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ABSTRACT

The road junction location problems, first posited
by Fermat and later generalized by Simpson, is a
fundamental component of optimal network design.
The barycentric resection formulas of plane survey-
ing provide a solution of elegant simplicity to this
problem. Prerequisite junction point angles for the
application of the resection formulas are obtained
directly from Launhardt’s original analytical devel-
opment of this fundamental problem in route loco-
tion.
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BACKGROUND

Krarup and Pruzan (9) give a brief history of the
Fermat distance minimization problem. They also
discuss its subsequent generalization by Simpson
(18) into its weighted distance form. Krarup and
Pruzan refer 1o this latter form of the problem as
the Weber problem of optimal factory location. Un-
fortunately the precursory contribution of profes-
sor Launhardt to the analytical solution of this par-
ticular problem (11) is overlooked in their review.
Launhardt’s originative work is however suitably
acknowledged and described by Mosler (14). A lit-
tle known English franslation of Professor
Launhardt’s publication is also available (12). The
content and scope of this English translation are
augmented by additional material taken from
Launhardt’s subsequent lecture notes and publica-
tions.

Arecent publication by Hu and Kuang (6) brought
the three point resection problem of plane survey-
ingtothe attention of the author. A variety of meth-
ods may be used to solve this particular problem
and examples are typically provided in surveying

The auttioris aProressor ofForestry, Depariment orFor-
estManagermentana frginesiing Colege ofForestRe-
sources,

textbooks. Of particular interest in the use of
barycentric coordinates in a calculating procedure
sometimesreferred to as the Tienstramethod (3, 16).

Professor J.M. Tienstra (1895-1951) was a profes-
sor and director of the Geodetic Institute of the Tech-
nical University atf Delft in the Netherlands. Profes-
sor Tienstra taught the use of the barycentric for-
mulas in solving the three point problem to his many
students. It seems most probable that hisname be-
came attached to the procedure for thisreason (1).
It is clear however that these general formulas were
developed at amuch earlier date. The earliest de-
velopment that the author hasbeen able tofindisa
1889 paper by Neuberg and Gob (19). It is quite pos-
sible however that earlier work may be found since
Mdbius published his seminal text on barycentric
coordinatesin 1827 (13). Precisely when and by
whom these barycentric formulas were first applied
to the three point problem of surveying is still an
openquestion.

The barycentric formulas provide a quick solu-
tionto the resection problem illustrated in Figure 1.
Given known plane coordinates of its three vertices
the interior angles, O,, of the triangle may e found
using the Law of Cosines after first calculating the
side lengths. The angles, a, around an occupied in-
terior point are measured directly in the field and
& y)-coordinates of the occupied point may be calk
culatedusing egs. 1and 2,

In a previous Journal publication (5) the author
presented a solution procedure forthe optimal road
junction problem of Launhardt. Included in this
procedure was a closed form solution to junction
point coordinates (the closed form is quite lengthy
and forthis reason it wasleft to the interested reader
to make the straight forward substitutions). While
the results presented inthat previous paper are cor-
rect the author here wishes to suggest a new, ex-
ceedingly brief and elegant calculating formula for
the junction point coordinates based on the
barycentric formulcs.

EMENDED SOLUTION

The barycentric formulas can be directly applied
to the optimaljunction point problem. The interior
angles of thelocation triangle are readily calculated
as described above. The junction point angles, ¢, in
this application of the barycentric formulas come
from Launhardt’s cost triangle where they are cal-
culated as the supplements of the interior angles
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(eqs. 10of Table Tin (5)). Very convenient calculat-
ing equations (egs. 3) for optimal junction point co-
ordinates may be easily developed using the
barycentric formulas for the resected point and
Launhardt’s optimaljunction point angles.

These last two formulas for the optimal location
of the junction point are now appliedto theillustro-
five problem originally stated by Launhardt (12) and
only recently fully solved using analytical methods
(). In preliminary steps designed to rule out the
location friangle vertices as possible optimal road
junctionlocations the variables listed in Table 2 were
calculated. These values can now also be used 1o
immediately find the optimalinterior point location,
viz., (8.408, 2.257). It should be noted that this an-

swer is wholly consistent with the author’s previ-
ously published analytical results which, for pur-
poses of comparison with Launhardt’s work, only
listed optimal road segment lengths. Nevertheless
the solution developed via the barycentric formu-
las represented a computationally efficient emen-
dation of the previously proposed calculating for-
mulas for optimal junction point placement (5).

Table 2. Calculated values for Launhardt’s exam-
ple.

J,=-24400 K, =-109.48
J,=4400  K,=-244.30
J,=-20600 K,=-88.52

A=4364 G, =-19476.
A =6024 G,=-8009.
G,=-16272

Table 1. Listing of formulas used in this paper. The notation follows that of a previous paper (5).

Coordinates of the resected point are given by

. Tx, + T.x, + T,x,
T+T+T,

Ly, +Ty, +Ty,
T+T,+T,

where the coefficients, T;, are found from

1
~ an(©,)-ctn(a,)

fori=123

(1a]

(1b]

[2a,b,c)

with angles and coordinate pairs as defined in Fig. 1.

Coordinates of the optimal junction point are given by

(3a]

(3b]

where because of algebraic simplification involving cancellation of terms T; # 1/G;.



Rosing (17) when considering problems of this
generaltype states that “the Weiszfeld algorithm
(21), as modiified by Kuhn and Kuenne (10) seems
1o be the best (solution) method”. An algorithm of
this class (the hyperboloid approximation method)
was used by Hurter and Martinich (7) to solve the
economic location problem reproducedin Table 3.
Hurter and Martinich conclude, after numerous it-
erations of the algorithm, that “the optimal solution
is actually (1.04, 3.13) with C*=4822.86". In point of
fact the exact optimal solution, here given to four
decimal places, is readily found by the barycentric
formulas to be (1.0486, 3.1496) with C*=4822.98 ot
the optimal point. Not only is their estimated point,
found after considerable computational effort, not
optimal but the stated cost at that point is also in
error; itis actually 4822.99 at their indicated “opti-
mal” location.

Table 3. The Hurter-Martinich example.

k, =300.00 . y)=0.0)
k,=155.00 %, ¥,)=(10,0)
k, = 340.00 X, ¥,) =0, 10)

The difficulties illustrated by this example are not
unusual. Krarup and Pruzan (9) infact remark that
convergence problems are commonly encountered
with iterative algorithms of this particular design.

Motivated by this generallack of accuracy in ex-
isting solution procedures Tellier (20) developed a
set of equations which when sequentially solved can
also provide the basis for an exact solution for junc-
tion point coordinates. While Tellier’'s procedure
renders requisite accuracy it lacks the elegant sim-
plicity, insightful structure and computational con-
venience of the barycentric formulas. It should be
notedthat by these three criteriathe (*x, *y)-coordi-
nate formulas provided by Greulich (5) are of simi-
lar lesser preference.

POSTSCRIPT

The interesting early history of this particular re-
section problem has been recounted by Bradley (4).
Bradley cites published trigonometric solutions to
the three point surveying problem dating from as
early as 1617 (19). Alternative derivations of the
barycentric formulas may be found in articles by
Allan (2) and Klinkenberg (8). The possibility of
applying these procedures developedin the context
of land surveying to the economic location problem

appearsto have gone unnoticed untilnow however.
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