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Abstract

This paper consists in constructing and modeling DynamidtiMBenerative Network Flows in which the flow
commodities is dynamically generated at source nodes andndigally consumed at sink nodes. It is assumed that the
source nodes produce the flow commodities according to k gemerative functions and the sink nodes absorb the
flow commodities according to k time consumption functidihg minimum cost dynamic flow problem in such networks
that extend the classical optimal flow problems on statiavoets, for a pre-specified time horizon T is defined and
mathematically formulated. Moreover, it is showed that digaamic problem on these networks can be formulated as a
linear program whose special structure permits efficierhpatations of its solution and can be solved by one minimum
cost static flow computation on an auxiliary time-commoeitpanded network. By using flow decomposition theorem,

we elaborate a different model of the problem to reduce

itmlexity. We consider the problem in the general case

when the cost and capacity functions depend on time and cdityno

Key words: Network/graphs, LP problems, Decomposition methods.

1. Introduction

Dynamic flow problems are among the most impor-
tant and challenging problems in network optimization.
Dynamic flows are widely used in modeling of control
processes from different technical, economic and infor-
mational systems. Road or air traffic control, production
systems, evacuation planning, scheduling planning,
economic planning, telecommunication, transportation,
communication, and management problems can be
formulated and solved as single-commaodity or multi-
commodity flow problems ([1, 3, 7, 8, 10]). Ford and
Fulkerson introduced ([5, 18]) flows over time to add a
time dimension to the traditional network flow models.
Given a network with capacities and transit times on
arcs, they studied the problem of sending a maximum
amount of flow from a source nodeto a sink node
d within a pre-specified time horizon T. They showed
that this problem can be solved by one minimum cost
static flow computation, where transit times on arcs are
interpreted as cost coefficients. Since then, optimal dy-

namic flow problems have attracted many researchers

for several different reasons such as large practical ap-
plicability of these problems and their relationship with
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different combinatorial problems. Subsequently linear
models of dynamic flow problems have been studied
by M. Skutella, L. Fleischer, G. Glockner, B. Hoppe, J.
Nembhauser, E. Subrahmanian and others in [9, 11, 12,
14, 16, 17, 20, 22, 23]. In all of the existing results on
dynamic network flows that we have mentioned above,
the time dimension has been employed for flow transit
times, but in many optimization problems originating
from real-life systems, the time factor over generations
or consumptions of flow is a key variable to the problem
formulation [24]. In the classical network flow theory,
however, this factor is not sufficiently reflected. For
that reason, in this paper, multicommodity version of
Dynamic Generative Network Flows (DGNF), which
provide an adequate framework for modeling such
network-structured problems, are analyzed. Dynamic
multi (multi-commodity) generative network flows are
considered with time-commodity varying capacities of
arcs and also for the minimum cost flow problem it is
assumed that cost function depends on time and com-
modity.

This paper consists in modeling, investigation and
solving the problem of minimum cost dynamic flow
(MCDF) on a dynamic multi generative network flow
N = (V,A k,T) with different forms of restrictions
by parameters of network and time. We will assign to
each node € V, k time functions. We call this kind of
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network flows multi generative dynamic network flows
(DMGNF) where travel and transmission are instanta-
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tion functionsr;1 (t), 72 (t), ..., rix (t), Wherep;,(t) is a
time function that produces, (¢) units of flow of com-

neous. In these networks the supplies and demands arenodity ¢ at timet € [0, T, similarly r;,(¢) is a function
not given as fixed values; instead, they are continuously of time and shows the amount of flow of commodity

generated. Therefore, in such kind of network flows,

that nodei consumes at time € [0, T|. Here,k is the

the amount of flow of any product on each arc changes number of types of generative functions which defines

at every moment of time during a pre-specified time

setK = {1,2,...,k} consist in types of products gen-

horizon T. The above noted aspects of these networkserated by generative functions (on the other side, types

distinguish them from the multicommodity static and
transmission time dependent network flows [24].

In this paper we investigate multi generative version
of the MCDF problem on a generative network. The
problem of minimum cost dynamic multi generative
network flow consists of shipping several different

products generated by several different generative func-

tions (in source nodes) to sink nodes through a given
network satisfying certain objectives in such a way that
the total flow going through arcs does not exceed their
capacities. No commaodity ever transforms into another

of products consumed by consumption functions) that
must be routed through the network. Time horizon T is
the time until which the flow can travel in the network.
Also we assign to each af¢, j) € A non-negative ca-
pacitiesu,;4(t) andu,;(1"), which represent the maxi-
mum amount of flow of produet at moment that can

be carried oni, j) and the maximum amount of total
flow (all of the products) that can be carried @nj)
during the time horizon T, respectively .

We may assign to nodec V .,k different generative
functiong;, (), in this case we will refer to this node as

commodity at no moment of time, so that each one has a multi generative node. In the other case we may assign

its own flow conservation constraints during the time
horizon T. We consider the minimum cost flow problem
on multi generative networks with time-commodity

to node € V, k different consumption functions, (¢),
in this case we regartlas a multi consumer node. In
the other cases we consideas a transshipment node,

varying capacities and costs on arcs that depend onin this casep;q(t) = ri4(t) = 0 for¢ =1,2,...,k and

time and commodity entering them.

This paper proposes two methods for studying and
solving the MCDF problem. The basic method used
for investigation, rely on a time-commodity expanded
network. As it will be showed, the MCDF problem on
DMGNF can be formulated as a linear programming
model whose special structure permits efficient com-
putation of its solution. In the next step we elaborate a
different model of the problem in order to decrease its
complexity.

In section 2 we explain the needed definitions and pre-
liminary items. The MCDF problem in a multi genera-
tive network is developed in two cases, continuous and
discrete time, in section 3. A method to solve the prob-
lem is explained in section 4 and finally, an efficient
model in order to decrease the problem complexity is
presented in section 5.

2. Definitions and Preliminaries

In this section we provide basic definitions and pre-
liminary items on multi generative dynamic network
flows. Assume thav = (V, A, k, T') is a DMGNF with
node setl/, arc setA and integer time horizon T. For
each node € V is eitherk different generative func-
tions p;1(t), pia(t), ..., pik(t) or k different consump-

for eacht € [0, 7.

In these networks, we have several important proper-
ties that are the key factors to model the problem, as
follows:

1. The generative functionsp;,(t) for every
i € Vand € [0, T] transmit the same commodity
q into the network.
. The consumption functions,(t) for everyi €
Vandt € [0, T] absorb the same commodijty
. Each nodei must be contained: time func-
tions p;1(¢), pia(t), ..., pir(t) or k time functions
ri1(t), ri2(t), ..., ra(t) but no of both types.
Hence,
If a multi generative node contains< k gener-
ative functions forr commodities, we can assign
k — r generative functions for other commodities
with zero value.
If a multi consumer node contains< k£ consump-
tion functions forr commaodities, we can assign
k — r consumption functions for other commodi-
ties with zero value.

The amount of generated flow in multi generative nodes
and the amount of absorbed flow in multi consumer
nodes are functions of time, and so, the flow value on
all arcs connecting these nodes will change at every
moment of time if0, T']. We define the power of multi

3.1

3.2.
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generative node i respect to prodycat time horizon

T as:
T

PulT) = [ Dt
0

and the total power of multi generative nodat time
horizon T as:

T) = Z Piq(T)

qeK

Similarly, we define the power of multi consumer node
1 respect to produat at time horizon T as:

T
/ Tiq (t) dta
0

and the total power of multi consumer nadesspect to
productq at time horizon T as:

T) = Z Riq (T)

qeK

Riq (T) =

For convenience in modeling, we define for every node
i potential energy function;,(t) as:v;,(t) = pi4(t) for
every multi generative noderespect to commodity,
anduv;q (t) = —r;e(t) for every multi consumer node
respect to commodity. Therefore,V;(T') = P;(T) is
the total potential energy of multi generative nadeat
time horizon T and/;(T') = —R;(T) is the total poten-
tial energy of multi consumer nodeat time horizon T.
In a dynamic multi generative network(t) : A — R

is a feasible dynamic flow, if it satisfies the following
constraints:

vig(t)diVi € V,Vq € K,¥0 € [0,T] (1)

0

(2)
T
0<Y [ruai <us@MGEA @)
g€k )
Tijq(t) = 0V(i,j) € A,Vg € K,Vt > T 4)

Wherez;;,(t) is the amount of flow of commodity
passing ardi, j) at momentt. Conditions (1) are the
flow conservation constraints that we require flow to be
balanced at every time moment for every node with re-
spect to each commodity (i.e., it is required that flow
to be balanced during the time horizon for every node
with respect to each commaodity). Conditions (2) and
(3) are the conditions of flow feasibility for every mo-
mentt and horizon T with respect to each commodity.
In other words, condition (2) represents the maximum
amount of flow of any commodity that can be carried
on(i, j) at every momentand Condition (3) represents
the total flow of all commodities that can be carried on
(i,4) during the time horizon T. Condition (4) guaran-
tees flow can just travel in the network until the end of
pre-specified time horizon.

3. The Minimum Cost Dynamic Flow Problem on
Dynamic Multi Generative Network Flow

We can formulate the dynamic flow problem in two
ways depending on whether we use a discrete or contin-
uous representation of time. The discrete-time dynamic
flow problem is a discrete-time expansion of a static net-
work flow problem. In this case we distribute the flow
over a set of predeterminedtime steps 0,1, ..., 7—1.

In a continuous-time dynamic flow problem we look
for the flow which distributed continuously over time
within the time horizon T. In this work we focus on
the discrete time model of the problem and show how
it can be solved by the idea of time expanded network.
Therefore after introducing both continuous and dis-
crete time model, the method of the time expanded net-
work will be discussed as the essential approach. One
can see that the continuous time model of the problem
is solvable by partitioning time horizon T to time steps
t=20,1,...,T — 1, approximately.

3.1. The Continuous Time Model

The MCDF problem on a DMGNF is the problem
of sending flow of several different commodities from
multi generative nodes to multi consumer nodes at min-
imum total cost such that the flow going through arcs
does not exceed their capacities. Therefore, the problem
consists in finding a feasible dynamic flow, satisfying
(2)-(4) that minimizes the following objective function:
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The feasibility constraints for a flow in this case are the
same as continuous case. It is sufficient to replace in

T 0 . 0 .
> > 0/ Cija(t)ijq (1)t 6) (@), [ with S andvd  [0.7] with ¥0 < N.

€K (Li)eA In this case;;,(t) is the amount of flow of produat

passing ardi, j) at time step € [0,7] . It is easy to
observe that the flow of any product does not enter arc
(i,j) attime step if ¢t > T.

It can be seen that the conservation constraints in the
discrete time model are equivalent to

T
i iia (00 (B)dE
mlnz Z /qu( )Ijq() Zxijq(t)—ijiq(t):viq(t)ViEV,VqEK,VtGN
J ]

qeK (i,5)€A |

Wherec;j, : [0,7] — R™.
Therefore, in the continuous time model the MCDF
problem may be formulated as follows:

J
Subject to (1)-(4) (8)
In order to a feasible flow exist during the time horizon . . .
T we require that: Since > Y- wijq(t) = 2 3 wijq(t) = - (S aije(t)
=0 = t=0 g

Jjt

= 2_Tjiq(t))-

J
The total cost of discrete dynamic flamat time horizon

7 t=0

0
Z/viq(t)dt — 0O [0,T],VgeK  (6)

Vo T in N may be defined as follows:
It is easy to show that this condition is necessary but it
is not sufficient one. In order to obey the time horizon Z Z Z Cijq(t)Tijq(t) )
T, we require that;;,(t) = 0 Vg € K vVt > T . To a€KteN (i,j)€A

simplify our notation, we may sometimes usg (t) =

0¥ € K, Vt ¢ [0,T]. The MCDF problem on multi generative network with

discrete time consists in finding a feasible discrete dy-
namic flow that minimizes objective function (9).

3.2. The Discrete Time Model One can observe that if, (t) = v;, wherev;, € R ,

Vi eV ,Vq € KandT = 0 then the formulated prob-
lem becomes a static minimum cost multi-commodity
flow problem on a static network.

A dynamic multi generative network = (V, A, k,
T, u, c) with node sel/ , |V| = n, arc setA, |A| = m,
capacity functions; : A x K x N — R* andu(T) :
A — RT and cost functionr : A x K x N — RT,
whereN = {0,1,...,7 — 1} andK = {1,2,...,k} , is
considered. If one unit of flow of commodityleaves Before stating the feasibility conditions of the prob-
node: at timet on ardi, j), one unit of flow of com-  |em, we need to define cut-sets:¢f £ S c V and
modity ¢ arrives at nodg at the same time. The time g — y/ _ g then cut-se( S, S) is defined ag$,5) =
horizon T is the time until which the flow can travel {(i,j)e A:ieS,je S}
in the network and it defines sdt = {0,1,...,T — 1} In the static network flows the necessary and sufficient

consist in time steps. . . . . conditions for the feasibility are as following: For every
In order to a feasible flow exist during the time horizon get of nodess c v

T we require that
dYobi) < >y

3.3. Feasihility Conditions

0 : . =
S Y ualt)=0v8ENYgEK  (7) & ey
i€V t=0 Z b(i) =0
icV

It is evident that this condition is necessary but it is not

sufficient one. As before, every node= V' can serve  Whereb(i) is the constant supply/demand of nade

as a multi generative node, a multi consumer node or a These conditions may be generalized for the DMGNF
transshipment node. as a Theorem:
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Theorem 3.1 The necessary and sufficient conditions
for a multi generative network flow to be feasible are:
for every cut-set S, )

0 0
S>3 vt < Y > wije(t)¥0 € N,Vg € K

€S t=0 (i,j)G(S,g) t=0
(10)
YV < Y uy(D) (11)
i€s (i.4)€(S.,9)
6
D> vig(t) =0v0 € N,¥g € K (12)

i€V t=0

Proof Suppose thatv = (V, A, k, T, u) is a dynamic
multi generative network flow. Léte N be an arbitrary
time step and; € K . The necessary and sufficient
conditions for the feasibility of the MCDF problem 8h
at time step: with respect to commodityare: For any
¢ # S C V the following conditions hold ([1, 6]):

Sova®) < D0 g,
ieS (4,5)€(S.5)
Zyiq(t):O.

i€V

Let # € N be an arbitrary time point . Then by
summing the above inequalities upfto we get the
following conditions:

0

Z Z Vig(t)

t=0 i€S

6
<> we()

t=0 (4,5)€(S,5)

6
= DD ),

(i,4)€(8,5) =0

6 6
DD Twigt) =D vig(t) =0.

t=0ieV i€V t=0

(4
= Z Z vig(t)

i€S t=0

Note thatS C V' is an arbitrary subset df at any step.
Also for feasibility of the problem at T, it is necessary
and sufficient that the following conditions hold:

Vi< Y

€S (i,5)€(S,8)

u;;(T)V cut-set S, S).

Note that a similar Theorem is true for the continuous
case and conditions:

0 0

> / Vg (t)dt < wijq(t)dtV0 €[0,T],Yg € K

i€S (i,5)€(5,8) 0

> Vi(T) <
€S i
6

>/

i€V}

viq(t)dt =0V € [0,T],Vqg € K

4. The Method for Solving the MCDF Problem

To solve the formulated problem, we propose an ap-
proach based on the reduction of the minimum cost dy-
namic flow problem on multi generative network to a
minimum cost static flow problem on a static network.
We consider the discrete time model, in which all times
are integral and bounded by horizon T. We show that the
dynamic problem on multi generative netwalk can
be reduced to static one on an auxiliary netwoaik ,
which we call time-commodity expanded network. The
most important advantage of this method is that it turns
the problem of determining an optimal dynamic flow
on a multi generative network into a classical static net-
work flow problem. The essence of the time-commodity
expanded network is that it contains a copy of the node
set and the arc set of the multi generative network for
eacht € N andg € K . We defineN as:

1L VW ={illteN,geK,ieV}

2. Ak = {(i.5)} = (if,4§) |t € N,qg € K, (i, ) €

A}
- vf, = wig(t) for il e VI
. U;;jq = Uijq(t) for (’L,])Z € A%
. Chig = Cijq(t) for (i,5)f € AL

6. uz; = u;;(T) for {(i,j), | t € N,q € K}

Note that, for the netwok , |Vif| = nkT and
|AL| = mkT . In the time-commodity expanded net-
work, we can consider the problem as a static network
flow problem. It will be illustrated that every static flow
fff; in N corresponds to a discrete dynamic flowvith
time horizon T inN and vice-versa. In the following
we state a correspondence between dynamic flows in
and static flows in the static time-commodity expanded
networkVi . For this aim, letz(¢) be a flow inV , then

(62~ V]
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Fig. 1. The dynamic multi generative dynamic netwayk

Vi

k=1¢=1 k=1t=1
k=1t=2 k=1¢=2
2 3
k=2t=1 PO k=2¢=1
k=2¢=2 ! k=21=
®

Fig. 2. The time-commodity expanded netwa¥ig .

the following function

zy AT — RT suchthat Tiig = Tijq(t) (13)
represents a flow in the time-commodity expanded
networkVt where z};, denotes the amount of flow
passing through the aiic j);, € Af .

Let us construct the time-commodity expanded net-
work Nt for N given in Figure 1. The set of time
steps isN = {1, 2} and the set of products of genera-
tive functions i& = {1,2} . So each node consists

in two time functionsv;; (t) andv;2(t) . The time func-
tions p;(t) and,(t) , time-commodity dependent
capacities,; ;4 (¢) , horizon capacities;;(1") and time-
commodity varying costs;;,(t) are considered to be
given.

Now, in accordance with the definition of time-
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expanded network;::
: t t
Y Y
geKteN (i,5)t eAL

t t t o\t T
injq — Zxﬁq = Uiqwq eVk,qeK,teN
J J

(14)

(15)
0 < @iy < ugy,¥(i,5) € A, g €Kt €N (16)
SN al, <ul{g)iteN,geK}  (17)

qgeK teN

Note that, constraint (17) corresponds to a subset of
arcs in the time-commodity expanded network instead
of a constraint on each arc separately. In fact, this
constraint guaranties the total flow traversing the arc
throughout the time horizon T is at m0§7§- [= ui (1))

. We refer to this constraint as collective constraint.

By following lemma and theorem, we will show that
the dynamic flow problem on multi generative network
N may be solved as a static flow problem on the aux-
iliary network Nt . Similar theorems and lemmas can
be found in the literature in the context of flows over
time (for example, see [16]).

Lemma 4.1Let z! : Al — R" be a flow in the static
networkV . Then the functiom: : A x K x N — R*
defined in the following way:

xij‘l(t) = .I'gjqfOT(Z',j) € Aa (%J)Z € A%aq € Kat eN

represents a dynamic flow of a set of products in the
multi generative networlV. Letz : Ax Kx N — RT

be a dynamic flow of a set of products in the multi
generative network . Then the functionz}, : AL —

R+ defined in the following way:

xh;, = mijq(t) for(i, )b € A, (i,5) € A,q e K, t €N
represents a static flow in the netwoék .

Proof It is obvious that the foregoing correspon-
dences are bijections from the set of T-horizon flows
with a set of products iN onto the set of flows in
the time-commodity expanded netwoM. and vice-
versa. We have to show that each static flow in the
time-commodity expanded network! is put into the
correspondence with a dynamic flow of a set of prod-

commodity expanded network and our notions in sec- ucts in the dynamic multi generative netwoik and

tion 3.2, we get the following equivalent formulation
of the MCDF problem on the static time-commaodity

vice-versa. To prove the first part of the lemma, we will
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show that conditions (1)-(4) for : A x K x N — Rt

in N are true in the discrete time model. These con-
ditions evidently result from the conditions (15)-(17)
and definition (13) in the static netwark. . To prove
the second part, it is sufficient to show that conditions
(15)-(17) hold forz!, : Ay — R™ . Correctness of
these conditions easily results from the procedure of
constructing the time-commodity expanded network

and the correspondence between flows in the static and

multi dynamic networks.

Letz;;4(t) be a dynamic flow of a set of productsin
, and Ieta:wq be a c_or_responding functiqn]N‘g . Lets_

prove thatz! ij, satisfies the conservation constraints

inN{ . Leti € V be an arbitrary node itV andt € N

, an arbitrary time step agd= K , an arbitrary product:
Z Tija () - Z Tjia ?)
= waq me = vjg

According to definition of the time-commodity ex-

Uzq

therefore we have:

=3 ) > cijg(Brige(t)

qeK teN (i,5)€A
qEKtEN (i j)t AT

cg(xg).

U‘I Uq

To prove the second part of the theorem we again use
Lemma 4.1. Letr* : A x K x N — R* be the opti-
mal dynamic flow inN and fff; be the corresponding
optimal flow inV . Then

=3 > cijOmiiet ()

g€K tEN (i,j)eA

=22 >

geEK tEN (4, K eAl

= cf](xf;).

17‘1 qu

The converse proposition is proved in an analogous
wayL]

panded network all necessary conditions are sat|sf|edAccord|ng to definition of time-commodity expanded

for each node! € Vi{ . Hence.z!;, is a flow inVg .

It is easy to ver|fy that a feasible flow iV is a feasi-
ble flow in the time-commodity expanded netwavi

and vice-versa. Indeed,

(t) < uz‘jq(f) u;

ijq
2D i

) < ug(T)
qgeK teN

t
0 < 2354 = Zijq

Z Z”Cﬁjq

qgeK teN

_,T
= u;;.U

The total cost of the static flow!, in N;f may be de-
termined as follows:

Z Z Z ZJQ IZSJQ

q€K tEN (i j)t e AT

(18)

Theorem 4.1If z is a flow in the dynamic multi gen-
erative network N and CCZ is a corresponding flow
in the time-commodity expanded networkl, then
c(xt) = c(z) . Moreover, ifz!’ is a minimum cost
flow in N , then the corresponding dynamic flaw
of a set of products inV is also a minimum cost one
and vice-versa.

Proof Let z : A x K x N — R™ be an arbitrary
dynamic flow in N . According to Lemma 4.1 the
unique row:ctq in N corresponds to flow: in N, and

network, the problem of MCDF oiV{ can be reduced
to the following matrix form, (19), as a linear program
whose special structure permits efficient computations

of solution.
: tt
min 375 elxt
qgeK teN

Ax! :v;vqu,WeN
0<x tvquVteN

OéZZx <

qgeK teN

Where x! {x%q}i,j is the vector of flows of
commodity; € K respect tot in N. u, = {u;?jq}ij
represents the vector of upper limits on flows
of commodityy € K respect tot in N{L. Also

= {u; .; represents the vector of upper limits
on the total flow of total commodities flowing in the
arcs for allt € N in Nt andc), = {cm} represents
the vector of arc costs for commodu_tzyrespect tat in
N, Ais the node-arc incidence matrix of the graph.
Finally, v, = {v},}, represent the vector of demands
for commaodityq respect ta (i.e., generative demands,
at the time step for commodityq ) in NZL. It can
be seen that we can formulate the MCDF problem as
the minimum cost static flow network problem that

(19)
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possesses the block diagonal structure. Thus we mayfor each commodity; € K transports a positive flow.
apply the block diagonal decomposition technique and

some other methods to the foregoing problem ([1, 2, 3, Proof Indeed, the foregoing formulation of MCDF
15, 21)). problem containsn + kT constraints. Therefore, any
Note that the foregoing formulation of the MCDF linear programming basis will contaim + kT basic
problem has a simple constraint structure. It contains variables in/\Z;fq space and it is found that any basis will
m~+nkT constraints since it contains one mass balance contain at least ong}, with respect to eachand com-
constraint for every node at every step for each product modity ¢ ([3,15]). Hence, any basis detects at least one
and one horizon capacity constraint for every arc, and arc set with respect to ea¢te N and commodity € K
hasm + mkT variables (including the slack variable). which transports a positive flow. That means, any ba-
Let X! = {x!: Ax; =v.,0<x! <u'}. Letusas- sis detects one arc set at every time stefor every
sume that each componentmlg is finite so thatXfJ for commodityq that it transports a positive floin.

everyt,t € N andgq , ¢ € K is bounded. Thelxg can

be expressed as a convex combination of the extreme

points Othq as follows ([3]): 5. The Path Formulation of the MCDF Problem

it To simplify our discussion, we consider a special
< — zq: A xt case of the MCDF problem: we assume that in the main
a — 1T problem there is a single sourgeand a single sink
= d for all products and a time-commaodity flow require-
Where mentr (¢, g) between this source and sink node. So, we
consider a single sourcﬁl and a single sinldtq for

t
- . eacly € K andt € N in Nf and a flow requirement of
Z Aig = 1, ré units between these sources and sinks. We also as-
it_l _ . sume that there is no time-commaodity dependent capac-
Aig 20i=1,...k; g€ K teN ity wijq(t) . Let us first reformulate the MCDF problem

. . . i on Nt using path and cycle flows instead of arc flows.
ar_‘dxllq’ X2g) o X , A€ the extreme points &, _SUb Therefore, we assume that we can represent any poten-
stituting forx;, in the MCDF problem and denoting the  tjally optimal solution as sum of flows on directed paths
vector of slack variables by, we get the following for- ([1]). For each producj respect to each, Let pg de-
mulation (20): note the collection of all directed paths from the source
nodes!, to the sink node!, in the static networkVy{

& i.e.,P! denote the collection of all directed paths from
minz ZZ (CXiq) Mg Ehe source node to the sink nodel in the gynamic
geK teEN =1 network N at time moment for commaodityg). In the
kg path flow formulation, each decision variabfép) is
Z Z Z (Ix} )\, +s=u" the flow on some path and for the step and product
g€K tEN i=1 q. We define this variable for every directed patin

P! . Letd},, (p) be an arc-flow indicator variable, that is,
dt;,(p) equals 1 if ards, j)! is contained in the path,

kg
ngq —1VgeK,VteN
o and is O otherwise. Note that t, j)§ € p andp € P!

N, >0ge K, VteNi=1,..k| thena =t andg = g.
s>0 (20) The flow decomposition theorem of network flows ([1])
- states that we can always decompose optimal ﬂ@j
Lemma 4.2 In the above formulation of the MCDF  into path flowsf(p) as f(P) = ’ .)tZAT 34 (0).f (P)-
problem, any linear programming basis for the MCDF . - 1) Sk .
problem will containm + kT basic variables im\!, Letey(p) = >0 cijglig(p) = > cijy de-

(1.9)§ €AK (1.7)5€ P
note the per unit cost of flow on the pathe Pfl with
respect to theé € N and product € K. Note that for
eacht andg, if we substitute for the arc flow variable in

space, and will contain at least omg with respect to
eacht € N and commodityg € K . Moreover, any ba-
sis detects at least one arc set at every time stefN
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the objective function, we find that > cgjqxgjq =
(4,9), €A%
Y iy 3 8, mFfm) = X ) fp).
(i,9)t €Al PeP! PePt

cause no path appears in more than one of the constraint
(23), we can apply a generalized version of the simplex
method, known as generalized upper bounding simplex
method (GUBS), to solve the path flow formulation very

This observation shows that we can express the cost Ofefficiently. Even though the linear programming basis
any solution as either the cost of arc flows or the cost for our example has siz&0, 005, 000 x 10,005,000

of path flows. Then we obtain the following equivalent
path flow formulation of the MCDF problem:

min Y Y > ch(p)f(p) (21)
qgeK teN PePfI
SIS aL,wf) <ulivi g e A (22)
qeK teN pEPg
> fp)=rivge K, VteN (23)
PeP?
flp)20vpePlqgeK,teN (24)

In this formulation by using the flow decomposition
any feasible arc flow of the systemxtq = VZ in (19)

the GUBS method is able to perform all of its matrix
computations on a very much smaller basis of size
5000 x 5000. This method essentially solves the prob-
lem as though it contained only. master constraints

(in our formulation, that is constraint (22)), which, for
this sample data, means that we can essentially solve
a linear program with only000 constraints instead of
over 10 billion constraints in the arc formulation.

Lemma 5.1In the path formulation of the MCDF prob-
lem, any linear programming basis contains+ k7T
basic variables. Moreover, any basis detects at least
one path at every time stép= N for every commodity

g € K which transports a positive flow.

has decomposed into a set of path flows in such a way proof As mentioned before, the path formulation of

that path flows satisfy the mass balance condition (23).

This formulation of the MCDF has a single constraint
(22) for each ardi, j) which state that the total path
flows of total products passing through the arc at all
time steps is at moatiTj , the horizon capacity of the
arc (i.e., the total path flows of total products passing
through the arc during the time horizon T is at most
uZ; ). Moreover, the problem has a single constraint
(23) with respect to each € N andq € K, which
states that the total of flow on all paths connecting the
source nodes}, and sink nodesl! with respect tot

for productq must equal the demangj (i.e., the total
flow of commodityg on all paths connecting the source
nodes and sink nodel in the dynamic networkV at
momentt must equal the demand of this commodity
at this moment of time).

For a network withn nodes,m arcs,k types of time
functions and time horizon T, the path formulation of
the MCDF problem containg: + kT constraints. In

MCDF problem contains: + k7' constraints, and con-
sequently any linear programming basis will contain
m+ kT basic variables. And it is found that ([1, 3, 21])

in any basis, at least one path with respect to each t and
g must carry a positive flow. That means, any basis will
detect at least one path at every moment of time t for
each commodity q that it transports a positive flawv.

6. Conclusion

In this paper, we investigated and solved the prob-
lem of minimum cost dynamic flow on dynamic multi
generative networks in which we assigned to each
node: time functions. As you saw, in these networks
supplies and demands were not given as fixed values;
instead, they were continuously generated. Therefore,
in such kind of network flows, the amount of flow (of
any product) on each arc changed at every moment of
time during a pre-specified time horizon. Moreover, by

contrast, the arc formulation stated in section 4 contains transforming the multi generative network to a static

m + nkT constraints. We can apply the generalized
upper bounding simplex method, to solve the new for-
mulation very efficiently ([1, 21]).

For example, a network withn 1000 nodes,
m = 5000 arcs,k = 10 types of time functions and
with a time-step selN(|]N| = 1,000, 000), the path
flow formulation containsl0, 005,000 constraints. In
contrast, the arc formulation (matrix form) contains
10,000, 005,000 constraints. But on other hand, be-

network, called time-commodity expanded network,
we showed that the dynamic problem can be solved
as a static minimum cost flow problem with a special
structure and efficient algorithms for finding optimal

flows were proposed.
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