e  axes in the  
figure a re  p ro p o r t io n a l  to the  express ions  inside th e  sq u a re  b rackets .

R e m e m b e r  tha t  the  local x a n d  y axes w e re  chosen  such  th a t  h igh  w a te r  at t im e  zero  
o c cu rs  a long  th e  positive  x-axis .

N o te  t h a t  v a lues  1.1 a n d  h igher  for a a re  possible  for d iu rn a l  t ides b u t  no t  so for 
se m i-d iu rn a l  tides.
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As to the sense o f  ro ta t ion  o f  the  velocity  vec tor ,  if we now  define 4* as the 
angle be tw e en  this vec to r  an d  the positive y -  direction (m easu red  in an t i-c lock
wise direction) w e  have  f rom  (6a) :

tan  = -  u / v  = + ( u m/ v m) tan oA (8 )
w h ic h  is a fo rm ula  an a logous  to fo rm u la  (3) for  the co-tidal lines, show ing  tha t  w e 
have  anti-clockwise (positive) ro ta tion  if um and  v m have  the same sign and  
c lockw ise  (negative) ro ta t ion  if  um a n d  vm have  different signs.

F igure 1 il lustrates the  large varia tion  in cu r ren t  b eh a v io u r  near  a positive 
a m p h id ro m e  if the value o f  the f requency  ratio f I u =  a is varied, even if the 
“co -ran g e  ra tio” y is kept constant.

It appears  tha t  in the  nor the rn  hem isphere  (f positive) am p h id ro m e s  ( B < A )  
can  be associated w ith  bo th  positive and  negative senses o f  ro ta t ion  o f  the velocity 
vec tor ,  bu t  negative am p h id ro m e s  ( B > A )  can  be associated only  with  negative 
senses o f  rotation o f  the velocity vector.

If  A(ai+ f)“ 1 = B ( |c u - f | ) “ the velocity vec tor  does  no t  rotate. Th is  is 
the  special case occurr ing  theoretically near  th e  nodal points  in tw o  su pe rposed  Kelvin 
w av e s  travelling in opposite  d irections in a straight channel.  T h e  am p h id ro m e s  in this 
case can  be  positive (B < A) only  if f is positive an d  negative (B > A) only  if f is negative, 
d ro m e s  in this case can  be positive (B < A) on ly  if f is positive and  negative (B > A) 
only if f  is negative.

I f  w e  define the axis ratio for the  velocity  ellipse [see (6) an d  (7)] by :
5 dgf vm/ u m (9)

w ith  sign, not necessarily I5 |< 1 ,  a theore tica l relation b e tw e en  this ratio, the 
“co -range  ratio” y defined by  (2) and  the frequency  ratio a - ï / o j  can be readily 
f o u n d  f ro m  (7) ■.

S= ( y - a )  (1-ay) (10)
o r  alternatively ■.

y  = (a + S) ( 1 + aS)~ 1 ( 10a)

E qua t ions  (10) and  (10a) have the  p ro p e r ty  that,  in o rd e r  to have  |y| < 1, for 
| a | < l ,  |5| should  be <1 a n d  for  | a | > I ,  |5| should  be > 1 .  This  m eans  tha t  for 
| a | <  1 the  m ajor axis o f  the co-range ellipses [y, accord ing  to (5)] coincides w ith  the  
m in o r  axis o f  the velocity ellipse [according to  (9)]; for |a| > 1 the  m ajor  axis o f  bo th  
ellipses coincide. This  is illustrated by figure 1.

conclusion  so far

A ccord ing  to  the  s im ple theory  as given above ,  all re levan t  p a ra m e te rs  o f  an 
a m p h id ro m ic  system  in a co-oscillating tide, w ith given tidal f requency  cu and  
cariolis pa ra m e te r  f, can  be  derived -.
-  e i ther  f ro m  the  surface  slopes A a n d  B, given by the  shape o f  the co - range  

ellipses toge ther  w ith  the  sense o f  ro ta t io n ;
-  o r  f rom  the  velocity am plitudes u m a n d  v m, given by the shape  o f  the  local 

c u r r e n t  ellipse toge ther  w ith  its sense o f  rotation.

S uch  am p h id ro m es  have  only tw o  “degrees o f  f reedom " ,  a p a r t  f rom  their  
orientation .
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Examples of amphidromes

In an a t tem pt to test the  theory  in really occurring  situations I have analysed 
a few  am ph id rom ic  system s for w hich b o th  elevation and  cu r ren t  data could be 
found  in published charts .  T he  cu rren t  velocities w ere supposed  to app rox im ate  the 
dep th -averaged  velocities.

T h ree  tests w ere  m ade for  each a m p h id ro m e  :
1) the velocity ratio <5=vm/ u m w as  read, or  co m p u ted ,  f rom  cu r ren t  charts  and  the 

validity o f  equation (10a) was tested by com par ing  the ratio y from  a and  5 
accord ing  to ( 1 0 a) and  the axis ratio y as derived from  the co -range  ellipses;

2 ) the  relative orientation  o f  the m ajor axes o f  velocity and  co -range ellipses w as  
checked  -  this shou ld  be 90° if oj > |f | a n d  0° if cu < |f | ;

3 ) the relation between  surface  slopes and  velocities w as tested by com paring  the 
“mean  velocity am plitude",  1 / 2 - |um + v m|, as found f rom  the  cu rren t  data, and  
the  quantity  g A / ( w + f )  derived  f rom  the mean  slope am plitude  A [see (7) and  
(6 a)].

T he  results have been com piled in the table below. All exam ples refer to 
positive am p h id ro m es  (thus A > B , 7  positive) in the  no r thern  hem isphere  (f positive) 
o f  the M ; cons ti tuen t (angular  frequency u> = 1.4052 x  10~4s ~ 1 ). O rien ta tions are 
given in degrees clockwise f rom  north. Estim ated  s tandard  e r ro rs  a re  given in 
parentheses.

Explanations and comments on the table :

North Sea

S ources  . U.K. Ministry o f  Agriculture , Fisheries and  F o o d  Cl981 ) [16], S a g e r  
an d  SAMMLER ( 1968) [ 12]. Origin o f  d a t a :  partly d irect observations,  partly 
num erical calculations, perhaps  partly som e intuition o f  the ch a r t  m aker .  M ost o f  
the  data refers to m ean  spring tide, w hich  m e an s  tha t  at least the  Si consti tuen t is 
included, for  w hich  the frequency  ratio a is ab o u t  3 percen t lo w er  than that for Mj. 
This  small complication is ignored  here.

The  results o f  the tests a re  satisfactory to good, except for the relative 
orientation  o f  the ellipses for the  S ou thern  Bight am p h id ro m e.  T he  value 010° for 
the velocity ellipse should  be  nearly correct.  N o w ,  the co-tidal lines in the charts  
appear  to  be m ost c ro w d ed  along the directions east and w est ,  indicating that the 
m ajor  axis o f  the co -range ellipses has a b o u t  this o rientation .  This  w ould  be in 
accordance w ith  the or ientation  0 1 0 ° for the  velocity ellipse.

F or  the second am p h id ro m e ,  the co -range  lines in the  char ts  hardly  allow a 
reasonable estimation o f  A , B or  7 , due to the  low  tidal surface  slopes in the area. 
A pparen t ly  the test for this case is less conclusive bu t  the re  are, a t  least, no 
inconsistencies.



A rctic

S o u r c e s :  Ko w a l ik  an d  U n t e r s t e in e r  (19 7 8 ) [5], Ko w a l ik  (1979)(6]. Origin 
o f  data  : n um erica l  ca lcu la t ion  for  the  w hole  A rctic ,  w ith  m e sh  size 75 km.

T h e  f requency  ratio in this  case  is close to unity , w h ic h  m eans  tha t  the 
“co - ra n g e  ra t io” y, close to  un ity  too ,  is very  insensitive to large varia tions in the 
velocity  ratio  S [as can  be d irectly  seen  from  (10a)]. T h e re  is so m e  d isagreem ent for 
the velocity  am plitudes  b u t  the  read ing  from  the  c h a r t  w as  v e ry  inaccurate.

T h e  d irec t tidal forc ing  w as  neglected in the  ca lculations in [5] [6 ], bu t  the  table 
sh o w s  tha t  the  t ide -genera ting  force n ea r  the  a m p h id r o m e  is a b o u t  30 percen t o f  
the su r face  slope force. T h is  m e an s  th a t  in reality the  Arctic  M j-tide  c a n n o t  be 
co n s idered  as  m ere ly  co-oscilla ting.

Pacific

S o u rc e s  : M u n k , SNODGRASS a n d  WiMBUSH ( 1970)[10] a n d  various  later 
rev iew s  on  ocean  tides. O rig in  o f  da ta  : analytical ca lculat ion  for a simplified 
to p o g ra p h y ,  w ith  tidal forcing.

T h e  results  o f  tw o  o f  the tests a re  g o o d  b u t  the  ag re e m e n t  b e tw een  b o th  
y-values is on ly  m odera te .  M a y b e  this is due to  the  relative m a g n itu d e  o f  th e  direct 
tidal force, a b o u t  25 p e rc e n t  o f  the  su rface  slope force.

T h e  genera l  co n c lu s ions  o f  the  analysis  o f  the  exam ples  p resen ted  in the  table 
are  1 ) th a t  the  linear ap p ro x im a t io n  ( 1 ), ( la )  o f  the  w a te r  elevation  a ro u n d  an  
a m p h id r o m e  is a fair  o n e  o v e r  an  a re a  inc lud ing , at least, the  neares t  d r a w n  
co - ran g e  c o n to u r ,  o r  c o n to u rs ,  a r o u n d  the a m p h id r o m e ;  a n d  2 ) that the theo ry  
based o n  this  a p p ro x im a t io n  is well c o n f irm e d ,  a t  least for co-oscillating tides.

FINAL REM ARKS

T h e  exp lana tion  o f  the  p ro n o u n c e d  p refe rence  for an t i-c lockw ise  ro ta t ion  o f  
the  co-tidal lines in a m p h id r o m e s  in m arg ina l  seas for  the  n o r th e rn  hem isphe re  is 
obv iously  the  fact th a t  th e  tidal ene rgy  en te rs  these  seas m ain ly  as a w av e  m o re  or 
less resem bling  a  Kelvin w av e ,  the  en ter ing  w av e  being m odif ied  and  distorted  
w ith in  the  m arg ina l  sea  by d iffraction ,  reflection a n d  dissipation. But also in the 
op en  o ce an s ,  w h e re  th e re  is tidal forc ing (w hich ,  for  sem i-d iu rna l  tides, by  itself 
w o u ld  lead to c lockw ise  ro ta t ing  a m p h id ro m e s  in the  n o r th e rn  hem isphere),  the re  
is a p re fe ren c e  for an t i-c lockw ise  a m p h id ro m e s  in the n o r th e rn  hem isphere ,  
p ro b ab ly  caused  by the  fact th a t  also here th e  p ro p ag a t io n  o f  tidal energy  mainly 
o cc u rs  in a  K elv in-w ave-like  fashion.



A P P E N D IX

T h e  simplified e q u a t io n s  for co-oscilla ting  tidal m o tio n ,  o r  fo r  free long w a v e  
m o t io n  in general,  in o r th o g o n a l  co o rd in a te s  x an d  y (if x is east, y is n o r th )  a re  the  
e q u a t io n s  o f  m o tion  in x- a n d  y-d irect ion  a n d  the  m ass  ba lan c e  equ a t io n .  T h e y  can  
be w r i t te n  as follows (see list o f  sy m b o ls  at th e  beg inn ing  o f  this note).

9 u  9f
--------fv +  g — =  0
at 0 x

9v 9 f
—  +  fu + g _  =  0  (A l)  

_ ^ - ( H u )  +  i - ( H v )  +  | i - 0  
ox oy 9t

A ssu m p t io n s  a n d  s im plif ica tions m a d e  a re  : c o n s ta n t  w a te r  dens ity ,  c u r v a tu re  
o f  e a r th  neglected , c o n s ta n t  coriolis  p a r a m e te r  f  a n d  grav ity  co n s ta n t  g, all 
q u a d ra t ic  te rm s  neglec ted  ( im plying, in te r  alia, |£| < < H \  fric tion  neglected , d e p th  H 
v a ry in g  s lowly w ith  posit ion .

If  w e  el im inate the  velocity  c o m p o n e n ts  u an d  v f ro m  ( A l )  w e  can  o b ta in  a 
l inear  d ifferential eq u a t io n  fo r  the  e leva t ion  f  a lone,  w h ic h  reads,  w ith  H ta k e n  
c o n s ta n t  :

a 2 f  3 2 f  l  /  a 23 f 1 / 9 2 \

“ S T 1' 1 7  +  s ' - 0  (A 2)

o r  af te r  in troduc t ion  o f  p o la r  c o o rd in a te s  r, 6 -.

a 2r  i  d f  i a 2 r  1 / a 2 „ \

9r2 +  r 0r +  r2 902 ~  g ïi V it2 +  f  )  f  ~  °  *A2a^

T his  d ifferential e q u a t io n  has  so lu t ions ,  b o u n d e d  for r =  0, o f  th e  fo rm ,  see, 
e.g., L a m b  (1945) [8 ] :

£=  am J m(Kr).cos (m 6 -  cot -  <Pm) if  > f2,
K(pos) d ê f  (w2 -  f2H (gH)

C= amIm(K’r).cos (.mO- c u t - & m) if ]tu2 < f;
K’(pos) çtef (f2 -  culh (gH ) “ 2 

where m is a positive or negative integer or zero, co is an angular frequency, to be 
chosen freely provided it differs from f, the coefficients am and the phase angles <2>m 
are constants, Jm is the Bessel function o f  the first kind and order m, Im is the 
modified Bessel function o f  the first kind and order m.

W e avoid the use o f  com plex notations, so that all quantities are real.

T h e  function  J m(f) c a n  b e  e x p a n d e d  in a  p o w e r  series in f  (see e.g. 
M cL a c h l a n , 1934 [9]; fo r  posit ive  m  :

I .  (0  =  (rn. 2” ) - ‘ / r  ( .  -  32(m l K m +~2) " .......... )  (M )

I

(A3)



a n d  for negative  m :
j j ç ) = ( -  î r  j , rai(g)

T h e  m odif ied  Bessel func tions  Im(£) similarly, for posit ive m :

Im (S) =  (m'.  2 m )

a n d  for nega tive  m

1 + ■ +
4 (m  +  1 )  32 (m  +  1 ) (m  +  2)

- +

Substi tu t ing  m = 0, 1 and  - respectively , in (A4 ..

-

(A 5 )

(A5a)

1

A 5a) we get

32
I

l̂ ,= l + ï ? + Î 2 r  +

j , ( f ) =  -  j _ , ( f ) = 2  g- eJ -

i , ( f ) = i

T h e  fact th a t  the  lead ing  te rm s in the  d e v e lo p m e n t  o f  J m(£) and  Im(f) a re  those  
w ith  S" suggest  tha t  any  so lu t ion  o f  th e  w av e  e q u a t io n  (A 2 a), non -s ingu la r  near  a 
g iven  po in t ,  ca n  be  e x p a n d e d ,  a f te r  in tro d u c t io n  o f  local po la r  coord ina tes ,  in a 
series w i th  te rm s  as g iven by (A3), for  or > f :2 : 

f  = CoJo(Kr). cos  (cut -<ft))- 
+ Ji(Kr) JCi cos ( c u t - 9 -  <P\) + C i cos  (uA + 0 -  ¢ -  i ) |+  Ç (A 6 )
+ Jî(Kr) JC2 cos (oA -  29 -  &})+ C - 2  cos  {cA + 2 0 -  ¢)-2)\

or  a similar series if oi < f : , w h e re  the  C 's  are non -n eg a t iv e  constan ts .

A p r o o f  o f  the  ex is tence  o f  a series e x p a n s io n  similar to  (A 6 ) for any 
non -s ingu la r  so lu t ion  o f  the  /A reedim ensional w a v e  equa t ion  w ith  prescribed 
f re q u en c y  ou w as  given in 1903 by WHITTAKER, see e.g. W a ts o n  (1952) [17] o r  
W h it t a k e r  a n d  W a ts o n  (1935) [18]). (In this  th reed im ens iona l  case, spherical 
h a rm o n ic s  a p p e a r  in the  series, instead  o f  tr ig o n o m e tr ica l  functions). T h a t  p ro o f  
starts  f ro m  the  genera l  so lu t ion  o f  the  w av e  eq u a t io n  expressed  as a superposition  
o f  an  infinite n u m b e r  o f  p lane  w aves  p ro p ag a t in g  in all d irections, and  it can  readily 
be e x te n d e d  to  any  n u m b e r  o f  d im ensions .

A rather sim pler p ro o f for the general non-singular solution o f  the w ave  
equation in tw o  d im ensions w ith  prescribed frequency is possible if w e start from  
an old theorem  o f  C. N e u m a n n  (1867), see again [17], [18], stating that an arbitrary 
(com plex) function  f(z), analytic in a dom ain o f  the com p lex  z-plane including the 
origin, can  be expanded  in a series o f  the form  :

f (z )=  aoJo(z) +  aiJi(z)+  et>.Mz)+ ... 
w h e re  ob, ai, 0.2 ... are in d e p e n d e n t  o f  z.

T h e  series (A 6 ) ca n  be  w r i t te n  as a p o w e r  series in Kr (or K ’r), w ith  
coeffic ients th a t  are  d e p e n d e n t  on  9. T ak in g  only  the  te rm s  o f  zero a n d  first p o w e r  
in Kr (or  K'r), w e  a re  left w ith  a n  exp ress ion  like (1). T h e  coefficients  A a n d  B in 
(1 ) then  are

^KC, a n d  ^ K C - , .



A s expla ined  in the  m a in  text, th e  p h ase  angles Çf>i and  0_  i h av e  been 
e l im ina ted  in ( 1 ) by an  a d e q u a te  choice  o f  th e  line 6= 0  a n d  o f  the  ze ro  po in t  o f  the  
t im e scale.

N o te  th a t  the  simple express ions  (1) a n d  ( la )  do  not exac t ly  satisfy the  
d iffe rentia l eq u a t io n s  (A2) o r  (A2a). E x p re ss io n  ( la )  m igh t  be  co n s id e red  as a local 
a p p ro x im a t io n  o f  a n y  n o n -s in g u la r  so lu t ion ,  vary ing  s inusoidally  w ith  t, o f  m a n y  
o th e r  linear second  o rd e r  partial  differentia l equa tions .

T h e  x a n d  y c o m p o n e n ts  o f  the  c u r r e n t  velocity u a n d  v can  be  fo u n d  f ro m  
th e  first tw o  eq u a t io n s  o f  ( A l )  by  e l im inating  v o r  u f rom  them . T h is  gives :

S ince it m a y  be p re su m e d  th a t  u and  v, like £, v a ry  s inuso idally  w i th  aA w e  can  
rep lace  by -  cJ. T h e n  using ( la )  w e  o b ta in  e q u a t io n  (6 ).O t

It m a y  be interesting  to  c o m m e n t  o n  th e  typical d if fe rence ,  ac co rd in g  to (6 ), 
b e tw e e n  the  velocities associa ted  w ith  the  A - te rm  a n d  w ith  th e  B - te rm  in (1). F or  
B = 0 a n d  f  positive the  c u r re n t  is a lw a y s  d irec ted  such th a t  the w a te r  su r face  is 
h ig h e r  to  the  r igh t  (“q u a s i -g e o s tro p h ic” m o t io n ) ;  then  the  acce le ra tion  o f  th e  w a te r  
particles (d irected to the  left) is g iven by th e  difference  b e tw e e n  th e  su r fa ce  s lope 
force  ( -  g V £) and  the coriolis  force. For A = 0 h o w e v e r ,  w ith  w > f > 0, th e  c u r re n t  
is a lw a y s  d irec ted  su c h  th a t  the  w a te r  su r fa c e  is h ighe r  to  the  left ;  then  the  
acce le ra tion  (d irected to the  r igh t  in this case) is g iven  by the  sum  o f  th e  surface  
slope fo rce  a n d  the  coriolis force. Since, w i th  at g iven ,  the  acce le ra tion  is 
p ro p o r t io n a l  to the  velocity, a g iven  su r face  s lope am p li tu d e  (A o r  B) in th e  second  
case is associa ted  w ith  a la rger  velocity  th a n  it is in the  first case. T h is  m a y  have  
to  do  w i th  the  ob se rv e d  p re fe ren c e  fo r  posit ive  a m p h id r o m e s  in th e  n o r th e rn  
h em isphe re .

F o r  co m p le ten e ss  a small r e m a rk  s h o u ld  be m a d e  o n  th e  case  in w h ic h  the  
tidal f re q u e n c e  u> and  the  local inertial f re q u e n c y  f  (or  -  f) co incide .  E q u a t io n  (6 ) 
ind icates  th a t  in this case a m p h id r o m e s  are  possib le  b u t  on ly  those  w ith  B = 0 in the  
n o r th e r n  h em isp h e re  a n d  on ly  those  w i th  A = 0 in the  s o u th e rn  hem isp h e re .

U p  to  h e re  the  local tide-generating fo rc e  w a s  no t  ta k e n  in to  a c co u n t .  I f  this 
is d o n e ,  £ in the  first tw o  eq u a t io n s  o f  ( A l )  (bu t  not in th e  th ird  eq u a t io n  o f  ( A l ) )  
sh o u ld  be  rep laced  by w here~£(x ,y , t)  is th e  (k n o w n )  e q u i l ib r iu m  tide. E q u a t io n  
(A2) a n d  the  so lu tions (A3) a n d  (A 6 ) no  lo n g e r  apply .  S ince th e  g rad ie n t  o f  £ varies  
on ly  s low ly  w ith  x a n d  y, £ m a y  be well a p p ro x im a te d  by  a  linear function  
oscilla ting in tim e, like £, b u t  w ith  tw o  p h a s e  angles  inc luded  a n d  w i th  co - range  
ellipses h av in g  the ir  p r inc ipa l  axes  along th e  d irec tions  W - E  a n d  S -N . T h u s  linear 
a p p ro x im a t io n s  for  £, £ as  well as  for  £ -  £ w o u ld  be  a p p ro p r ia te  a n d  the  sim ple 
re la tions b e tw e e n  co-tidal lines a n d  co - ra n g e  lines near  a m p h id r o m e s  r e m a in  valid. 
But clearly  the  m a g n itu d e  a n d  o r ien ta t io n  o f  th e  principal  axes  o f  th e  co - ran g e  
ellipses o f  £ - " J  w o u ld  differ f ro m  those  o f  £. S ince the  velocities a re  d irectly  rela ted  
to  £ -  £ (by (A7) w ith  £ rep laced  by  £ - ¾  e q u a t io n  (6 ) is no  m o re  valid , n o r  are  the  
re la tions ( 1 0 ), ( 1 0 a ) :  the  re la t ionsh ip  b e tw e e n  velocities a n d  su r face  s lopes b e c o m e s

(A7)



m u c h  m o re  com plica ted .  T he  rela tions (6 ), (10), (10a) can  be ex p e c ted  to hold on ly  
p ro v id e d  the  g rad ien ts  o f  the  equ i l ib r ium  tide a re  small as c o m p a r e d  to the  su r face  
g rad ien ts ,  i.e., for  co-osc illa ting  tides.

T h e  m a x im u m  slope o f  the  m o o n ’s sem i-d iu rna l  equ i l ib r ium  tide in the  table 
w as  c o m p u te d  f r o m ;  g rad ien t  o f  £ (in W - E  direction) = 55 cm  
( 6  370 k m ) ' 1 cos  ¢  = 0.086 x  1 O' 6 cos  ¢ ,  w h e re  0  is the  latitude.

T h e  qu es t io n  rem a in s  how  g o o d  a re  th e  a p p ro x im a t io n s  (1) and  (6 ) in an  
ac tua l  s i tua tion  w ith  co-osç illa ting  tides. T h e r e  a re  d if fe ren t causes  o f  dev ia tions  : 
1 ) the  neg lec t  in ( 1 ) o f  the  te rm s  w ith  second  a n d  h igher  p o w e r s  o f  r o cc u r r in g  in 
the  series  (A 6 ); 2) local va r ia t ions  in the d e p th  H ; 3) the  neglect o f  va r ious  te rm s  in 
the  s im plif ied  eq u a t io n s  (Al).

T h e  o r d e r  o f  m a g n i tu d e  o f  the  e r r o r  m a d e  by  neglecting in (1) the te rm s w ith  
t2 c a n  be  es t im ated .  F iu m  (Au), w i th  Co = 0, neg lcc ting  C - ,  a n d  C -  ;, w e a r r iv e  at 
a  relative  e r r o r  in £(r,0,t) o f  o r d e r  \ K r C 2C f w h i c h  is « Kr  if  C 2 an d  Ci a re  o f  the  
s a m e  o rder .  K is k ind  o f  w a v e  n u m b e r ,  def ined  in (A3). R o u g h ly ,  if  -  f2)i is o f  
o r d e r  10 4s _ 1, w ith  g ^ l O m s " 1, th e  rela tive e r ro r  b e c o m e s  o f  o rd e r  10 ' 5 r H ^ m j .  F o r  
H = 100 m  a n d  r = 100 k m  th is  is 0.1, w h ic h  is still r a th e r  small. T h e  e r ro rs  ca u se d  by 
d e p th  v a r ia t io n s  are  p ro b a b ly  m o re  im por tan t .
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