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ANALYSIS OF THE GEOMETRY OF TRANSIT  
OF A NAVIGATION SATELLITE

by M a rk  S Z Y M O N S K I '* '

IN T R O D U C T IO N

T h e  basic p a ra m e te rs  character is ing  the  cond i t ions  in w h ich  m e a su re m e n ts  to 
de te rm ine  sh ip ’s posit ion by m e an s  o f  Artificial Satellites a re  m ade ,  are  defined  and  
ana lysed  in this paper .  T hese  are the  size o f  the  service a rea ,  the  pe r iod  o f  satellites' 
transit th ro u g h  the  service a rea ,  the elevation  ang le  in the cu lm ina tion ,  and  the 
co v e rag e  o f  the  globe w ith  the  Satellite N av iga t ion  System .

T H E  G E O M E T R Y  O F  P A S S IN G  
O F  A N A V IG A T IO N  S A T E L L IT E

T h e  users  o f  Satellite N av iga tion  S ystem s shou ld  be a w a re  o f  the  g eo m etry  o f  
the  m o v e m e n t  o f  the  Artificial Satellites in the  ship 's  rad io c o m m u n ic a t io n  area 
(service area) an d  the resulting cond it ions  o f  m e asu r in g  an d  receiving the  data 
necessary  for  accu ra te  de te rm ina t ion  o f  the  sh ip 's  posit ion  in o rd e r  to  m ax im ize  the 
use o f  rad ionav iga t ion  receivers o f  Satellite System s.

T h e  g eo m etry  is d e p e n d e n t  directly u p o n  the  orb it  p a ra m e te rs  o f  the 
navigation  satellites and  also the  sh ip ’s posit ion  rela ted  to  the  o rb it  surface .  Both  the 
o rb it  p a ra m e te rs  o f  artificial satellites and th e  m e th o d  o f  m e a s u re m e n t  inf luence the 
exploita tion o f  the  rad ionav iga t ion  Satellite Sys tem s. T ak ing  the  a b o v e  into 
cons idera t ion ,  the  sys tem s  can  be d iv ided as  s h o w n  in T able  I.

Table I
C harac ter is t ics  o f  N av ig a t io n  Satellites 

Altitude R a n g es

A ltitude Range Altitude (km) Period

L o w ...................................................... 900 - 2,700
13.000 - 20,000
22.000 - 48,000

100 - 150 m in  
8 - 12 h 

24 h
M e d i u m ...............................................
S y n ch ro n o u s  .....................................

(*) Institute of Marine Navigation, Gdynia. Poland



T h e  A m er ic an  S y s tem  T R A N S I T /N N S S  belongs to the  sy s tem  w ith  satellites 
in low  alti tude orbits. T h is  sy s tem  is in genera l  used by m e rc h a n t  ships all o v e r  the  
w orld .  T h e  te ch n iq u e  used  by T R A N S I T /N N S S  m easu res  D o p p le r  shift (shift in 
f re q u en c y  d u e  to  satellite m o tio n  relative to  the  n av iga to r 's  receiver) o f  signals 
e m a n a t in g  f rom  the  satellite. T h e  Artificial E a r th  Satellites are  p laced in polar o rb its  
o f  a b o u t  1,100 km  alti tude  an d  o f  eccentr ic i ty  e = 0.002 -  0.02. T h e  orb ita l 
m o v e m e n t  per iod  o f  an  Artificial E a r th  Satellite a m o u n ts  to a b o u t  107 min.

T h e  Soviet S y s tem  C Y K A D A , s ta r ted  w ith  the  satellite KOSMOS-IOOO o n  31 
M a r c h  1978, sh o u ld  be  m e n t io n e d  here  also (Pravda , April  2, 1978 -  T A SS  
agency). It, too, utilizes the d o p p le r  te ch n iq u e  (“S pu tn ik  as N av ig a to r"  by 
A .Z e le z o n o v ,  L en in g ra d  P ra v d a ,  April 4, 1978).

T h e  sys tem  N A V S T A R /G P S  n o w  being deve loped  in the  U SA  uses s y n c h r o 
n ised c locks  in the  satellite a n d  ship e q u ip m e n t  to  find the  range  f rom  satellite to 
n av iga to r .  It be lo n g s  to  the  sys tem  w ith  satellites in m e d iu m  aitiiude orbits. T h e  
n av iga tion  satellites will be p laced in their  c i rcu lar  o rb its  a t  an  angle 63° to  the  
e q u a to r ,  at an  al ti tude o f  a b o u t  20,000 km

T h e  S ys tem s M A R I S A T  a n d  I N M A R S A T  are  sys tem s  w ith  geos ta t ionary  
satellites in high a l ti tude  sy n c h ro n o u s  orb its .  A l th o u g h  th e y  are  being used e x c lu 
sively for sea ra d io c o m m u n ic a t io n s ,  th e  possibility o f  the  use o f  geos ta t ionary  
satellites for nav iga tion  p u rp o se s  also c a n n o t  be exc luded .

T h e  value o f  Satellite N av ig a t io n  S ys tem s  lies in the  fact tha t  they p ro v id e  
g loba l  co v e rag e  w i th  g rea t  ac cu racy .  T h e  g eo m etry  o f  the  re la tionsh ip  b e tw e e n  a 
ship  and  a nav iga tion  satellite d e te rm in e s  the  cond it ions  o f  receiving rad io  signals 
e m a n a t in g  f rom  the  satellite and ,  th e re fo re ,  the  ac cu rac y  o f  posit ion  de te rm ina t ion .  
T h e  cond it ions  assu ring  the  r a d io c o m m u n ic a t io n  o f  a satellite w ith  a ship are  
ch a ra c te r ise d  inter alia  by  such  p a ra m e te r s  as the size o f  the service area, the tim e 
o f  satellite passing th r o u g h  the  service a rea ,  the e leva tion  angle  in the cu lm ina tion ,  
a n d  c o v e rag e  o f  the  g lobe  w ith  the Satellite N av iga tion  System .

T o  ana lyse  the  a b o v e  p a ra m e te r s  it is c o n v e n ie n t  to use a simpJified m ode l o f  
Artificial E a r th  Satellite m o v e m e n ts ,  a n d  assum e th a t  satellites m o v e  a ro u n d  
c i rcu la r  o rb its  in the  ce n tre  o f  w h ic h  th e  globe is situated.

F igure  1 p re se n ts  the  service a r e a  limited by a circle w ith  rad ius  1, and  
g eo c en tr ic  angle 2 1. T h e  p o in t  S refers to  the  posit ion  o f  a satellite on  the orb it  at 
th e  m o m e n t  o f  its rise. O u t  o f  tr iangle OP„S is found  the  fo rm u la  :

w h e r e  lmilx = the  ha l f  o f  the  g eocen tr ic  ang le  SOS, limiting the  service area, 
R e = the E a r th  rad ius ,
Ds = the orbit altitude.

T im e  t o f  satellite passing  in the service  a re a  is fo u n d  f ro m  the  eq u a t io n  :

( 1 )

t =



w h e re  : Ts =  per iod  o f  E a r th  passing by satellite.

Ts = 2 /  
7r V  •

(Re +  Ds) 3

(i= coeffic ient o f  the  E a r th  grav ita t ion  field.

T he  service area, h o w e v e r ,  u n d e r  the  actual condit ions  o f  rad io  recep tion ,  is 
a little limited. This  limitation is due to the  influence o f  t ro p o sp h e r ic  refraction, 
in te rrup ting  the  recep tion  o f  satellite signals o n  e leva tions sm alle r  th a n  a b o u t  5°. As 
a result o f  the  above  the  angle 1, as it is illustrated by Fig. 1, will be limited and  will 
be found  f ro m  the fo rm u la  :

ĵ arc cos R e

R* +  d s

cos h (3)

w h ere  h = e leva tion  angle limiting the n o n - in te r ru p ted  tro p o sp h e r ic  refraction 
receip t o f  rad io  signals.

T h e  g eo m etry  o f  a satellite’s transit  p re se n ted  in Fig. 1 refers,  h o w e v e r ,  to  a 
particu lar  case w h e re  the  o b se rv e r  is in the  orbit surface.



F ig u r e  2 i l lus tra tes  a m o r e  g e n e ra l  ca se  o f  n a v ig a t io n  satellite  o b s e r v a t io n  
f r o m  a sh ip  far f r o m  th e  o rb i t  su r f a c e  at an  an g le  <P. F o r  ¢ = 0 °  th e  sa te ll i te ’s t r a c k  
re f le c ted  o n  th e  E a r th  s u r fa c e  is th e  a rc  A 'L 'B '  o f  a g r e a t  circle. W h e n  th e  sh ip  
m o v e s  a w a y  f ro m  th e  o rb i t  su r f a c e  the  t r a c k  b e c o m e s  the  a r c  o f  a sm all c ircle  
( a n a l o g o u s  w i th  paralle ls). F r o m  Fig. 2 :

cos 1 =  ■
OL

(4)

w h e r e  : O L  = a s e g m e n t  o n  th e  o rb i t  s u r fa c e  f o r m e d  f ro m  th e  c u t t in g  o f  the  h o r iz o n  
s u r fa c e  w i th  th e  line jo in in g  th e  E a r th  c e n te r  w i th  th e  po in t  S„ o f  
satell ite  c u lm in a t io n .

T h e  fo l lo w in g  e q u a t io n s  resu l t  f r o m  th is  :

I =  arc cos
Re cos h

( R e + D s ) cos 0
-  h (5)

F i g . 2. -  T h e  s e r v i ce  a r e a  fo r  t h e  s h i p  f a r  f r o m  t h e  o r b i t  s u r f a c e  a t  a n g l e  ¢ .



for the passing t im e o f  the  Artificial E a r th  Satellite in the  service area :

Ts J arc cos
r — R^cosh— n  h
L (R e +  Ds) cos <t> J

t = ---------------------- V ------- --------- 1-------------  (6 )
180

T h e  fo llow ing p a ra m e te r  charac ter is ing  the  g e o m e try  o f  th e  rela tionship  b e tw e e n  a 
ship and  a satellite is the  elevation  angle o f  the satellite in the  cu lm in a t io n  hnuiv. 
F ro m  Fig. 3. the e leva tion  hm;u is :

h max =  arc tan

Fi g . 3. -  The geom etry  o f  the relation -  a ship (P0) 
and  navigation satellite (S).

w h e re  ; xs, zs = th e  C ar tes ian  coo rd ina tes  o f  the  satellite posit ion.

T he  cu rv e s  o f  1, t, hmax from  the  ang le  <t> for bo th  the  low and  the  m e d iu m  
orbita l sys tem s  are  p re se n ted  in Fig. 4.

T he  p a ra m e te r s  o f  the  T R A N S IT  sys tem , as an  e x a m p le  o f  solving the S y s tem  
w ith  satellites in low  altitude orbits ,  an d  o f  N A V S T A R ,  as  an e x a m p le  o f  the  
S ys tem  using satellites in m e d iu m  alti tude orbits ,  w e re  used  fo r  co m p u ta t io n s .  T h e  
c o r re sp o n d in g  data  are p resen ted  in T ab le  II.



In the  use o f  the System s m en tioned  in Table II, the limitations o f  the service 
a rea  o f  the navigation  satellites u n d e r  the tw o  different m ethods  o f  de term ina tion  
o f  ship 's posit ion o u g h t  to be ex a m in e d  separately.

Tn the first case o f  satellites in low altitude orbits (doppler technique) the 
service area  is limited bo th  due to th e  influence o f  tropospher ic  refraction  an d  to 
the effect o f  cross- track  error.  T h e  accuracy  o f  the determ ina tion  o f  a ship's

Table II
T he  data  for co m p u t in g  the form ulas  (5), (6), (7)

S ystem R« Ds h Ts

T R A N S IT  . 6,370 km 1,100 km 0° 107 min
N A V S T A R . 6,370 km 20,240 km 5° 12 h



position dep e n d s  prim arily  on the pass elevation angle. Satellite passes at an 
elevation  angle lo w er  than  10° and higher  than 80° at closest a p p ro a ch  to the 
receiver  do  no t a ffo rd  a sa tisfactory accuracy  o f  the  positions.

But the m e a su re m e n ts  are con t inuously  m ade  du r ing  the w ho le  transit  o f  the 
satellite on  the  o b se rv e r 's  side. If the e levation  angle at the  po in t  o f  closest ap p ro a c h  
to  the  receiver  is h igher  than  10° a great n u m b e r  o f  m e a su re m e n ts  (in relation to 
the n u m b e r  req u ired  to de term ine  the sh ip ’s position) a re  accom plished , mostly  
u n in te r ru p te d  by tropospher ic  refraction  as the  Artificial E a r th  Satellite rem a in s  
longer on  the  e leva tion  angle h > 5 °  than very  low o ver  the  horizon.

It shou ld  be ad d e d  tha t the p roblem s o f  the service a re a  limitation due to the 
in te rrup tion  o f  the  signal reception and  those  due to the  minimizing o f  the e r r o r  o f  
the sh ip ’s posit ion  de te rm ina tion  are different. The co o rd ina tes  o f  the ship's posit ion  
m ay  be ob ta ined  if the signal is un in te r rup ted .  But the users  should  eva lua te  the 
usefulness o f  the o b se rva t ions  from  the geom etry  o f  transit  o f  a satellite.

In the second  case, w h e n  s im ultaneous  m e a su re m e n ts  a re  m ade against 
several (3 - 4) Artificial E ar th  Satellites, the re  is a lim ita tion  on the  m in im u m  
elevation  o f  the satellites being observed.  F or  minim izing the  e r ro r  o f  posit ion  
de te rm ina tion  in the m e an-squared  er ro r  sense, the cr iter ia  G D O P =  m in im u m  
shou ld  be tak en  into cons idera t ion ,  too.

In the case w h e n  the  ship is in the su rface  o f  the o rb it  ( ¢  = 0°). in the System  
T R A N S IT  the  serv ice  a rea  is 2 1 =  64°, i.e. it covers  a su rface  o f  the g lobe limited by 
a circle w ith  a  rad ius  equal to  abou t  1,900 nm . It is not large w h e n  c o m p a re d  w ith  
the service a re a  for the satellite o f  N A V S T A R  system , a m o u n t in g  to 2 1= 144 .8°  
w h ich  c o r re sp o n d s  to  the surface on a g lobe limited by a circle w ith  a rad ius o f  
4,300 nm.

It shou ld  be s tressed tha t the  satellite in a low  alti tude orb it  is in the service 
a rea  for ab o u t  19 m inutes ,  while the  satellite in m e d iu m  altitude orbit  m ay  be 
obse rved  for ab o u t  5 hours.

It shou ld  be no ted  tha t the geos ta t ionary  satellite p laced in the alti tude o f  
25,000 km  co ve rs  an area  with  a radius o f  a b o u t  4,700 n m ,  i.e. f rom  the  E q u a to r  
to la titude ± 7 8 ° .

But while the satellite in the low altitude orbit ,  a t  a given m o m e n t ,  co ve rs  a 
m u c h  smaller service a rea  than  the s ta tionary  satellite, its fast revolu t ion  a r o u n d  the  
ea r th  in 24 h o u rs  perm its  navigation on  practically the en t ire  global surface.

T h e  service a rea  also passes accord ing  to the m o v e m e n t  o f  the Artificial E a r th  
Satellite. T h e  passing is found  from  :

w h ere  qj = geograph ica l  latitude, 
i = incline o f  orb it  plane.

O n the E q u a to r ,  dur ing  one  period o f  th e  nav igation  satellite’s passing a r o u n d  
the g lobe the service a rea  in the low altitude orbit  will c h a n g e  by 26° (Ts = 107 min., 
i = 90°), b u t  for a satellite in m e d iu m  altitude orbit  /11 a m o u n ts  to 180° (T, = 12 h,
i = 63°).

A1 (T s) =  arc sin Jjin(360°
------- • T  cos ¢) • sin i
24 s

(8)



T h e  co v e ra g e  o f  the  globe by R ad ionav iga t ion  Satellite S ystem  is to u n d  Irom

1
2 1 --------Al

A =  k ----------------------  (9)
21

w h e re  k = the  n u m b e r  o f  satellites o n  o n e  orbit,
N = th e  n u m b e r  o f  orbits.

T h e  curves  o f  d e p e n d e n c e  A l  an d  A  f rom  geograph ica l  la titude are p re se n ted  in 
fig. 5.

It ap p e a rs  th a t  on  the E q u a to r  o n e  satellite o f  the  T R A N S IT  S ystem  gives the 
co v e rag e  in 5 8 % ,  w hile  in the case o f  the  N A V S T A R  S y s tem  the sam e c o v e rag e  
will be possible for 3 satellites p laced o n e  by one in 3 orbit  surfaces. In bo th  cases  
the  co v e rag e  is similar, bu t  in th e  first case the satellite a p p e a rs  periodically  o v e r  a 
ch o s e n  po in t  o f  the g lobe, a n d  in the se co n d  case it can  be seen at a g iven po in t  o f  
the  g lobe a n d  then  at least one  Artificial E a r th  Satellite is visible con t inuously .

medium a lt  it u.d*

C O N C L U S I O N S

T h e  a b o v e  cons idera t ions  po in t  o u t  the clear re la t ionsh ip  be tw e en  the  choice  
o f  p a ra m e te r s  o f  nav iga tion  satellite o rb i ts  and  the  m e a su re m e n t  m e th o d  used  in a 
g iven system .



One of the basic requirements to select a method of measurement is to know 
the orbit parameters and the num ber of  satellites in the system.

That is why Satellite Systems can be divided in two essential groups :
-  systems with only periodical observation o f  Artificial Earth Satellites.
-  systems with continuous observation of one or several satellites simulta

neously.

In using satellites in low altitude orbits quick changes o f  measured parameters 
(doppler frequency shift o r  range) are achieved. The use of the measurement of 
doppler frequency shift is very useful here. The transmitting radio station on the 
navigation satellite and receiving equipment on a ship are rather simple, and what 
is important is that the requirement concerning ihe stability o f  the reference 
oscillators in the satellites as well as in the receivers is met by classical crystal 
oscillators.

The main limitations in the use of the low orbit Navigation Satellite Systems
are :

-  relatively great discretion or  care in observations which would be 
unnecessary if the num ber o f  satellites were increased;

-  the dependence on ship's m ovem ent in the accuracy of ship's position 
determined by satellite navigation.

The system of navigation satellites in medium altitude orbits seems to have the 
greatest potential because of  the possibility o f  practically continuous observation 
and because results are independent o f  ship's movement. The simultaneous 
observation o f  several satellites in a given region of the globe is assured with the 
establishment of a reasonable quantity of Artificial Earth  Satellites. For example, in 
the System N A V ST A R /G PS, 18 satellites moving subsynchronously six by three 
around orbit planes assure the observation o f  3 simultaneous measurements from 
at least 3 satellites which are in the service areas (4 = 3.47 for ^ = 0°). and 
24 satellites in this system would assure the simultaneous observation o f  at least 5 
navigation satellites (4 = 4.63 for ^=0°).

It seems to be most useful to use the range method in this case because the 
measurements o f  doppler frequency shift are limited by a small (in comparison with 
low altitude orbit) relative velocity between the satellite and the receiver, and a long 
period o f  the satellite's passing through the service area.

A system with geostationary satellites, in turn, does not assure the coverage 
of  subpolar regions, and near the equator the accuracy o f  position determination 
deteriorates. Thus, the system o f  geostationary satellites can only be used for sea 
navigation purposes in conjunction with satellites in orbits o f  a different type.
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